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Foreword

The aim of this book is to present the basis for calculation of composite
structures, using continuum mechanics equations which enable the more elaborate
theories to be treated.

The first part is devoted to study of materials constituting the layers of laminated
composites. The constitutive equations for anisotropic and in particular orthotropic
materials are presented, with temperature and hygrometry effects taken into account.
Next the basic laws of mixtures are given, which enable the behaviour of
unidirectional layers to be predicted from the characteristics of their fibres and
matrix components.

The subject of the second part is multi-layer plates. We begin by presenting the
general equations of thin plates in Kirchhoff-Love analysis. Later, symmetrical
orthotropic plates are studied in detail for cases of bending, vibration and buckling.
The thermo-elastic behaviour of multi-layers plates is considered separately. Then
we tackle symmetric orthotropic moderately thick plates, using Reissner-Mindlin
type analysis. Examples of asymmetrical plates in Kirchhoff-Love theory are
analysed in detail. The cylindrical bending of laminated composites is treated in
both Kirchhoff-Love and Reissner-Mindlin type analysis, with bending, vibration
and buckling applications.

The third part of this book is devoted to beams. The first chapter of this part
treats tension-compression loading. The following chapter treats bending with
transverse shear deformations not taken in account. The last chapter of this part
presents bending taking into account transverse shear. Examples of bending,
vibration and buckling are considered for each case.

In the appendices, plate equations are developed by integrating local equations of
motion. Global equations are obtained from variational formulae of continuum
mechanics.
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Chapter 1

Constitutive relations for anisotropic
materials in linear elasticity

1.1. Introduction

Stress-strain or constitutive relations for anisotropic materials will be treated
first, and in particular the behaviour of orthotropic and transversely isotropic
materials, the latter including unidirectional composites.

Then, using tensor notation based on four indices and the conventional notation
with two indices, the expressions for changing axes in terms of stresses, strains,
stiffnesses and compliances will be detailed.

1.2. Four indices tensor notation
1.2.1. Constitutive relations

The reference state is a natural state without stress or strain, that is:
0;=0 and ; =0.
In linear elasticity theory the stress tensor ¢ is given as a function of the strain
tensor € by the tensorial relation:
o = C: ¢, or with the indices:
O'U = Cijklekl B with i,j,k,l = 1,2,3 .
The sign : indicates a tensor product. The Cj;; elements are the 81 components
of the elastic moduli tensor or stiffness tensor C. In a homogeneous medium the 81
elastic moduli Cyy; are independent of the point considered.

Inversion of the constitutive relation provides the tensor expression:
€ =S :0, or using index notation:

Eij = Sijri Oyl -
The S are the 81 components of the elastic compliance in the compliance

tensor S.
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1.2.2. Properties of Cjjy and Sy

1.2.2.1. Symmetry with respect to the last two indices

The stresses are given by:
0 = Ciju€u = Cijie€i -

As the strain tensor is symmetrical we have:
£y =€y hence 0 =Cypey .

By identification, the symmetry property is obtained:
Cijir = Cijig -

1.2.2.2. Symmetry with respect to the first two indices

The stresses are given by:
0ii =Cijp€n » 0f O j; =C g€y .

As the stress tensor is symmetrical we have:
0 =0 hence 0 =C ey -

By identification, the symmetry property is obtained:
Cijtr = C jina -

1.2.2.3. Symmetry of the first pair of indices with respect to the second pair

From the application of the first law of thermodynamics to elasticity, the state
function U, the internal energy, is identified with the strain energy W, .
The elementary strain energy per volume:
o;de;,
is an exact derivative:
90y _doy
de kI de ij
with 0 = Cyy&y and Oy = Cy;€;; - After introduction in the equality above, we
obtain the symmetry property:
Cijkr = Chuj -
Given this property, the elementary volume strain energy:
dwy = O'ijdE,j = Cijklgkldgij >

leads to, by integration, the volume strain energy:
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-1 _1 _1
Wa =5 Ciju€iiey =5 0i€; = 5810 ii0 -

The compliances have the same symmetry properties as the stiffnesses.

1.3. Conventional two indices Voigt notation

Given the two first symmetry properties:
Cint = Cjim = Cyix
the order of the first two indices (i, j) and the next two indices (k,1) does not affect
the modulus of elasticity values. As there are six distinct values for the group (i, j)
and six distinct values for the group (k,l ), there remain 36 independent elastic
moduli.
Given the third symmetry property:
Ciju =Cuij»
the permutations of the (i, j) and (k,I) groups do not modify the elastic moduli
values. The number of independent values is therefore reduced to 21.
Taking account of the previous remarks, we can propose:
Ciju =Cypy, withCpy =Cpy,
where
I=ifor i=j, I=9-(i+j) for i#}j,
and
J=k for k=1, J=9-(k+1I) for k#1.

The index relationship 0; = Cj;y€;; being written in the explicit form:
o = Cyn€nn + Cyn€an + Cij3a€az +2C;3623 + 2031631 +2C;1€1,

the constitutive relation can be written in the matrix form:

o] [Cuir Cuz Cizs Cuzs Cust Cun || en
0| {Cnzz Cron Cni;z Cuoxn Cpnit Cnn|| &2
033 | | Ciaz Co3z Cazzz Cazoz Cazzr Cazpn || €33
03| |Ciaz Comsz Cazzy Coazs Cazar Coznn || 2623
31| |Crzr Coxsr Caazr Coazr Capsr Caing || 263
o12] (G2 Co2z Caz1z Cuziz Ganz Cionn | 2612 |

or in the index form:
o;=Cpéey,
with the convention:
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o;=0; and I =i for i=j,
o;=0; and I=9—(i+j) for i# j,
and:
£,=€y and J =k for k=1,
£;,=26, and J=9~(k+1) for k#1.
The constitutive relation can also be written in the form:

— - - e -

or| |[Cun Cio Ci3 Gy Cs G || &
02| |C2 Cpn Cyz Cyy Cps Cx | &2
o3|_[C13 Ca3 C33 Ciy Cys Cs( 63 Cor 6=Cé.
O4| [Cla Coqg C3q Cy Cys Cag || €4
Os| [Cis Cps C35 Cys Css Cse || &5
06| [Ci6 Ca C36 Cas Css Ces || €6

Similarly we have:

Er =SIJO'J,01' £=SU,With S=C_1.
1.4. Anisotropic material
1.4.1. Monoclinic material

The monoclinic material studied has the plane (M |x3,x1) as a plane of mirror

symmetry.
k)% )
l'l'l ‘\ /' n
< >
X, M X2

Figure 1.1. Mirror symmetry axes

The two axes in (e):(xl,xz,x3) and (e*)z(x;,x;,x;)=(x1,—x2,x3) are

X3,X; ) . The two vectors:

symmetrical about the plane (M

n =n;X; +n,X, +n3X3, and
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» * * * *x & * ® *x %
n = nxy _ﬂ2x2 +n3x3 = ﬂlxl + n2X2 +n3X3 = ﬂlxl +n2x2 +n3X3,
are symmetrical.
* ., * .
The components n; of n in (e ) are equal to the n; components of m in (e).

The mirror symmetry property of the two vectors n* and n is written:

The relation T(M in)= (6(M )n is written in index form:

Ti =O'ijﬂj in (e),

and:
* * & *
T; =oynjin (e )
Given the preceding remarks, the second relation is written:
*
T, =oyn;,
hence, by identification:
*
. . qe * .
The components with the same indices 0;; and o; of stress tensor in the two

axes (e') and (e) are equal.

For the strain tensor we have the same:
*
The constitutive relation ¢ = C: ¢ is written in index form:
0= Cij,dak] in the axes (e),
and:
* * * *
0y = Cyjp€y 1n the axes (e )
Given the previous properties, the second relation is written:
*
0y = Ciji€u »
hence, by identification:

*
Cijkl = Cljkl .
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The components with the same indices Ci:'kl and C ikl of the stiffness tensor in

the two axes (e*) and (e) are equal.
Designating by a, the matrix of change of axes from (e) to (e*), the expression
for the change of axes for a fourth order tensor is written:
Ci;kl = apiaqjarkaslcpqrs »
and the mitror symmetry property requires:

*

Cyjn = Cijkl .

The only non-zero components of the change of axes matrix:

1 0 0
a=|0 -1 0},
0 0 1

are:
ay =l, asy =—1, ass =1.

. L . .
The elastic modulus Cjyq; is given by the expression for changing axes:
*
Cin = aplaqlarlaslcpqrs >
where the second index of a;; is equal to 1, in the summation for p only ayy =1 is

not zero, therefore we obtain:

*
Ciin =Cur -

. * . .
The elastic modulus Cyq, is, with the same axes change, equal to:
*
Chnz = aplaqlarlaﬂcpqrs ,
in the summation with a;, only a,, = -1 is not zero, therefore we have:
*
Ciia =—Cypp-

The mirror symmetry property Cl* 112 = Cj11, leads to

Ciin =—Ci2>
hence:

Cy1y2 =0.

The elastic moduli which possess the index 2 an odd number of times are zero.
The stiffness matrix in the monoclinic axes are thus of the form:
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Ciin Cuz CGizzs 0 Gz O
Ciizz Cm Cx;3z 0 Cypap O
Ciizz Cxp33 Caazz 0 Cazyp O

0 0 0 Cupxn 0 Cup
Crar Cp31 Cazzr 0 Ci3p O
0 0 0 Cpupp 0 Cop

A monoclinic material is characterised by 13 elastic moduli.

With the two-index notation, for the mirror symmetry planer (M |x3,x1), the

stiffness matrix is written:

- A

1.4.2. Orthotropic material

The orthotropic material studied has the two planes (M |x3,x1) and (M |x1,x2)

as planes of mirror symmetry.
The non-zero components of the axes that change the matrix from

(€)= (x4.x5.X3) to (e*)= (x1.X5,7X3):

are:
1111:1, ar =1, ass =-1,

According to the previous results, the elastic moduli with the index 3 an odd
number of times are zero.

The stiffness matrix in the orthotropic axes has the form:
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[Ciin Ciiz Ciss O
Chze Coxp Cop3z O

Crizsz Cppzz3 Cizzz O
0 0 0 Cypy O

0 0 0 0 Cy3 O
0 0 0 0 0 Cina|

o o O
o O O O

An orthotropic material is characterised by nine elastic moduli.

In addition, it is immediately obvious that the (M Ixz,x3) plane is also a plane of
mirror symmetry.

With the two-index notation, the stiffness and compliance matrices are
respectively equal to:

Ch Cp C5 O 0 0
Cp Cpn Cpn O 0 0
C= Cs3 Cyu Cyu 0 0 0
0 0 0 Cy O 0
0 0 0 0 Cys O
| 0 0 0 0 0 Cg |
and
(S S S35 0 0 0]
Spp Sy S 0 0 0
S= Si3 S S 0 0 O
0 0 o0 S§4 0 O

0 0 0 0 S5 O
0 0 0 0 0 Sg]

The inversion of the matrix C involves the calculation of the inverses of the two
matrices:

Cn Cp (i Cu 0 O
a= Clz C22 C23 and b= 0 C55 0
Cl3 C23 C33 0 0 C66

Putting:
A=deta=C;;C5Cy3 +2C,C;C; - C123C22 - C122C33 - C§3C“ )
we obtain:



_CnCy -Chs
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, S12 = C13C23 ;C12C33 , S44 - C_l_,
44
Sin = C12C23 _C13C22 Sec = __l_
’ 13 A ’ 55 C55 »
C,C 5 —CyC 1
, S23= 12 13A 23 ll’ S66=C—~'
66

The strains are given as a function of the stresses by the matrix relation:

Sh A
S.. = C11Cs; ‘C123
n=T
Sur = CiiCyp ‘C122
BT A
_51— —511
& S
& | _ S
&, 0
& 0
&6 L O

S5 0 0 0[]
Sy 0 0 0 |loy
S5 0 0 0 ||o,
0 S4 O 0 |04
0 0 S5 O (o5
0 0 0 Se 06

The elastic compliances S; can be expressed as a function of Young’s

moduli E;, the Poisson coefficients Vi and the shear moduli Gij .

In order to reveal these different values, three simple tensile and three shear tests

are proposed.

— In the case of a simple tensile loading in the direction Xx,, all the &; are zero

except 0.

The strains ¢;, given by the constitutive relation are equal to:

€1 =81101,83 =82101,€3 = 83101, €4 =€5 =66 =0.

Young’s modulus E; in the X, direction is defined by the relation:

01
81 =—
E

A X

!
4_
4—

v l l +Q

X,

Figure 1.2. Simple tension



12 Analysis of composite structures

The Poisson coefficients v;, and v;3 are given by:

£y = — __ VY
2 ="Vpé =——=01,

E;
and:

_ Vi3
6'3 = —V13€1 = —-—0'1 .
E,
By identification, we obtain:

1 Vi
Si=7 521=‘”1‘2’ S ==-—=.

E E E

— In the case of a simple tension loading in the x, direction and for a simple

tension in the x, direction, we obtain:

Var 1 vy V3 v !
Sp=——2, Sp=—0, Spp=-—2 and §;;=— 21, Sy=— 2, Sz=—.

E E E, E’ 7 B

— In the case of a simple shear in the x, and x, directions, all the o, are zero
except 0y .

A%

1
) /t

Vo T -
b

_0-4

O4

Figure 1.3. Simple shear

The strains ¢£; given by the constitutive relation are equal to:
€4 = 54404,
E1=6) =E3=65=E4=0.

The shear modulus G,3 is defined by:

(o}
£4 =_4’
Gy3
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hence:

1
Sag =——.
Ga3

— In the case of simple shear in the x5 and x, directions, and in the x; and x,

directions, we obtain:

1 1
555 =—— and 566 =—
Gs; G

— The compliance matrix is written in the orthotropic axes in the form:

I 1 va Vs 0 0 0 ]
E; E, Ey
e 1 v 0 0 0
E,  E Ey
o v L 4 o0 )
Ey E, Ej
0 0 0 ~1— 0 0
Gy
0 0 0 0 —1— 0
Gy
0 0 0 0 0 ——1—
L Gy |

and from the symmetry properties of the elastic compliances we have the following
relation between the Poisson coefficients and Young’s moduli:

A =% (no summation).

i j

— The stiffness matrix is obtained by inversion of the compliance matrix and is
written, in the axes of orthotropy, in the following form:

€y € €3 0 0 0]
Cp Cp Cx 0 0 O
Ci3 €3 Gz 0 0 0

0 0 0 Cyu 0 0

0 0 0 0 Cs O

0 0 0 0 0 Cg]
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with:
1-v,5v Vo + Vv Vi, + VoV
_ 23V32 _Va tVauls _ V3 tVaVy
Ch=—""7E, Cp =—5—=—EFE, Cy=—""T"=F,
A A A
Vi T Vi3V _1-v3vy, _ Vap +V3Vp
Cy =—=—"EF,, Cp=—"—Ek,, Cj3 =———=E,,
A A
Viz $Vi2Vn Vs +VaVis 1=v5¥y
Cyy=——F,;, Cyp=-2—""F,, (C5h=——""=F,,
A A
Cu =Gy, Css =Gy, Ces = Gi2,
and:

A =1-2V,VyaVsy —ViaVy — VsV —VaVis

1.4.3. Transversely isotropic material

The transversely isotropic medium proposed here has the (M |x2,x3) plane as
the isotropic plane.

If the (M |x2,x3) plane is an isotropic plane, the elastic moduli with the same
indices in the two axes (e)= (xl,xz,x3) and (e*)= (x;,x;,x;) which are defined
by the following relations:

* —_—

X, =Xp,
* .

X, =COSQX, +sinax;,
* .

X, =-sinax, +cosaxs,
3

have the same value whatever the angle o .

*
Xl =X1

Figure 1.4. Isotropic plane

The matrix for changing the axes from (e) to (e*):
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1 0 0
a=|0 cosa -sina|,
0 sina cosa

has the following non-zero components:

a“ = 1,
a22 = 033 =Ccosa,

azy = —Ay3 = Sina-

In the particular case where a = Z, the non-zero components of a are:

[111=1, 032—-—1,(123——1.

The formula for changing the axes C;k, = 004873 A5 C pyys 1eads to:
*
Ciin = aplaqlarlaslcpqrs = C1111 ’
*
Con =ap2a0a,285C pars = Ca333,

*
C3333 = a3043a,30,3C pgrs = Coopn

* *

Chnzz = Cyya3- Cr323 =Cgp3
* *

Cnsz =G C3131 = Cy1215
* *

C2233 = C33p2 Cr212 = €313

The property C ;'kl = Cijkl provides the relations:
Com =Ca3335 Crizo =Crizzs G313 = Crapz-

Given these relations, the stiffness matrix:

[Ciii Ciizz Cuie O 0 0 ]
Chizz Co Coz3 O 0 0
Chizz Comz Cpp O 0 0

0 0 0 Cpuy 0 0|
0 0 0 0 Cpp O
0 0 0 0 0 Cppl

15



16  Analysis of composite structures

involves six independent components. With the two-index notation we have:

Ch C2 C2 O 0 0
Cip Cxpn Cy3 O 0 0
Cip Cy3 Cypn O 0 0

0 0 0 Cy O 0

0 0 0 0 0 Cgs|
For any angle a we have:

a = 1,

ayy =COSA, aj3 = —sina,

azy = sina, asz3 =Cos.

In the formula for changing axes C;222 =0a,000,285C pgrs, the only non-
zero ap, are:
ay, =cosa and a3 =sina,
so we obtain:
Cam = cos* @ C,yyy +cos® asin a(C2223 +Cypay + Crany + Cany )

2 -2

...+cos” asin a(sz +Cr30p + Chpp3 ¥ Cozay + Cippy + Copay )
. 3 . 4

..+cosasin” (C2333 +Ca33y + Ci39q + Crpa3 )+ sin” @ Cy335.

With Cpp9p =Cs333, Cyyj =0 for i# j (no summation), and introducing the

* .
property Cyy = C,.jkl , we obtain:

4 2 .2 .4
Ciym =08 0 Cyypy +2c08° csin a(sz +2C530, )+ sin” @ Cy,yy, »
or
(1 —cos* o —sin* a)C =2cos? arsin® a(C +2C )
e 2233 2323 )

2 .2 4 -4 _ 2 202
|:(cos o +sin a)z—cos a —sin a]Cznz—Zcos asin a(C2233 +2C2323),

2 a2 _ 2 2
2cos” asin” @ Cyyyy =2cos” asin a(C2233 + 2C2323).
This relation is satisfied whatever the angle « if we have:

Cooz = Cop33 +2C 3,3

The application of the formula for changing axes to other elastic moduli does not
result in new relations.
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The stiffness matrix is written in the transverse isotropy axes in the following
form:

[ Ciias Chiz Criz 0 0 0
Crizz C33+2Cy33 Ca233 0 0 0
Chiz Cr233 Cox33+2Cy3p; O 0 0

0 0 0 Cys O O
0 0 0 0 Cpp O
| o 0 0 0 0 Cou

A transversely isotropic medium is characterised by five independent elastic
moduli. Certain unidirectional fibre composites can be considered as transversely
isotropic materials. With the two-index notation we have:

- -

Ch Cia Ciy 0 0 0
Clp Cy3+2Cy Cys 0 0 0
Cip Co3 Cp3+2Cyy O 0 0
0 0 0 Cy 0 0
0 0 0 0 Cg O
K 0 0 0 0 Ce)
1.4.4. Isotropic material

In an isotropic material all directions are equivalent.

In axes (e)= (xl,xz,x_,,) and (e*)z (xz,x3,x1) the C,;k, and Cjj; components
with the same indices have the same numerical value. The only non-zero terms of
the change in axes matrix:

0 01
a=({1 0 0f,
010
are:
ajn =1, aszy =1, a3 =1.
The formula for changing axes:
*
Cijkl = apiaqjarkaslcpqrs ’
with the property:
*
Ciju = Cijkl ’

providing the relations:
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Ciinn =Co2, Cr122 =Cp33, C2323 =C3131s

Cp2 =C3333, Cr13z =Caa11. C3131 = Cr212>

Ca333 =Ciiis C2233 = Cazrs Cra12 = Ca3zss
or.

Ciin = Comp = Caga,

Ciizz = Coa3 = Gy

Caag3 = Cay31 = Cpgna-

Putting Cyy33 =4 and Cyy,3 = 4, the relation Cypyp = Chpyq +2C,4,, gives:

Cprypp =A+2u.
In all axes, the stiffness matrix is written in the following fqrm:
A+2u A A 0 0 0]
A A+2u A 0 0 O
A A A+2u 0 0 O
0 0 0 “u 0 0
0 0 0 0 4 O
0 0 0 0 0 uj

An isotropic material is characterised by the two elastic moduli A and u

termed the Lamé coefficient, or by Young’s modulus £ and by Poisson’s coefficient
v . We recall the relations:

VE E
ﬂ:——-—, =G= .
1+v)i-2v) ~ 2(t+v)
u(3A+2u) A
E="—"r  v= .
A+ 204+ u)

Determination of the compliance matrix involves the following expressions

A=(A+2u) +28 -32(A+2u)=4u*(3A+2u),
_Ar2uf -2 Atp 1
4u*(3A+2u) p(BA+2u) E’

11

__Aas2p)-2 A __v
2T a2 Bav2u)  2u(A+2u) E
Su=L=2ltV

7] E
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The compliance matrix is written in all axes as:

1 v _ ¥ 5 0 0
E E E
v 1 v 0 0 0
E E E
vov Lo,
E E E
o o o 212 o 0
E
o o o o 25
E
0 0 0 0 0o 2*v
I E |

1.4.5. Influence of temperature and humidity on the constitutive relation of an
orthotropic material

The variation of temperature AT results in a strain field defined by:
g =a,AT (i=123), & =0 (i=456),
or:
& = AT (i=12,..6), with @, =as =03 =0.

«; being the coefficient of thermal expansion in the x; direction.

The variation of humidity A7, equal to the relative variation of the mass of the

material, results in a strain field defined by:
g =pBAn (i=123) & =0 (i=456),

£ =PAn (=12,..6), with B, =fs=5=0.
B; being the coefficient of hygroscopic expansion in the x, direction.

or:

In general the elastic moduli depend on the temperature and the humidity.
When the temperature and humidity variations are small, the elastic moduli can
be assumed to be constant.
Taking into account the strains caused by the stress field due to the variations in
temperature and humidity, the constitutive relation is written as:
£ =S,0, +aAT + BiAn (i,7=123),

y=J

Ei = So’ . (t,] = 4,5,6),

gy=J
or:



20  Analysis of composite structures

£ =8,0,+aAT + BAn (i, j=12,...6),
@;=0,5,=0 (i=456)

In the orthotropic axes the thermal and hygroscopic effects are revealed as

expansions in the x; direction, and by the absence of angular distortion in the x;

and x i directions.

1.5. Matrix relations for a change of axes

In the direct orthotropic axes (2)=(X;,X,,X;), the constitutive relations are

written:

6=Ct and €=S5.
Whereas in the off-axis co-ordinates (¢) = (x,,X,,X; ), we have:

6=C¢ and e=S¢.
The matrix for changing axes from (£) to (e) is represented by a:

a; ap a3
A=|4a; 4ayp apy

a3 4y damp

1.5.1. Change of axes for stress and strain matrices

The following formula is proposed for the change of axes matrix:
Oij =apiagi0 pg

in matrix form:
c=Mo ,
where M is a (6,6) matrix which will be determined.

The explicit expressions:
011 =ap1810 py»

11 = a8y +ay,ay,5 + a11a31515.-

ot 8910115 2140515 3 + 21031573...

_ — 2 —
. taz31a1103 +a3127\03; +a3 033,
and:

Oy = ap2aq30pq ’
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o3 = a150130 1] +a150030; +0130330);...
o Ha281305,000)30 ) + 503303

8330303 +a3,02303; +a3,03303;,

enable the change of axes formula to be written in the matrix form:

o] a}) a3, a3, 2a;,a3
O a}, az a3, 2ayay,
O3 | _ ajy ay a3, 2ay3033
023 apa13 ApnGr; Gxpazy; Axndy +azady;
O3 a;3ay;  axpdy; Gy Apdy +aypd))
[O12 ] [an141p anGy 4303 443 +a3dy
2as,ay, 2ay,a5 o 1
2apay, 2apay oy
2apa)s 2a;3a;; 033
Ay +aay;  Apdy; +apag;s || Oy
aya) ta;3as  apay tana || 03
ayap +apay  a,dy +aapn || 6y

The matrix M is made up of four sub-matrices (3,3) whose components can
easily be found by writing the transposed change of axes matrix:

ay a4y 4z
a’ =lay, ay ay
a3 dy3 4
Decomposing the matrix M in four sub-matrices (3,3):
M = M;; My, ’
M; M,

the following rules can be proposed:
—The (i, j) component of the sub-matrix My, is equal to the square of the (i, j)

component of al.
— The (i, j) component of the sub-matrix M, is equal to twice the product of

the two other terms of the row i of a’ .
—The (i, j) component of the sub-matrix M, is equal to the product of the two

other terms of the column j of a” .
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— The (i, j) component of the sub-matrix M, is equal to the sum of the cross

products of the terms of the matrix obtained by removing row i and column jof a” .

In a similar manner we can develop the formula for changing the axes of the
strains:
€jj = apidgiEpg,
in matrix form:
e=Ng,
with N being a (6,6) matrix which will be determined.

The explicit expressions:
&N = aplaqlgpq s
2 — — —
€11 = a1f11 Y @1921612 1 a11431813--
—_ - —
--+a21011621+031€22 Y A21431823.-
— — 2 —
--+aszay11831 +az1a €32 +az €3,
and:
823 = apzaqSqu N
€33 = A12a1381) +a1paxn€yg +aa5E;..
et 2913821,892893E 7y + 50 33E;...

-t a3a13E31 +a3a53E5; +a30385;,

enable the formula for changing axes to be put in the form:

[ T 2 2 2

&n ay an as a3 43
€n ap a3, a3, aynaxy
€33 | _ afy az a3 ay3a33
2ex3 2appa)3 2apay; 2a3a3; apazp +apd;
2e3 2a13a), 2apnaj 2apay  apaz tana
2612 ] |2ay8); 2ajay 2a3a3  ay a3 tazay
ajay apay £y
axap apay 5 5)
a33ay3 aj3aax €3

Gpa;y +apay apay; tanap || 26y
Aypay ta3ay  apay +anay || 265
_2512_

ayayp tapay a)paxp tajap
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As for the matrix M, the matrix:

Nu N
N=[ 1 12}’
Na Np

consists of four sub-matrices (3,3) whose components are found as follows:

— The component (i, j) of the sub-matrix Ny; is equal to the square of the
component (i, J ) of a”.
— The component (i, j ) of the sub-matrix Ny, is equal to the product of the two

other terms of the row i of a” .
— The component (i, j ) of the sub-matrix N,, is equal to twice the product of

the two other terms of the column j of a” .
~ The component (i, j) of the sub-matrix N, is equal to the sum of the cross

products of the terms of the matrix obtained by removing row i and column j of a’.

From the matrix a, we construct the matrix M such that 6 = M@ . Similarly from
a™', we can construct, in an analogous manner, the matrix M such that:
=M.

The matrix a' =a’ is obtained by exchanging the indices i and j of the

orthogonal matrix a. The matrix M~ is obtained by exchanging the indices i and j
of the terms a;; which are involved in the matrix M, which results in:

- —

2 2 2

apy ap a3 2a,,a:3 2a15a, 2ay,a,,
2 2 2
as] an ax 2a5ay; 2a;3;, 2ay1ay,
2 2 2
M1i=| ®1 asp as3 2a3a3; 2ay3ay, 2a3,a3,

AyG31 Axply Axazz Gpdsz+ayndy  axdy +ay Q33 Ay a3 +d50;
a3 4y aypdp Gypd)y apna3+apd; G taa;y ayap tapdg

| G11921 G125, 13033 Gz 130y, G130y +a)1G33 4118y, +a)pay) |

The matrix thus obtained is the transposed matrix N. We therefore have the
relation:

M™'=N".
An analogous calculation, performed on the N matrix gives the equation:
N'=M".



24 Analysis of composite structures

1.5.2. Change of axes for stiffness and compliance matrices

We have just obtained the following relations:
¢=Mgé [1}, 5=N"e [2],
e=Ne [3], E=M"s [4].

In addition, the constitutive relations in the othotropic axes and off-axis are written:
5=Ce [5], §=Se [7],
a=Ce [6], e=Sa [8].

From relations [1], [5] and [4], we obtain:
6=Mo=MCeg=MCM'¢.

Identification with 6] gives:
C=MCM".

From relations [3], {7] and [2], we obtain in a similar way:
£=Ng=NSo=NSNo.

Identification with [8] leads to:
S=NSN'.

Multiplication of the left hand part of C = MCMT by N7 and the right hand part
by N gives:

N'CN=N"MCM'N,
or:

C=N'CN.

Multiplication of the members of § = NSN” by M’ on the left and by M on the
right gives the equation:

M7SM=M'NSN'M,
hence:

S=M"SM.



Chapter 2

Orthotropic layer behaviour

2.1. Introduction

The expressions developed in the previous chapter for the change of axes will
now be applied to an orthotropic ply of any orientation in a composite. In the plate
theories which will be presented the assumption is made that the normal stress in the
x5 direction is zero. This hypothesis leads to the introduction of column matrices of
stresses and strains with only five terms. From these we will deduce the formulae for
changing co-ordinates and the constitutive relations which will be used in the plate
theories.

2.2, Stiffness and compliance matrices in orthetropic co-ordinates

The orthoptropic layer studied here has the co-ordinate axes (0|X1 ,X5,X5 ) The

layer of thickness k is limited by the two planes perpendicular to (0|x3) which are

defined by x; =—g— and x3 = —%‘

Figure 2.1. Orthotropic axes

In the following, all the quantities defined in the orthotropic axes will be
overscored.
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In the orthotropic axes (£)= (X;,X,,x3) the constitutive relation is expressed

as:
§=8:9,

and in the matrix form as:
£=S7,

or:
‘&) [Sn S S35 0 0 0 ][a]
Ea| |Sp Sn S3 0 0 0|5,
E3| |53 S3 8§53 0 0 0 ]|5;
|0 0 0 54 0 0|7
£s 0 0 0 0 S5 0 |[5s
| [0 0 0 0 0 Sell 5]

The compliance matrix can be written in terms of Young’s moduli E;, the
Poisson coefficients v;; and the shear moduli G;; in the form:

_L _Ya Vs 0 0 0 ]
E, E, E,
AT N ¢ T Y
E E E,
s Vs 1 0 0 0
§= E, £, E,
1 s
0 0 0 — 0 0
Gy
0 0 0 0 1 0
3l
1
0 0 0 0 o —
i Gy |
with:
Vii Vi
—Ei- =L (no summation).

i 5
If the plane (Xz,x3) is a plane of isotropy, then:

— - - 1= = = =
Sy =83=58x +ES44’ S13 =512, Se6 =Sss>

or:

1 1 1 vy 11
e T Vaa TV,
E, E; 26y E G, Gy
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A unidirectional layer in which the fibres are parallel to X, can, for a first

approximation, be considered as transversely isotropic.
The relation € =S¢ is then written as:

£ Su Sia S12 0 0 0o
&1 |52 Su+iSu Sx 0 0 0|0
| |52  Su  Sp+iSw 0 o0 0|7
gl lo 0 0 S4 0 0|7,
&5 0 0 0 0 S, 0 |5
& [0 0 0 0 0 S || 0]

Similarly in the orthotropic axes (¢) the constitutive relation:

6=C:E,

can be written in matrix form as:
5=Ctg,

or:
[51] [Cu Cn §13 o o o&]
2| |C2 €z €3 0O 0 0 |5
3| |Ci3 Cpn C;3 0 0 0 &
G40 |0 0 0 Cyuy O 0|5
s 0 0 0 0 Css 0|5
T6] | O 0 0 0 0 Cgll%]

In the particular case of the transversely isotropic unidirectional layer we then
have:

(&) [Ch Cu Cra 0 0o o]8&]
T, | |Cp Cp+2Cy Cx 0 0 0|5
73| | Cy C,s Cyy+2Cy 0 0 0|5
g, | 0 0 0 Cu 0 0|z
s 0 0 0 0 Cy O |5
5] | O 0 0 0 0 Cg %]

2.3. Conventional matrices for changing axes

The angle o between the vector x, of the off-axes (¢)=(x;,X;,x;) and the

vector X, of the orthotropic axes (¢)=(X,,X 2-X3), is measured on X;.
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Figure 2.2. Off-axis directions

The matrix which enables us to go from the orthotropic directions (¢) to the off-

axis directions (e) :

[ cosa  sina 0O
a=|-sinad cosa 0},
0 0 1

is written in the form:

c s 0
a=f-s5s ¢ 0],
|0 01

with:
c=cosx and s =sina.

From the transposed matrix of the axis change

c -5 O
al=|s ¢ 0 ,
0 0 1
we obtain the following two matrices M and N:

[¢2 52 0 0 0 -2 ] _cz 2 0 0 0 -—cs ]
s2 ¢ 0 0 0 2cs 52 ¢ 0 0 0 cs
M= 0 0 1t o0 O 0  N= 0 0O 1t 0 o0 0
0 0 0 ¢ s 0 0 0 0 ¢ =« 0
0 0 0 -5 ¢ 0 0 0 0 -5 ¢ 0
lcs —es O 0 O c? —sz_ |2¢s —2¢s 0 0 O c? —sz_
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2.4. Stress and strain matrices

The formulae for changing the directions for 6 =M¢ and ¢ = NT6 can be
written in the following forms:

_0'1_ _02 s2 0 0 0 -2 1—51_
o) s ¢2 0 0 0 25 |02
63/ {0 0 1 0 0 0 |03
o4 0 0 0 ¢ s 0 ||F
O5 0 0 0 -5 ¢ 0 o
96| |[es —es O O cz—sz__Ee_
and:
—51_ _cz s2 00 0 2cs --0'1—
0, s2 ¢2 00 0 —2¢cs || 02
g3/ |0 0 10 O 0 ||o3
4 |0 0 0c-s 0 |ogf
Os 0 0 0 s ¢ 0 o5
| 06 | |—¢cs cs 00 c? —s2__0'6_

similarly, the formulae for changing the strain axes for strains ¢ = Ng¢ and € = Me
can be written:

_81 i 2 2 &

c s 0 0 0 -—cs 1
& 52 ¢ 0 0 0 cs )
&1 10 0O 1 0 o 0 &3
gl lo 0 0 ¢ s 0 ||&f
£s 0 0 0 -5 ¢ 0 &5
€61 |2¢5 —2cs 0 0 O c? - SZJ | &6 |

and:

—_1— [ c? 2. 00 0 cs ——51_
& 52 ¢2 00 0 —-cs || €2
&gl 0o 0 10 0 0 | &
gl 0 0 0c-s 0 |&
&s 0 0 0 s ¢ 0 &5
E6| |-2cs 2cs 0 0 0 c¢?-52| &



30 Analysis of composite structures

In the present case it may be noted that we go from M to its inverse N7 by
replacing the angle o by —a in M. One can use the same transformation to go from

N to its inverse M7 .

2.5. Stiffness matrix in directions away from the orthetropic axes

The stiffness matrix C in the (e) space is given by the relationship:

C=

MCMT,

which involves the matrix:

_c2 s2.0 0 0 -—2cs
s ¢ 00 0 2
0O 0 1 0 0 0
0O 0 0 ¢ s 0
0 0 0 -5 ¢ 0

jcs —es 0 0 O c?—s

2

The product of the latter two matrices is thus:

CM’

that is:

CcM! =

02C11 +52C12 SZC“ +02C12
¢2Cy, +5°Cy  $2Cyy +¢XCyy

c’Ci3+5°Cyy  52Cpy +¢2Coy
0 0
0 0
—2¢5Cg 2c5Cg4

¢, Cp G 0 0 0
612 622 623 0 0 0
613 623 533 0 0 0
0 0 0 C4, O O
0 0 0 0 Cs O
0 0 0 0 0 C

=

[

s 0 0 O cs
2 ¢2 00 O —cs
0 0 1 0 O 0
0 0 0c -s 0 |
0 0 0 s ¢ 0
2ecs 2cs 0 0 0 (2 —32_
0 0 CS(@ -Cy )_
0 0 CS(EH -Cx
0 0 05(6_‘13 ‘623)
cCy —-5Cyy 0
5Css c655 0
0 0 (02 - 52)666 _

After multiplying the left-hand side by M and identification, one obtains:
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— the components of the first column of C:
C= C4E“ + s4622 +2c2s2(C_‘12 +2566),
Cy = CZSZ(EU +Cp _4E6G)+(c4 "'54)512 ,
Cs; =¢?Ci3 +5°Cps,
Cy =0,
Cs; =0,
Co = 05[02511 -s’Cy _(Cz _sz)(Elz +2EG6)]’

— the components of the second column of C:
Cp= 0252(511 +Cyp ‘4566)*‘ ("4 "'54)612 =Cyy,
C22 = s4Ell +C4E-22 +2C2S2(C_‘12 +2666)’
Cyy = 5°Ci3 +¢*Cos.
C42 = 0,
Cs; =0,
Cer = cs[szc_'11 - 02522 + (c2 S ) (512 + 2566 )],

— the components of the third column of C:
Ci3 =c’Cy +5°Cy3 = Cyy,

_ 2 24
Cp =5"Ci3+c°Cpy =Cyy,

Cy = Eaav
C43 = 0,
Cs3 =0,

Ces = Cs(gls - 623 ),

— the components of the fourth column of C:

Cis =0,
C24 = O,
C3 =0,

C44 =C2644 +32655,
Csq =CS(555 —Cy )’
C64 =0,
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— the components of the fifth column of C:

Ci5 =0,
Cys =0,
C35 = 0 Y

Css = CS(Ess - 644 )= Csq
Ces =0,

- the components of the sixth column of C:
2~ 2= 2 2\~ ol
CIG = CS|:C Cll -3 C22 —(C -5 )(CIZ +2C66 ):|= C61’
_ 2= 27~ 2 2\~ a3 _
C26 —CS|:S Cll -C C22 +(C -5 )(C12 +2C66):|_C62’

Cs = 05(513 —523)= Ce3»
C46 =0,
C56 =0,

C66 = 6252(611 +622 —2612)4' (C2 ‘52)2666-

The constitutive relation 6 = Ce can then be written as:

o] [Cu Ciz Gz 0 0 Cille
03| |Ci2 € Ci3 0 0 Cy &2
03] |Ci3 €3 C33 0 0 Cy |63
04 0 0 0 Cy Cys 0 |igg
o5 0 0 0 C45 Cs5 0 |l&s
106] [Cis C2s C36 O 0 Cgg €6

Note that for & =0 or & =7, the coefficients Cy¢,Csq,C6 and Cys are equal

to zero ( orthotropic materials whose directions of orthotropy coincide with the co-
ordinate axes).

2.6. Compliance matrix in directions away from the orthotropic axes

The compliance matrix S in (e) is given by the relationship:
S=NSNT,

which involves the matrix:
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c s 0 0 0 -cs
2 2
s c 0 0 0 cs
N= 0 0 1 0 0 0
0 0 0 ¢ s 0
0 0 0 -5 ¢ 0
|2¢cs =2cs 0 0 O c? -s?
The product of these two matrices is
—§11 S, S5 0 0 0fc2 s 00 o 2cs |
Sp Sy S, 0 0 O ls? ¢2 00 0 -2
§NT—§13 Sy S 0 0 O0flo 0 10 O 0
o 0 0 8§, 0 00 0 O0c-s o0 [|
0 0 0 0 Ss OO0 0 03s ¢ 0
L0 0 0 0 0 Sgll-cs es 00 0 -5
that is:

—c2§11 +s2§12 s2§11 +c2§12 Si3 0
02§12 +s2§22 s2§12 +c2§22 Sy 0 0 20s(812 S22)
c2§13 +s2§23 s2§13 +c2§23 S 0

SN = _ -
0 0 0 cSu —5Sy 0
0 0 0 sSs5 cSss 0
— s8¢ 5S¢ 0 0 0 (c -5 )S“ ]

After multiplication of the left-hand side by N and identification, one obtains:

— the components of the first column of S:
Sy = c4§“ + s4§22 + c2s2(2§12 + §66),
8,5 = czs2(§“ +§22 —§66)+ (c4 +s4)§12,
Sy = 02513 + s2§23,
Sq1 =0,
S5, =0,
Se1 —cs[2c S“ -2s? 522 (c -5 )(2§12 +§66)],
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— the components of the second column of S:

S = czsz(§11 +S_'22 —566)+ (c4 +s4)§12 =551,
Sy = s45_'“ +c4§22 +c2s2(2§12 +§66),

Sy, =528, +¢28,,

Se2 =0,

85, =0,

S62 = CS[252§11 - 2C2§22 + (C2 - 32)(2§12 + 3-66 )],
— the components of the third column of S:

_ .27 29 .
S13=¢"S13+5°83 =83,

— 27T 20—
Sy3 =8"S;3+¢"8Sy =S5,

S3 =§33’
S43 =0,
S53 =0,

Se3 = 205(§13 - §23)’

— the components of the fourth column of S:

S14 =0,
S24 =0,
S3 =0,

S44 =C2§44 +S2§55,

Ssa ="5(555 —544)'
Ses =0,

— the components of the fifth column of S:

S5 =0,
S25 =0,
S35 =0,
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— the components of the sixth column of S:

Si6 = cs[2c2§“ —2s2§22 —(c2 —sz)(Zglz +§66)]= Se1
Sa6 = cs[2s2§11 -2c%5,, + (c2 —sz)(2§12 + 566)]= Se2»
S36 = 203(§13 - S;23)= Se3»

S46 =0,

S56 = 0,

Ses =40252(§11 +§22 —2§lz)+(c2 —s2)2§66.

The constitutive relation € = S¢ can then be written as:

€]
L)
€3
€4
€s
s

(St Siz S;3 0 0 Sion]
Sz S S;3 0 0 Sy(o;
Si3 Sx;3 Sz 0 0 Sz 03 '
0 0 0 Sy Se5 0 ||og
0 0 0 S Ss5 0 |lo

1S16 S26 S O 0 S || 06

As for the stiffnesses, note that for the compliances Si¢, Sa¢, 534 and Sy are

zerofora =0 or a = % (orthotropic axes coincide with the co-ordinate axes).

2.7. Orthotropic layer loaded in tension and in shear

2.7.1. Simple tension

For the case of a layer loaded in simple tension in the x, direction, the only non-

zero component of the matrix is o7 .

Figure 2.3. Tension off-axis
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The constitutive relation € = Se gives:

£ =81101,
£ =81201,
€3 = 51301,
£, =0,
&5 =0,
€6 = 5160,

The layer undergoes three unit extensions in the X, x, and Xxj directions as
well as an angular distortion in the two orthogonal directions x; and x,.

For & =0 (fibres parallel to x;) or o= % (fibres parallel to x,), the elastic

compliance S;q4 is zero. The angular distortion is then zero.

The strains obtained are shown in the figures below.

AX;

/4
— .
o/ .

—

Figure 2.4. Strains when S} # 0

AX;

Figure 2.5. Strains when S;s =0
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2.7.2. Simple shear

When the layer described previously is loaded in simple shear in the two
directions X; and x,, the only component which is not zero in the stress matrix

iSO'G .

Figure 2.6. Shear in off-axis directions

Given the constitutive relation € = So , we have:
£ =81606, £,=0,
&) = 8,606, €5=0,
€3 = 83404, €= S460%-

The layer undergoes unit extensions in the x;, X, and x, directions, and an

angular distortion in the two directions X, and X,.
For =0 or =%, the elastic compliances Sig, Sy and S3¢ are zero. The

linear expansions are therefore zero.

The corresponding strains are represented by the following figures.

X2

/)
0/ X

Figure 2.7. Strains when S| # 0, Sp¢ # 0,535 #0
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/o

Figure 2.8. Strains when S| = S, = 836 =0

2.8. Reduced stiffness matrix for the orthotropic layer

In this paragraph, we will describe the Qand Q of an orthotropic layer with
through thickness normal stress ¢3 zero. These matrices are introduced into the
theorems of Kirchhoff-Love and Reissner-Mindlin for multi-layer materials.

2.8.1. Reduced stiffness matrix Q in orthotropic co-ordinates

In the orthotropic co-ordinates (&), the constitutive relation &= CE is written

as:
(&) [Cu Ca G 0 0 0 1F]
2| |Gz Cp C;3 0 0 0 &
o [Ci3 Cp3 C33 O 0 0 [|&
&, |0 0 0 Cy 0 o0&
Ts 0 0 0 0 Cs5 0 ||5s
6] [0 0 0 0 0 CgZs.

When:
T, = C3€, + Cp&, + C35F; =0, the expansion &; is equal to:
N 51351_+ Cp3&; '
C33
The normal stresses:
&, = C1 18 +CyE, +Cpafs,

E3=

G, =Cp8 + Cpn&y + Cy385,
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can then be expressed only in terms of £ and &, , using:

—9 _ —

_ — Ci3 |- — Ci13Cos |

(o] ={C11——61—3]81+(C12— lci 23 )52,
33 33

_ &5 _ @
Ez = C12 - IECZB é_‘l + C22 —@- é—'z.
Cs3 C33

39

By putting:
= = Ch = _=  C;Cxn
On=Cu-==, Qn=C-—=
C33 Cs3
~ = Ci = =
On=Cn-7" Qe =Ces
Q44 = Cupa, Qss = Css,
the constitutive relation can be expressed in one of the following two forms:
(3] [0y G2 0 0 0 |&]
G2 |Q2 92 0 0 0 |5
O6i=| 0 0 Qg O 0 ||
G4 0 0 0 Qu O |&
105] | O 0 0 0 Qs 5 |
or:
7] [@u 0. 05 _
[_1 . gu glz é1 5 [Gu 0T
0, |=|CQn 9» 0 |& — |= — |l =
- = |l = Os 0 Qs |l&
10s] | 0 0 Q&
with:
N
Qy=Cy - lz: £ (i,j=12),
_ 33
Q;=C; (i,j=456).

In the plate theorems of Kirchhoff-Love and Reissner-Mindlin we keep the
notations ¢ and £ to represent the matrix columns of stress components:

01.0,,0¢.04,05, 01 01,0,,0¢,
and strains:

£1,€,,E¢,E4,E5, 01 £1,8,,Eg,
which have just been introduced, and designate by Q the corresponding reduced
stiffness matrix.
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2.8.2. Reduced stiffness matrix Q in the co-ordinates away from the orthotropic
axes

The change from the orthotropic axes (E) to the off-axis co-ordinates (e) and its
transposition are written as:

¢c s O ¢c —-s 0
a=|-s ¢ Olanda” =|{s ¢ 0].
0 01 0o 0 1

The matrix axes change with respect to the stresses 6 =M@, involving the
matrix:

2 2

c s 0 0 0 -2s
s2 ¢ 0 0 0 2es
M= 0O 0 1 0 0 0 ’
0 0 0 ¢ s 0
0O 0 0 -5 ¢ 0
jcs —cs 0 0 O c? —sz_

can be written for this case in the form:

oy 2 2 -2es 0 ol&]
o, 52 2cs 0 0f0o,
Os|=|lcs —cs c*=s* 0 0|56,
O, 0 0 0 ¢ 5|04
O | _0 0 0 -5 C__Es_j
or:
(o] [ s* -2 |[5 _
2 2 — 0,4 ¢ S|0,
o, |=|s c 2cs |0, = — |
2_ 2| = Os] =5 ¢]|O
0'6 cS -Ccs ¢ -8 06

keeping the notation M for the two new conventional change of axes matrices
associated with the two matrices of the stress components ¢,,0,,0¢,04,05 and

51’52’56:
c=Mo.

The formula for changing the axes with respect to the strain matrices & = Ng,
with:



G
52
0
N=
0
0
2cs -
can be written as:
62 s2
Ee |=|2cs
£, 0
L&) [ O
or:
(61_ c?
62 = SZ
€6

s 0 0
2.0 0
0 1 0
0 0 ¢
0 0 —s
2¢s 0 O
s2 —-cs
c? cs
—2cs ¢’—s
0 0
0 0
52 —cs
c? cs

O 0w OO O

2cs —2¢s ¢t -5

—CS

Orthotropic layer behaviour

So, by designating as N the new conventional axis change matrix:

e=Neg.

41

The formula for changing axes, established for the stiffness matrices
C =MCM?7, leads to the relation:

Q=MQM’.

Given the calculations already performed for the change of axes the reduced
stiffness matrix Q is of the form:

[ O
Q1

Oi6
0

0

with:

)
O»

Oy
0

0

Q16
O

Oes
0

0

0

0

0
Qus
Oss

0

0

0
Qys
Oss

J
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Q1 =c*0y +5'0p + 2C252(§12 +2§66)’
0 =501 +¢*0y, +2C252(§12 + 2666)’
0, = czsz(au +0p, _4(_266)"' (C4 +54)Q—l2’
Qs = 0252(—Q-11 +0, _2612)"' (Cz _S2)2§66’
Q6 = cs[c2(_211 —52522 - (02 _52)@_12 +2§66 )],
O = 05[52511 ~c*On + (C2 '52)((_212 +2§66)]’
Qus = *Quy +570ss.
Qss = 5704 + ¢ Qss,
Qus = cs(§55 ~Ou )
It should be noted that the reduced stiffnesses Q4, Q26 and Q45 are zero for

a =0 or a =% . These relationships can be written in matrix form:

PQuﬁ c? s4 2c2s? 4¢2s? 0 0
On st c* 2c%s? 4c%s? 0 O |— -
O c2s? 25t ct+st — 4¢3 0 0 gll
Qs c?s? % —2c%s? (cz—sz)2 0 0 Q—ZZ
O =] 3s —cs? —cs(c2—s2) —2cs(c2 —s2) 0 o0 gu ,
O cs®  —=cs cs(c2 —s2) 2cs(c2 —s2) 0 o0 gﬁﬁ
Qu 0 0 0 0 R e
Qss 0 0 0 0 2 2|9
| Qs | | O 0 0 0 —cs ¢S |

or:
(O ] [t s* 2c%s? 4c?s?
0 st c? 2¢%s? 4c%s? _611
Q| |c*s? 2s? ct+st —4c2s? 02
O T o2 o252 222 (cz_sz)2 512 ’
Qs s —cs® —cs(c2 - s2) —2cs(c2 - s2) _566
_Q26J i e =c3s cs(c2 - sz) 26‘S(C2 - s2) ]
[Qu ] ¢ st
QOss | = st ¢t [9_44}
Q45 | {—cs cs Oss
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2.9. Reduced compliance matrices of an orthotropic layer

Having presented the reduced stiffness matrix Q we will now derive the

reduced compliance matrices P and P for an orthotropic layer where the through-
thickness normal stress o5 is zero.

2.9.1. Reduced compliance matrix in orthotropic co-ordinates

In the orthotropic co-ordinates we have:

-

&l [Py Pp 0 0 0|3
& |Pp Pp 0 0 0|5,
Eﬁ = 0 0 P66 0 0 56
4 0 0 0 Py 0|5,
L.E_‘5_ | 0 0 0 0 P55A_55_
with:
= 0. = 0;
Pi=="2 =, Pp=—=—=—,
0192 -912 0112 ~ 012
— 0 _ 1
Pp=—Tl — Fg=—,
11922 — Q12 Oss
_ 1 — 1
== P = —
44 ’ 55
Qu Qss

2.9.2. Reduced compliance matrix P in the direction away from the orthotropic axes

The formula for the change in co-ordinates for the reduced compliance matrix is
written as:
P=NPN’.
Given the preceding calculations for changing axes the reduced compliance
matrix P may be written as:

-

[ Py P, Pg O 0
Py Py Py O 0
P=/Rs P Fg O 0
0 0 0 Py Py
L 0 0 0 Py Pssj
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with:
Py =c'P+s'Py, +6232(2E2 +1?66)’
Py =s*P; +c*Py +6252(21?12 +I?66)’
Py = 0232(1?11 + Py, — P )+ (c4 +s4)1312,
o =4 o
P = cs[2c2ﬁ11 —2S2ﬁzz —(Cz _52)(21312 +ﬁGG)]’
Py = cs[2s217u -2¢%Py, + (62 —52)(2E2 + 1_366)]’
Py, =czﬁ44+s2ﬁ55,
Pss = 5"Pyy +c*Pys,
Pys =CS(I?55 '1344)-

It may be noted that the terms Py, Py and Pyg are zero for ¢ =0 or a = %
These relationships can be presented in the form:

_Pll | ( ct st 20252 c2s? 0 0 1

Py s ct 2¢252 c2s? 0 0 (B
503 2s? 2s? ct+st —c2s? 0 0 [—’11
Fee 4c%s?  4c%s? -8c2s? (c2 - s2)2 0 o }—)22
P |=| 2¢3s  —2¢53 —20s(c2 - sz) —cs(c2 - s2) 0 0 1312 5
Py 2es®  —2¢3%s 2cs(c2 —s2) cs(c2 —s2) 0 0 [—,66
Ppq 0 0 0 0 2 52 ey

2 2 |LP5s

Fss 0 0 0 0 st ¢

| Pys | 0 0 0 0 —-cs oS |

or:

—Pll— [ c* st 2252 c2s?
Py st c? 2c2s? c2s? 1311
Py | | 25?2 %s? et 45t —c%s? || Py
Fee - 4c%s?  4c%s? ~8c2s? (c2 —sz)l Py
P 2¢3s  —2¢s® - 2cslc? —s2) —cs(c 52|l P

[P | 2es®  —2c3s 2cs(c‘2 - s2) cs(c2 - s2)
Pyy | [ 2 st
Pss |= 52 P |:134}
Pys | L—cs cs Pss




Chapter 3

Elastic constants of
a unidirectional composite

3.1. Introduction

When an orthotropic material is in a plane stress state the relationships between
the stresses and strains involve the four elastic constants E;, E,, vi; and Gj;. In

addition to these coefficients, when considering thermo-elasticity the coefficients of
thermal expansion ¢ and «, are also required.

In this chapter we are able to obtain the characteristics of a unidirectional
composite material as a function of the characteristics of the fibres and the matrix.

3.2. Density o

Designating as:
-M, Mf, M, the masses of the composite, fibres and matrix,

=05 Oy Pm the densities of the composite, fibres and matrix,
—V, Vr, Yy the volumes of the composite, fibres and matrix,

the mass of the composite is:

M=M,+M,,
or:

PV=PVe+ PV,
Then:

1% f .
1% = the volume fraction of the fibres,
v
Vip = Ym the volume fraction of the matrix,

v
and noting that V¢ +V,, =1, the density of the composite is:

P=Vi0; +Vbm =Veps +(1-V, )0,
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3.3. Longitudinal Young’s modulus £,

In the theory below we assume that, as shown in the figure, the fibres are
concentrated in the lower part of the composite and that the matrix occupies the
upper part. The composite is subjected to the longitudinal tensile force F.

Tx:

-FXy matrix X,

fibres

Figure 3.1. Longitudinal tension

In the model adopted here, we suppose that the longitudinal extensions resulting
from the tensile force F are the same in the composite, fibres and matrix, which can
be presented as:

£ = elf =g,
We designate as:
- E;, E,, the Young’s moduli of the fibres and matrix,
- S, 8¢, Sy the surface areas, orthogonal to X, , occupied by the composite,
fibres and matrix.

We note that, designating by I the length of the composite:

and that:
S
Vi =—2%.
S
The tensile stresses in the fibres and in the matrix are equal to:
f_
g{ = E fEl ,
o'lm = Ep ¢,

and the tensile force is given by:
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f m
F=5 f g +5 mO1 -

The tensile stress & in the composite is:

F
0'1 =E=Vf0'1‘f+vm0'1m =(VfEf +VmEm)€1.

The longitudinal Young’s modulus E; of the composite is defined by:

and thus we obtain the relationship:
E, =V E; +V,E, =V,E; +(-V,)E,,,
which provides a satisfactory value of Ej . It should be noted that, for cases where

E¢ >> E,, , then as a first approximation:

El =VfEf

3.4. Poisson’s coefficient v,

With the loading described above the transverse extensions of the fibres and the
matrix are equal to:

6{ =-vre,
Eén =-Viéy,
where v and v, represent Poisson’s coefficients of the fibres and the matrix.
The change in thickness of the laminate is given by:
Ae = Ae; + Ae,, =ef£{ +enEq
where ey and e, are the thicknesses of the fibre and matrix parts.
Designating by b the width of the composite, it may be noted that:
v, =tr e e

’

v ebl e
and:
e
v, =2
e
The transverse expansion of the composite is:
Ae
g, =—=V,ef +V,&f = —(vaf +V,v, )51.

e
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Poisson’s coefficient vy, of the composite is defined by:

&
Vp=—=-".
&

From this we obtain the expression:
Vig =Vyev, + Vv, =Vev, + (I—Vf )vm ,

which provides Poisson’s coefficient vy, .

3.5. Transverse Young’s modulus £,

The composite is subjected to the transverse tensile force F.

1x2

FX, |

matrix X,

]

Figure 3.2. Transverse tension

fibres

With the same model it is assumed that the transverse strains in the fibres and in
the matrix are equal:

=g = gm
0,=0, =0, .

The transverse extensions in the fibres and in the matrix are:

a
ef =22,
Ef
)
£y =—*=
Em

The thickness variation is equal to:
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Ae=Aey +Aey, =ef€{+em€§",

the transverse extension of the composite is:

Ae Ve v,
&, =—=V, el +v e =| L +2 |5,.
2= €3 TVn&, [Ef Em] 2

The transverse Young’s modulus E, of the composite is defined by the

expression:
1 &
Ey o)’
from which we obtain:
1 Ve oV,
B é o

The transverse Young’s modulus E, is therefore equal to:
_ Ef Em _ E
Vm Ef + Vf Em

- m
E
vV +vV, 12
m fEf

E,

>

or:

m

1-v, 1-Em
Ef

The accuracy of the value of E, obtained by this expression is poorer than that

E2=

for E;. When Ef >> E,, , the expression for E, becomes:

From the calculations above it may be noted that the two Young’s moduli E;
and E, are given by expressions analogous to those encountered when the
equivalent stiffnesses of two springs in parallel and in series are calculated.

3.6. Shear modulus G;,

The composite is subjected to shear loading og as shown on the following
figure:
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.

—|p» p
[0 [ X 6
matrix
(02 6 ' gm
matrix X, 6
fibres f
fibres €g
Figure 3.3. Shear

Again with the same model, it is assumed that the shear stresses in the fibres and
in the matrix are equal:
=g =gm
Og=0¢ =0¢ .

The angular distortions in the fibres and in the matrix are given by:

ef =96
Gy
m_J6
Gm

where G and G, represent the shear moduli of the fibres and the matrix.

The displacement in the X, direction of the upper plane of the composite with
respect to the lower plane is:
USUp + Uy, .

Given the displacements due to the fibre and matrix parts:

uf =€f£6f,
um =em€gl’
we obtain:
e e
u=ef£g+em£g"= L 4 lm O.
Gy G,

The angular distortion of the composite is:

Ve v
86=£= _f+_"' O,
e Gf Gm
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the Gy, of the composite is given by:

1 _%
G, 0’
s0:
L _Vr Ve
G Gy Gy
The shear modulus is:
Vme +Vme Vm +Vf Ym
Gy
or:
G
Gy, = =

Once again the accuracy of Gy is less than that for Ey. When G, >>G,,, we
have, as a first approximation:
Gm
1-v,

Gy =

3.7. Longitudinal thermal expansion coefficient o

The composite is not subjected to any external force but experiences a
temperature variation of:
AT =T -T,.
In the model considered here we assume that the longitudinal extensions of the
fibres and of the matrix are identical, that is:
—ef =¢m
£ =& =€ -
Only the longitudinal stresses due to the difference between the thermal
coefficients of the fibres, @, and of the matrix «,, are not zero.

The longitudinal expansions of the fibres and the matrix are equal to:
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The longitudinal stresses in the fibres and the matrix are:
of = E, (51 —afAT),
o' =E, (31 —a,,,AT).
The resultant force of the tensile loads:
F=alfo +00"S,,
being zero, we obtain the expression:

Viol +V,of =0 .

Introducing in this expression the stress values O'If and o', we obtain:
V,E (e, -a,AT)+V,E, (e - ,AT)=0,

then:
V,E; +V,E,)e =V, a,E,; +V,a,E, )AT .

The coefficient of longitudinal thermal expansion ¢; of the composite being

defined by:
€1

AT’
we obtain the following expression:

_ V0B +Vo0nE, Vi Ep +(1-V o, E,

o
V E; +V,E, VE,+(-V,])E,

3.8. Transverse expansion coefficient o,

The transverse expansions of the fibres and matrix are equal to:

v
ef ==L ol +a,ar,
E;
— Vm m
g =——o0 +a,AT,
Em
replacing the longitudinal stresses by their values determined in the previous
paragraph we obtain:

£2f ==Vg (81 —afAT)+ asAT,
ey =-v,,(e; - @, AT)+ 0, AT.
The thickness variation is given by:

Ae = Aey + Aey, =ef82f +e,E5 ,
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The transverse expansion of the composite is:
Ae f m
&y = —e— = Vf€2 +Vm€2 .
Introducing the values of 8{ and €3, we obtain:

£, = —(vaf +VVim )el + (Vfafvf + VOV, )AT + (Vfaf +V,., )AT .

As:
ViaEr +V, 0, E
g =L L AT
ViEf +VyEp
we have:
Vv, +Vvm WV @ Ef +V@nEn)
£2= - ver
V,E; +V,E,
Vea,v, +V,a, v, \WW,E, +V, E_
+( Al Al v, )AT+(Vfaf +V,, )AT,
V,E; +V,E,
Oor:

c _{vam(vaf -v,E,)en-a;)
, =

+Vea, +V a, (AT .
f
V,E; +V,E, f ”””}

The coefficient of transverse thermal expansion &, of the composite given by:

&
oy =—=,
27AT
is equal to:
v, Er—-v E
o, =Vay +Vmam+—mEf——f——'"—(am—af),
_f_+E_m
Vi Vs
or:
VpEs -V E
a2=Vfaf+(1—Vf)am+—1—f—L—'"—(am—af).

m

1-v, Vv,
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Chapter 4

Failure criteria

4.1. Introduction

Having analysed the stresses and strains in composite materials we will now
present the main failure criteria for these materials.

The degradation of the composites is characterised by one of the following local
modes:
— damage dominated by fibre degradation (rupture, microbuckling, etc.),
— damage dominated by matrix degradation (crazing, etc.),
— damage dominated by singularities at the fibre-matrix interface (crack
propagation, delamination, etc.).

Composite failure is a gradual process, as the damage in a layer results in a
redistribution of stresses in the laminate.
4.2, Maximum stress theory

Failure of the composite occurs as soon as the stress field no longer satisfies the
following relationships:

Olre <01 <01y, —04, <04 <0y,
Oy, <Oy <03y, —05 <05<0s5,
ESrc < 53 < 5-3” s T 5:6r < 56 < 5-—6r’

in which &, (i =1,2,3) represents the failure stresses in tension, &, (i =1,2,3) the
failure stresses in compression, and &;, (i =4,5,6) the shear failure stresses.

In these expressions the failure stresses in tension and shear are positive, those in
compression are negative.

When the stress state in the composite is expressed as a function of a single
parameter which depends on the external loads, it is convenient to introduce for each
expression the loading coefficient F;, associated with the stress state leading to

failure.
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This stress state defined by:

’

0; = F;,0; (no summation),
leads to the loading coefficients:

Tire (;=12,3),

0’.

F, ic = _"1 or F; ic =
i O;

according to whether the normal stresses &; are positive or negative and:

}7,'0- =—0r Fia =——_£ (i=4,5,6),
i o;

according to whether the shear stresses &; are positive or negative.

Failure occurs for the smallest value of the loading coefficients F;, , calculated

above, according to the failure mode given by the index i. For i = 1, 2 or 3, failure
occurs in tension or compression in the directions X,;, X, or X5, whereas for i =4,

5 or 6, failure occurs by shearing in the planes (X;,X;), (X3,X,) or(X;,X,).

4.3. Maximum strain theory

Failure of the composite occurs as soon as the strain field no longer satisfies the
following relationships:
Eire <E <&y 8y <Ey <Ey,,
Eyre <&y <Eyp, —Es5 <E <&,
E3rc <E3 <E}n" —E6r <EG <é—‘6r’

in which &;, (i =1,2,3) represent the failure strains in tension, &, (i = 1,2,3) the
failure strains in compression and &;, (i = 4,5,6) the shear failure strains.

The failure strains in tension and shear are positive, whereas in compression they
are negative.

Just as for the maximum stress theory, if the strain state only depends on one
parameter we can define for each expression the maximum strain coefficient F;,
which is associated with the strain state leading to failure.

This strain state:

£, = F,.€; (no summation),

gives the loading coefficients:

E; E;
Fip =22 or F, =22 (1=123),
£ £

i
i i
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= o F=-5r (1=456),

& T

with, as for the maximum stress theory, the same remarks concerning the signs of
the sign convention and the failure modes.

4.4. Polynomial failure criteria

Composite failure occurs when the stress field no longer satisfies the expression:
F,5; + Fy5,0, + Fp0,0 ;G +...<1 G j, k. =1,2,...,6).

The coefficients F;, F;; and Fjy, ... in this criterion are found experimentally.

The different criteria described in the following paragraphs are of this type.

4.4.1. Tsai-Hill criterion

The Tsai-Hill criterion is of the form:
F;5,5,<1 (i,j=12,..,6),

As for the von Mises criterion, it is assumed that a change in hydrostatic pressure
has no influence on the failure of the material.
For an orthotropic material the Tsai-Hill criterion is written as:

a(G, -7, ) + 66, -5 + (@3 -5, +d57 + €52 + o <1.
The six constants a, b, ¢, d, e and f are determined from six independent loading
cases.

For failure by extension in the X, direction, then X, and finally X,, we obtain
the three following expressions:
(@+c)a =1, (a+b)7% =1, (b+c)FE =1,
which leads to:

1
a+c=j, a+b=_2, b+C=—;T,
Oir Oy 03r

for which the solution is:
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c=—| —+—-—

2|05, &, 03
For failure by shear in the plane (X,;,X3), then (X3,X,) and finally (X,,X,),
we obtain the three expressions:
Gy, =1, eds =1, fo¢ =1,

which gives:
1 1 1
d=—3» e=—5 =75
O4r Osr O¢r

By identification of the polynomial, we obtain the following non-zero
coefficients F;:

1 1 1
Fll_ 2 F22____T’ F33_ 2’
Ir 2r 3r
1 1 1
F44__2’ FSS_j’ F66__2’
4r Os, 6r
If 1 1 1
Fo=—Z| =+t =}
O 0'2, O3
1{ 1 1 1
F23 - —‘—+ »
—2 | =2 =2
2 Oy O3, oy
11 1 1 1
Fn=-Sl 5+
2 O3, Oy, 02r

In the expressions above the failure stresses, &, (i =1,2, 3) will be taken equal
to the tensile failure stress &;,, for &; positive, and in compression &;,. for o;

negative.
Composite failure occurs when the stress field no longer satisfies the expression:

F 0L + Fy07F + F387 +2F,35,0, + 2F3,8,0, + 2F,5,5, ..
it FO} + Fos02 + FgG2 <1.

The mode or modes of composite failure are determined from the dominant
terms in the Tsai-Hill criterion.
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When the external loads are such that the stress field is defined by a multiplying
constant the Tsai-Hill loading coefficient F;y is introduced for which failure

occurs. The stress field leading to failure of the composite is written as:
b-— i = F TH o i
This is introduced into the expression for the criterion:
2 o — —
(Foy Y F;5,5, <1,
and the Tsai-Hill loading coefficient is obtained:
1

Fy0:0,

FTH_

In a composite the first failure occurs in the layer with the lowest loading
coefficient. In addition, the failure mode or modes correspond to the dominant terms
in the criterion.

In the case of a plane stress field defined by:

03=04=05=0,
the Tsai-Hill criterion is written as:

F18L + Fp0% +2F 000, + Feg02 <1.

For a transverse isotropic material with the isotropic plane (X,,X 3), the two

corresponding orthotropic directions are equivalent. The coefficients in the Tsai-Hill
criterion are then equal to:
1 1

==, Fp=F3=—,
Oir Oar
1 1
Fag =— Fss=Fe6=—5>
O4r O6r
1 1 1
Fpy=r—m-— Fu=F=-—,
20y, O3 207,
and the criterion can be written in the form:
—2 =2, =2 =(= ,= —2 =2, =2
o o, +0 ol0,+0 1 2 i__ O©O 05 +0,
422 - 1(32 3)+ —5 -5 720 + -+ =25 < 1.
alr 02r alr alr Oy Oy4y 06r

When the stress state is plane stress (03 =04 =05 = 0), this reduces to:
=2 =2 = = =2
6, 0, 0,0, ©
2172 12 76

=2 =2 =2 =2
Oy Oy 1r C¢r

In the latter case, designating the stress values at failure by &, = F;;3; then the
Tsai-Hill loading coefficients at failure are:
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Fry =

sV (.Y 55 (5 )V

(o
9| %) 8% [T
alr

4.4.2. Tsai-Wu criterion

The Tsai-Wu criterion is written as:
F}Ei + Fljﬁlb’j < 1,

where the constants F; and F;; are determined from independent tests.

— In the case of tensile and compression failure in the direction X;, we obtain
the equations:
— =2
FiO1n + F1101 =1,
- 2
FiO1rc + F1101yc =1,
in which the unknowns are F; and Fy;.
The determinant of the system and the determinants associated with the two
unknowns being equal to:
A= O-lrtEIrc (Ulrc ~On )’
_ =2 _ =2
Al =01 ~O1»

AZ = Elrt ~Oprer

we obtain:
0,,. 10, 1 1
Fl - zc — 1n =,
C1701rc Oin Olre
1
Fy=-——0——.
C11O1rc

The constants F,, Fy,,F3 and F33 are obtained from tensile and compression
tests in the X, and X, directions.

— In the case of a shear failure in the plane (X2 X 3) , there are two equations:
— —2
FyG4, + P04, =1,
~FyGy, + FuG5, =1,
with &4, and —04, being the shear stress. From this:
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F, =0, F44=—12— .
E4r

In an analogous manner we obtain the values of Fys, Fi5 ,Fg and Fgg .

— The coupling term Fj, can be obtained from a biaxial test but this is very

difficult to perform and in the absence of experimental results the following
expression for Fj, can be used:

1

2'\/EIrt Elrc 52ﬂ52rc
The expressions for F»3 and F3; are analogous to that for F,.

Fip =~

— The other coupling terms F,, F)s, ... are taken to be zero.

The non-zero coefficients in the Tsai-Wu criterion are therefore:

1 1 1 1 1 1
F1=:-—‘+_ y F2=_ +— s F3=—_-_-—+_ y
Ot Ol O O O3 O3pc
1
Fjy =~ y Fpm=-——e— Fy3=-———,
C1101rc 02102 031403
1 1 1
Fa4 =—5 Fss =—-, Fee =—>
4r Osr 6r
1
B = ——m—,
2\[olnolrc02ﬂ02rc
1
Py = ————————,
2\/U2ﬂ02m 03103,

1

3 = - —————,
2V 031103rc017t01rc

and the criterion is written in the form:

F,&, + F,0, + F303 + F,G} + Fy, 02 + Fy302 +2F,5,5, .
et 2Fy3 5,5, + 2F 535, + FuGq + Fss02 + FuG¢ <1.
If the stress field is defined by a multiplying constant we introduce the Tsai-Wu
loading coefficient Fry, expressing the stresses leading to failure in the form:
G, = Fry0, .
Introducing this into the Tsai-Wu criterion we obtain the expression:
— 2 == _
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which enables Fpy, to be calculated.

The first composite failure occurs in the layer with the smallest Tsai-Wu loading
coefficient.

For a plane stress state the criterion is written as:

Fy5, + F,0) + F |87 + Fpy03 +2F 35,0, + Fegtg <1.

For a transversely isotropic material with the isotropic plane (X,,X;), the
coefficients are:

1 1 1 1
Oin Olrc Oin O2rc
1 1
Fy=-—— Fp=Fy=-———,
o-lrto-lrc 021021
1
Fop =—, Fss = Fog =—-,
a4r 067
1 1
F23=——_—2_ e L i e
0210 2rc 2\/0'1r10'1 0210 2rc

The Tsai-Wu criterion is written as:

— — = —2 2 =2 — e =
F\5, + F,(5, +53)+ F,,5% + F,, (02 + 05 )+ 2F,5,(G, +5;)..

and for the plane stress state this reduces to:

F,8, + F,0, + F 07 + Fpp02 +2F,8,5, + Feo2 <1.

4.4.3. Hoffman criterion

The Hoffman criterion has the form:
F,-E,- +F,JE,E] <1,
with the non-zero coefficients:

1 1 1 1 1 1
F=—+—F, == — =
O1n Olre Oy Oap O3 O3y
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1 1 1
Foyo=—Fss=—5 Feg =—5»
4r 5r 6r
1 1 1 1
F12 -5 - p— ’
0'3n0'3rc C1nO1rc 02102
1 1 1 1
F23 -5 — — - ’
C11101rc 02102 0.3n0.3rc
F 1 1 1 1
317 — = = = = =
2 0.2r10.2rc 0.3r10.3rc O.lno.lrc

It may be noted that the coefficients Fy, Fy, F3, Fyy, Fpp, F33, Fy4, Fs55 and
Feg are identical to those in the Tsai-Wu criterion, but the coupling coefficients
F12, F23 and F31 are different.

Replacing &;,, by -0, in these coefficients, we obtain the coefficients of the
Tsai-Hill criterion for the tensile stresses.

The Hoffman criterion has the same form as the Tsai-Wu criterion:
— — — —2 —2 —2 R
Fi0,+F,0, + F303+ F|10 + F)y05 + F3305 +2F,0,0,...
= = — = =2 —2 —2
o+ 2F530,0, +2F;,050, + Fu0, + F5505 + F06 <1.

In the case where the stress field leading to failure can be written as:
E i’ =F H 0, i
the Hoffman loading coefficient Fy is given by the expression:

FyF,5;+FgF;5,6; =1.

The composite layer where the first failure occurs is that with the smallest
Hoffman loading coefficient.

For plane stress the Hoffman criterion is written as:

F\8, + F,5, + F| |00 + F,G, +2F;,8,5, + Fe04 <1.
For a transversely isotropic material with the isotropic plane (X,,X3), we have the

coefficients:

1 1 1 1
F1=_ +__ ,F2=F3=_ +_ N
Oin Oir On Oy

1 1
Fhws-—F—Fp=Fy=-———
O11O 1re 0.2n0.2rc

>
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1 1
Fop =— Fss = Feg = —»
4r O6r
1
F23=___1_ —_2_ s F12=F31=%,
2 C1101rc 02102 2O-lrto'lrc

and the criterion:
= = | = =2 —2 =2 — = =
F&, + F(5, +7,)+ F,6% + Fy, (02 +0;5 )+ 2F,5,(5, +5;)..
et 2F335,53, + Fiy04 + Feg (652 +5¢ )< 1,
which, for the special case of plane stress is written as:

— — =2 =2 = = =2
Fio, +F,0, + F|,0 +Fy,05 +2F,010, + FeGg < 1.

4.5. Tensile and shear strength of a unidirectional layer

4.5.1. Tensile strength

The unidirectional layer shown below with 0 < a < %,

load in the x4 direction, in an off-axis direction with respect to the orthotropic axes.

is subjected to a tensile

Figure 4.1. Off-axis tension

The co-ordinate change matrix and its transposed form are:

c s 0 c -5 0
a=|-s ¢ 0,a"=|s ¢ 0],
0 01 0 0 1

the change of axes matrix N being written as:
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c K —cs
N=| 52 c? cs s
2¢s -2¢s c*-s?

with the membrane stresses in the orthotropic axes given by:

6=N'o,
or:
o ct 52 2cs | oy
o, |= s2 ¢ -2 )0 s
O ~cs es cr=s*| 0
that is:
5'—1=C20'1,
EZ=520'1,
O¢ = —CS$07.

Introducing these values in the maximum stress criterion:
Oire < 01 <Oy,
C2rc O3 <02,
_Eﬁr < 56 < E6r’
we obtain the following expressions:

o] 53
1rc<o.1< 1;’
C

o o
2rc <oy < 2rt ,
2 .5'2

c 0,
6’<01< or

cs cs

The values of o for which there is no failure are located between the curves
shown as continuous lines on figure 4.2. It may be noted that, in this case, failure
occurs gradually as the angle & increases by tensile or compression failure of the
fibres, then by composite shear failure, and finally by matrix failure in tension or
compression.
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Figure 4.2. Maximum stress criterion, simple tension

The Tsai-Hill criterion for a transversely isotropic layer with the isotropic plane
(X' 2. X3 )Z
— \2 - N2 = = — N2
01| ,[O2] _%19; + ¢

Elr Elr _12, EGr

<1,

may be written for this case as:

st BT 32 5
j 5 + 2 o <l.

) —
Gir O3 Oir Og

Using this criterion the tensile and compression failure stresses are equal to:

1 1
O = 2 Olpe ==
C4 + 54 C2S2 CZS2 C4 S4 Czs2 C252
=2 =2 =2 =2 =2 =2 =2 =2
Oin O Olin O6r Olre  O2rc Otre O6r

Failure does not occur as long as the tensile-compression stress o is located,
for a given value of &, between the two curves shown on the following figure:
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Figure 4.3. Tsai-Hill criterion, simple tension

4.5.2. Shear strength

The fibre orientation is chosen such that: 0 < a < %

Figure 4.4. Off-axis shear

The membrane stresses in the orthotropic axes:

o 2 s 2 0

= |_ 2 2

0, |=| s c —2cs 01,

= 2 2

O¢ -cs s ¢“ -5 || o4
are equal to:
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01 =2¢s0g,
tod 2= —2¢50, 6
Og = (02 - s2)06.
Introducing these values in the maximum stress criterion we obtain:

For a positive shear stress oy, there is tension in the X, direction and

compression in the X, direction.

Applying the maximum stress criterion there is no failure for values of oy
located in the grey zone represented in the figure below.

Figure 4.5. Maximum stress criterion for pure shear

When the shear stress is positive the Tsai-Hill criterion, for a transversely
isotropic later with isotropic plane (Xz,Xz,), may be written, taking into account

the signs of | and &, as:
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4c2s%  4c%s? 4c%s? icj—sz)z 2
+ + + c

=2 =2 —2 =2
Olin 2rc

1
O6r =
2 2
2 1 (c -5 )2
4czs2 ) +_2 —
Oin  O2rc Oor

69

When the shear stress is negative, there is compression in the X, direction and

tension in the X, direction and the failure stress is then given by:

_ 1
O6r =—
2 2
2 1 c’—s
4C2S2 _—2—+_—2- + 2
Clre T2n O¢6r

As long as the shear stress is in the grey zone in the figure below there is no

failure.

Figure 4.6. Tsai-Hill criterion for pure shear
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4.6. Determination of failure stresses from three tension tests

The failure stress of a transversely isotropic layer, shown below, is obtained by a
tensile test in the x; direction.

X,

Figure 4.7. Tensile test off-axis

The tensile stress resulting in failure is, according to the Tsai-Hill criterion,

given by:

c* st %52 o3P 2

._.
Il
—

=2 =2 =2 =2
Oln Oin Oin Og
For =0 and for o = %, we obtain the tensile failure stresses in the X, and

X, directions:
Oin =0y, Oz =0g.

~

For an angle o between O and % the failure stress in shear is given by the

expression:

c* N st %P N st |, _
2 2 2 —2 o~
Oy Oz Oy O¢r
2

and equal to:

T =
6r 2{2 2 4
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Chapter 5

Multi-layer Kirchhoff-Love thin plates

5.1. Introduction

The Kirchhoff-Love theory, presented in the Appendices, which does not take
transverse shear strains into account, is used in the study of thin plates for which the
ratio of the thickness /4 to a characteristic dimension a of the mean surface is less
than 1/20.

In this chapter the general expressions for multi-layer plates which conform to
the Kirchhoff-Love theory will be presented.

The expressions for displacements and strains will first be recalled.

Then the plate equations will be presented for a specific case described below,
for equilibrium and vibrations.

The strains and global loads will be introduced, with the global stiffness matrix
of the composite and the classic decoupling.

Finally, the transverse shear stresses and composite strain energy will be
determined.

5.2. Kirchhoff-Love hypotheses for thin plates

The rectangular plate represented below has thickness k2 and transverse
dimensions a; and a,. It is termed thin if / is small compared to ¢; and a,. The

mean plane of the plate is in the plane (Oixl,xz) of the galileen reference
(g)= (lelax25x3)'

The plate is made up of N elastic, linear, homogeneous, orthotropic layers of
constant thickness. For all these layers x5 is the direction of orthotropy. The
interface between two successive layers is assumed to be perfect.

It should be noted that this plate is studied for small disturbances, i.e. small
transformations and small displacements.
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Xs AR

a 2

Figure 5.1. Thin plate

In the study of flexure and vibrations we assume that the displacements are small
compared to the plate thickness.
The normal transverse stress o5 is ignored.

According to Kirchhoff-Love theory, the transverse shear strains £5,&, and the
rotational inertia are ignored.

5.3. Strain-displacement relationships

According to Kirchhoff-Love theory, the displacement field is given by the
expressions:
¢),

0( aug(
ul =ul xl,let)‘—.Xé? xl,xz
1

p 0
Uy = “g(xl’xz|’)‘ X3 ﬁ(xl’xdt)’

uy = ud(x, 5, }t),
and the strains by:

o) 0%
=Ll _x,—2,
axl axl
_ Oud 0%u)
=y~
ax2 ax2
_ Ow | Ou) B 9%u?
gg =l 1 T2 gy :
ox, oOx ox,0x,
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E,=6,=E5=0,.
The strain field can then be written as:
g =€l +xx; (i=1,2,6),
with the membrane strains:

o ) o dud o ou)  Ou
E] ==, & =—2=, Ef=—— ,
axl 2%) ax2 axl
and the curvatures:
Oty _ 03 9%u3
1= ’ 2= ’ 6= -2
x? x5 ox, ax2

5.4. Global plate equations

75

In the absence of buckling, the global plate equations are written in the following

form for the three sum equations:

aN;  ONg 3%u
—_—t 1= IO .

axl aX2 12

8N6 8N2 82u0
—+ +py =1 ,

axl aX2 atz

aN5 aN4 azuo

+—+q3+p3=1 ,
axl ox q3 T pP3 0 at2
and for the two moment equations:

oM M
—1 + a 6 _ N5 = O,

ox;  0Oxy

Mg oM

6 + 2 —N4 =(.
dx;  0Oxp
From these latter relationships we obtain the global equation:

2 92 2 2.0
a1":1+2 M‘5+a1"§2+q3+p3=106u23

Ox; ox;0x,  ox; ot

Recalling the following expressionS'

N; rodx3, M, 'rox3dx3,

I fidxs, IO=J._ﬁpdx3.
2
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5.5. Calculation of I,
The plate being studied is made up of N orthotropic layers limited by planes

parallel to the mid-plane of the plate. For all the layers x5 is the direction of
orthotropy, the positions of the layers in the plate thickness are shown below:

X3

layer N A
L)
layer & T 2

z

Ay

mean plane 0 A
L
2

layer 1 \ 4

Figure 5.2. Distribution of layers in the composite

The layer & is limited by the two planes of the equations x5 =z;_; and x3 =z;.
The expression which defines I is:

h
Iy = Fh pdxs
2
or may be written when applying layer by layer integration:

Iy = 2 prdxy,

k-1

where p is the density of the layer &, which is independent of x5.
We thus obtain'

10—2:0 k= Zk-1)

In the pamcular cases of single layer plates or multi-layer plates with layers of
the same density we have:

10=ph.
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5.6. Stress field

We now examine the distribution of layers presented in the previous section.
Designating by Q,-’;. the reduced stiffness matrix of the layer k, the components

of the stress matrix are given by the expression:

k .
of =Qje; (i j=12,6),
which may be written as:

k k(.0 :
o; =Qij(5j +x3Kj),w1th 1 <Xx3< 2.

5.7. Global cohesive forces

The global cohesive loads are made up of global forces N; and the global

moments M; which are defined as:

h h
Ni:Fho-idx3 Mi=Fh0iX3dX3 (l,_]=l,2,6)
The global force component N; of the cohesion force is given by:

2
which, by layer-by-layer integration, is written as:

k=1 k-1
Introducing into the expression the constitutive relation:
=0y (5 +x3K )
we obtam
N; ZJ. Q,Js +x3K )cix3,
k-1
then:

N 2 %k
k 0, %3
Ni=2Qij|:X3€j +—2—ij| ,
k=1 S|

or:
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N N
1
Ni= Y 05 (2 -z )ef o E:Qzljc(zl% _Z’%-I)KJ
k=1 k=1

For the global moment M; analogous calculation leads to the following
expressions:

M .ro' X3dX3—2 Gfx3dx3,

21

x 3 *
M; 2.‘; QUE +X3K )x3dx3—2Qk|:_3£0+; j:| ,

2g-1
or:

——EQU( )E+EQU( ~elar;.

>
>
il

_ li Qk( 3_ .3 )
j = Vi=7 Zk = k1)
3 k=l
the global cohesive forces N; and M; may be expressed as a function of the global
strains 5,9 and x; by the expressions:
N" =A1_]E_] +B,]K],
and:
M;=Bye) +Dyx; (i, j=1,2,6).
From the definition of the global stiffnesses of the cohesive forces, the global
stiffnesses A,] s and D;; are expressed respectively in N.m_l, N and N.m.

5.8. Composite global stiffness matrix

The six expressions giving the global cohesive forces N; and M;, as a function

of the global strains E,-O and x;, are written in the following matrix form:
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= ~ = -

or in condensed form:
N1 [A B][e°
M| |B D[«

N = Ag® + Bk,

or:

M =B’ + Dk

The sub-matrix A is the sub-matrix of the global membrane stiffness matrix
which relates the global membrane forces N to the global membrane strains e’

The sub-matrix D is the sub-matrix of the global flexure stiffness matrix which
relates the global flexural moments M to the global flexural strains k .

The sub-matrix B is the sub-matrix of global stiffness of membrane-flexure

coupling which relates the global membrane forces N to the global flexural strains

k and the global flexural moments M to the global membrane strains £°.

5.9. Decoupling
5.9.1. Membrane-flexion decoupling
The terms of the sub-matrix of global stiffness for membrane-flexion coupling:
N
1 k( )
B = EkZlQij Tk~ Zk-—l)

indicate that the membrane forces cause flexural strains. In a similar way, flexural
forces cause membrane strains.
This coupling does not exist when the Bj; are zero. If the plate shows mirror

symmetry with respect to its mean plane the Bj; terms are zero.
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As it may be noted from the figure below showing a multi-layer plate with
mirror symmetry, for each layer k there is an associated symmetrical &’ layer, with

respect to the mean plane.

4 x;

b
layer k (@) ,];

a
mean plane 0

- -a

layer k&’ (@) Qj

-b

Figure 5.3. Mirror symmetry

The k and %’ layers have the same reduced stiffnesses Q,-’]‘- .

The contribution of the layer & to the global membrane-flexure coupling stiffness
is:
¢ 1
B =50 b? -a?),
whereas the contribution of the layer &’ is:
_1 k( 2 2)
= EQU a — b .
By summation, the terms thus obtained cancel each other out in pairs.
The global coupling stiffnesses of membrane-flexure coupling of a symmetrical

composite are zero:
B ij = 0 .

5.9.2. Tension-shear decoupling

The terms of the global membrane ri gidity sub-matrix:

A = Zle L = g 1 Agg = Zst %k 1
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imply that the tension or shear loads respectively cause angular distortions or
dilatations.
This coupling does not exist when the terins A;q and A,g are zero. These cases

are known as tension-shear decoupling or plane decoupling. If the plate is made of

layers with opposite reduced rigidities Q1k6 and Q§6, and their thicknesses are the

same, the terms Q1k6 (zx —24-1) and Q§6 (2 — zg—)) cancel each other out in pairs.
In a balanced laminate, with each layer k of orientation « is associated a layer &’

of orientation ~a . The stiffnesses Q1k6 and Q§6 are respectively the opposite of the

reduced stiffnesses Qlké and Qé‘é.

A x;
layer & (@) Q,"j €
mean plane 0
, k A
layer k (~a) =0 1 €k

Figure 5.4. Balanced laminate

From the expressions:
k 3 Ak kY 2 2)A% 2_ 2%
O =c 5@y, —cs”Qx —cs(c -5 )Q12 —ZCS(C -5 )st’
Q§6 = (:53_Q—lk1 - c3s§2"2 + cs(c2 —s? )Q’; + 2CS(C2 —s2 )§6k6’
for opposite angles the reduced stiffnesses Q1k6 and Q1k6’ , and the reduced stiffnesses
Q§6 and Q§6 are opposites.
The contribution of the layer k, of orientation « to the tension-shear coupling is
k k :
Aje = Qreex With ex =z — 74,
whereas the contribution of the layer &’ of orientation —« is:

3 k
Al = ~Qre€x -

By summation, the terms thus obtained cancel out in pairs. The position of the layers
k and &’ in the composite has no influence on the values of the global membrane
stiffnesses.
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The global tension-shear coupling stiffnesses in a balanced composite are zero:
A16 = A26 =0.

5.9.3. Membrane-flexion and tension-shear decoupling

In the case of four identical layers with the stacking sequence (a,—a,—a,a)

represented on the figure below, there is both membrane-flexure decoupling and
tension-shear decoupling. The laminate is termed balanced symmetrical.

a tension — shear
Mifror symmetry —a decoupling
membrane — flexion —a } tension — shear
decoupling @ decoupling

Figure 5.5. Balanced symmetrical laminate

In this case we have:

Bij =0, Al() =A26 =0.
The global stiffness matrix of the composite is written as:
(47, A4, 0 0 0 O

Ap Ay O 0 0 0
0 Ag O 0 O

S O O O

0
0 0 Djip Dy Dy
0

5.10. Global stiffnesses of a symmetrical composite
5.10.1. Symmetrical laminate (@, ) s

The 4N orthotropic layers are identical and distributed in the composite by
repeating N times the angular sequence (a, B ) then N times the sequence (,B, a).
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The sequences are:

- (a,,ﬂ,ﬂ,a) for N =1,

~ (. B, B, 8,0, B,cx) for N=2,

- (&, B8,a.8,a, 8, 8.0, B, B, x) for N =3,
and so on.

The global membrane stiffnesses are equal to:

4N
Ay =¥ 08 (2~ z4),
k=1

with:
2 =—2Ne+ke=(k—2N)e,
we obtain:
4N 4N 2N
Ay =eY OF(k-2N)-(k-2N -1)]=€) O} #Z(Q; +0f),
k=1 k=1 k=1
or:

ay =28elof +0f ).

The composite being symmetrical, the global membrane-flexure coupling terms
are zero:

The global flexural stiffnesses are given by:
IS k(s s
DU = EZQU (Zk - Zk—-l)’
k=1

or, with the preceding notation:
i ——ZQU[k 2N - (k-2N -1)].

By calling the o and [ layers located on the x,side negative and the £ and o
layers on the x; side positive we obtain:

3

D,.,-=e— Z{Qg[(k_zzv)3—(k—21v ]+Qﬁ (k —2N +1)° (k—2N)3]}...
3 k=1,3,...,.2N-1

-t Z{Qif (k-2N) —(k-2N—1)3]+Q,.;’[(k—21v+1)3 —(k—2N)3]} .

k=2N+12N+3,. 4N-1
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Then putting k£ =2p -1, Dj; is written as:

D == i{Qg[(Zp—2N—l)3 ~@p-2n-2P).

+0f [2p-2NY —(2p—2N—1)3]}...

2N
ot Z{Qif (2p-2N-1)*-(2p-2N —2)3]...
p=N+1

.t Qf [(219—21\/)3 —(2p—2N—1)3]}].

With g=N—-p+1 for the first summation, and g= p- N for the second, we

obtain:
3 1

o, =<1 Mogli-20r - 207l of lo-207 - - 207}
...+§N:{Q,§’(2q 1)’ -(29-2) ]+Q,,[2r1 -(29- )]}]

Introducing (1-2q) = ~(29~1)°, (-29)’ =-(29)°, (2-29)’ =-(2¢-2)",
the previous expression is written as:

- 22 3 {osleay ~a- 17l of log 17 -a-27 ]}

A
g=1
The coefficients of Q;’ and Qi‘f are respectively equal to:
(29)* - 2g-1) = (20) ~[20) ~3(24) +6q-1]=124> ~6g+1,
2g-17° -(2g-2)* = (2¢-1)* - [(Zq -1 -3(2¢-1) +3(2g-1)- 1}
.=12¢% -18¢4+7,
from which we obtain the expression:

D, =%2N: [Q;’(lzq2 —6g+1)+ 08 (124 ~18¢+7)).
gq=1

Introducing
N
2 2 _ N+1)(2N+1)’and 2q=N(N+1)’

2

q=1
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we obtain:
3
;= 2—2—{Q,§.’[2N(N +1)2N +1)=3N(N +1)+ N]..
-+ QP NN +1)2N +1)-9N(N +1)+ 7N]},
or:

2
D, =§N2e3 [(4N +3)07 +(4N -3)07 |.

Designating by h = 4Ne the composite thickness, we have:

4; =%(Q:§Z +Q$9)’
3

h
D; = %—N[(4N +3)07 +(aN -3)07 |.

The membrane stiffnesses are independent of the number of layers, the flexural

stiffnesses depend on the number of layers and when the number becomes very large
they tend towards the value:

A’ P
D; = 2—4(Q,-7 +0; )
which is independent of N.

5.10.2. Symmetrical cross-ply laminate (0,%}
NS

By introducing the expressions:

A

0 7 0 5 0 T 0
Q=020 2% =0Q1, Q5 =0 Q& =Uss
z 0 % 0

Qs = Q16 = Q3 =02 =0,

we obtain the global membrane stiffnesses:
0 0
Ay =Ap= 2Ne(Q11 +0» )
A =4NeQpy, Ag = 4NeQgs,

Ay = Ay =0,
and the global flexural stiffnesses:
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2
Dll =§N263[(4N+3p101 +(4N"3)Q32]’

2
D22 = §N2e3 [(4N + 3@32 + (4N - 3)Q101 ]’

16 16
Dy, =?N393Q102; Degs =?N363Q26’
Dyg = Do = 0.
The global stiffness matrix is written:
(A, 4, 0 0 0 0]
A, A; 0 O 0 0
0 0 Ay O 0 0
0 0 0 D, D, O
0 0 0 D, Dy O
|0 0 0 O 0 D¢

5.10.3. Symmetrical balanced laminate (',—c)yg

Since:
o =011, Q17 =0%. 0 =-0f%
035 =0%, Qs =06 03 =—0%.
we obtain the global membrane stiffnesses:
All =4NeQﬁ, A22 =4NeQ512,
A12 = 4Nle.2, A66 = 4Nng6’

Ajg = Ay =0,
and the global flexural stiffnesses:
16 16
D, = —3—N3e3Qﬁ , Dy =—3—N3e3Q§’2,

16
Dy, = ?N3e3Q{'§, D =§N3e3ggg,

D¢ =4N?e’Qf%, Dy =4N%e’Q%.

The global stiffness matrix is then:
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Ay A, O 0 0 0
A, A, O 0O 0 O
0 0 Ag O 0 0
0 0 0 Dy Dy Dy
0 0 0 Dy Dyp Dy
(0 0 0 Dy Dy Dg

5.11. Global stiffnesses for an asymmetrical laminate

5.11.1. Asymmetrical laminate (@, 8) y

The 2N orthotropic layers are identical, of thickness e and with the stacking
sequence (a, yij ) repeated N times.

The sequences are:

- (a’ﬂ) for N=1,

- (@.B,0.8) for N=2,

—(a.B.a. B, B)  for N=3,
and so on.

The global membrane stiffnesses are:
2N
k
A; = ZQij (e = 22 )s
k=1

with z; = (k - N)e , we obtain:

A, =e§:Qi’;[(k—N)—(k—N"l)]=e§N:(Qg +0f),

k=1
or:
4; = Nelpg +Qf).
The global membrane-flexion coupling stiffnesses are equal to:
2N
1 k(2 2
Bij = EZQU (Zk — 2 ),
k=1
or:

2 2N

B; =%ZQ,§[(k—N)2 —(k—N—1)2].
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By dissociating the layers of orientation & and #, we obtain:

b= Sfogle-nP -GN -17 ) offle- 1P - -]}

Posing k =2p —1, the previous expression becomes:
5, == Y ogler-n-17 -p-n-27]+0f lep- N7 -o-n-17 ]}
p=l

The coefficients of Qi‘; et Q;? being respectively equal to:
2p-N-1P -(2p-N-2)*=(2p-N-1)? —[(2,;—1\/—1)2 —2(2p—1v—1)+1],

(2p-N-1P -(2p-N-2)* =4p-2N -3,

and:
@p-NY -(p-N-1F =@p-N) - 2p-N)* ~22p-N)+1]
2p-NP-(2p-N-1)2 =4p-2N -1,
we find:
62 il
B =72{Qi‘;(4p—2N -3)+0f (ap-2N -1)}.
p=1
Introducing:
& N(N+1)
2r==5
p=1
we obtain:
2
B; = %—{Q,‘f 2NN +1)- NN +3)]+ QF PN (N +1)- NN + 1)]},
or:

2
By =-NS-l0f -0f ).
2
The global flexural rigidities:

2N
D, =3 Y 0klel ~2i).
k=1

are, with the previous notation, given by:
PR p ,
D, =?2{Qg[(2p—N—l) -(2p-N-2) ]+Q (2p-NY -(2p-N-1) ]}
p=1
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The coefficients of Qi‘f and Qif being equal to:
2p-N-1-(2p-N-2) =(2p-N-1)’ —[(2p—N—-1)3 -32p-N-1)...
. 4+32p~-N-1)-1],
2p-N-1P -(2p-N-2) =12p* —6p(2N +3)+3N? +9N +7,
and:
(@p-N) -@p-N-1F =@p-NP-|2p- N} -32p- N} +3(2p-N)-1],
2p-N) -(2p-N-1)’ =12p* - 6p(2N +1)+3N? +3N +1,

we have:
e? " a 2 2 ]
Dﬁ=?E{QiJ. 252 -6p2N +3)+3N2 + 9N +7]...
p=1
+0fl2p? ~6plan +1)+3N2 + 38 +1)}.
With:

ﬁ:pz N( N+1)(2N+1)

p=l ’
we obtain:
D, =§ﬁ:{Q,§’[2N(N +1)2N +1)-3N(V +1)2N +3)+ N(3N2 +9N +7)...
p=1
.+Q,.;?[2N(N+1)(2N +1)-3N(N +1)2N +1)+ 1\/(31\/2 +3N+1)]},

or:

D; = N3§(Qi'f +Q5)-
Designating by h=2Ne the composite thickness we obtain:
Ay = ‘Z‘(fo +of).
B; = ——g,—(Q,? -of)
Dy = %(Qg +Q£ )

For a given thickness #, the global membrane and flexural stiffnesses do not
depend on the number of layers. When the number of layers 2N becomes very large
the global membrane-flexure coupling terms Bj; tend to zero.
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5.11.2. Asymmetrical cross-ply laminate (0’%))\1

Given the expressions:

NI Y

0i=0%. 03=0% 0f=00 0=0%
Ql%ﬁ =Q106 =Q2%6 =Q2(’)6 =0,
we obtain:
— the global membrane stiffnesses:
A=Ay = Ne(Qlol +02 )’
A, =2NeQp,

Agg = 2NeQY,
Ajg = Ay =0,

— the global membrane-flexure coupling stiffnesses:
e’ 0 0
By =-By = —N'?(Qll -0 )’
By = Bgs = Byg = Bys =0,
— the global flexural stiffnesses:

3
3€ 0 0
D, =Dy =N —3‘(Q11 +Q22),
3‘33 0
Dy, =2N Tle,

D —2N3£Q°
66 T 3 66

Dyg = Dyg =0.

The global stiffness matrix is of the form :

[An A, 0 By 0
A, 4 0 0 -By
0 0 Ag 0 0
B, 0 0 Dy Dy
0 -By; 0 Dy, Dy

0 0 0 0 0 Deg

o O O © O
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5.11.3. Asymmetrical balanced laminate (ct,~cx) N

Using the expressions:
- (74 - [24 - a
On =01, Q2 =@, Qs =-Cis-
- a - _ (74 - _ o
03 =03, Q6 =066 Q26 =02
leads to:

- global membrane stiffnesses:
Ay =2NeQfl,  Age = 2NeQgs,
Ay =2NeQ3%, Ajg =0,
Ay =2NeQ(5, Ay =0,
— global membrane-flexure coupling stiffnesses:
Big = ~Ne’Qff By =~Ne’Q%,
By = By = By = Bgg =0,

— global flexural stiffnesses :

3 3
e e
Dy = 2N3?Q1“1, D¢ = 2N3?Qg’6,
3
e
Dy = 2N3?Q§’2, Dyg =0,
3 33 a
D12 = 2N ?Q12, D26 =0.

The global stiffness matrix is therefore written as:

(A A2 0 0 0 By
Ap Ap 0 0 0 By
0 0 Ag Big By O
0 0 Bg Dy Dz O
0 0 By D Dp O
[Bis Bg 0 0 0 D |

5.12. Examples of global stiffness matrices
5.12.1. Two layer plate

For the laminate as shown in figure 5.6:

91



92 Analysis of composite structures

layer2, o,

layer1, o

—€

Figure 5.6. Two layer laminate

The components of the global stiffness matrix are:

Ay =elo) +03),
2
-2oi-a}).

D, =<0} +0})

B

5.12.2, Three layer plate

The components of the global stiffness matrix for the plate shown below:

E‘;’
layer 3, « 2
y » 3 e
2
- layer 2, @y  ———— 0
_£
2
layerl, o 3e
2

Figure 5.7. Three layer plate
are equal to:

4y =eloj +0} +03).
B; =<0} - 0}).

b, =% lidlo} +03)+ 03]
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5.12.3. Four layer plate
For the plate shown below:
2e
layer 4, «a,
layer 3, oy 0
layer2, o,
—-e
layer1, oy
—2e

Figure 5.8. Four layer plate

the global stiffnesses are:

a;=elo} +0} + 0] + )
2
B, =-%blej ~of)+e} -0}l

Dy =§HQ.3 roi)+o2+0l]

5.12.4, Examples of decoupling

The stiffness matrices of a multi-layer plate made up of identical layers takes
particular forms for some special cases considered here.
— For membrane-flexure decoupling:
(AL Ap Ag O 0 0]
A A 46 0 0 0
0 0 0 Dy D D
0 0 0 D16 D26 D66_

L

with the stacking sequence (@,—a,@) : a symmetrical laminate.

— For membrane-flexure and tension-shear decoupling:
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(A A, O 0 0 0]
A Ay O 0 0 0
0 0 A4 O 0 0
0 0 0 Dy Dy Dy
0 0 0 Dy Dy Dog
| 0 0 0 Dig Dy Des |
with the stacking sequence (a',—a,—a, a) : a balanced, symmetrical laminate.

~ For tension-shear and flexure-torsion decoupling:
(A A2 O By 0 0 |
Ay Ay O 0 -B; O
0 0 A O 0 0
By 0 0 D Dpy 0
0 -B; 0 D, Dy 0
0 0 0

0
. . V3 Tz ,
with the stacking sequence (OE) or (O,—E-,O,—— : crossply asymmetrical,

(A, A, O 0 0 By
A, Ay 0 0 0 By
0 0 A66 Blﬁ BZG 0
0 O Bg D, D, O
0 O By D, D, 0
[Big Bys O 0 0 Dy

with the stacking sequence (@,~a) or {@,~a,@,~¢) : balanced asymmetrical.

— For membrane-flexure, tension-shear and flexure-torsion decoupling:

Ay A, O O 0 0O
Ap Ay O O 0 O
0 0 Ag O O O
0 0 0 Dy D, O
0 0 0 Dy Dy 0
0 0

0 0 0 Dg

with the stacking sequence (O,%,%,O) : symmetrical cross-ply.
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— For the unbalanced composite of stacking sequence (a, a,—a’):

5.13. Boundary conditions
5.13.1. Definition of boundary conditions

It should be recalled that the so-called Kirchhoff boundary conditions for the
edge x| = a; of arectangular plate, in the most usual cases are:

X3
as

—

A Ns X2

Mg
@ ( —(—» Ne
>L/ M,
X, Ny

Figure 5.9. Loading boundary conditions
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— simply supported edge:
ug =0,
N, =Ng =0,
M, =0,

— free edge in x, direction:

ug=u§)=0,
N, =0,
M, =0,

— free edge in x, direction:

ul =ud =0,
N6=0’
M1=0,

— built-in edge:

u? =ug =ug =0,
0
s _y,
ox,
— free edge:
Nl =N6 =O,
oM
N5+ 6=0,
dx,
Ml =0.

5.13.2. Effective global transverse shear load

The global cohesive forces provoke the five loadings Ny, N5, Ng, M; and

M on the edge x; = a;. The zero condition for these five terms leads to a greater

number of conditions than those required by Kirchhoff-Love theory, which is four as
in the case of a simply supported or a built-in edge.
For the edge considered we will calculate the global moment associated with the

acting surface forces. On this edge we consider the point M % to belong to the mean
plane, and the point M is defined by:

0
M M=X3x3.
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The global moment in M O of the cohesion forces on the edge xy = ay is defined
by:

X3X3 x(allxl +05X; +013x3)dx3 »

==

h
M, = [2, M*MxT(Mlx, Jax; = [
2 2

h h
_ |2 N 2

M, . —.[ h( J12X3 +0,1x2)x3dx3 = xl.[ 1w T12%3d%3 "'Xz_rhau%dxs’
2 2 2

M =—M6x1+M1x2.

MO

Considering the rotation due to the global torsion moment —M¢ measured on
X, , Kirchhoff proposed replacing the moment —M ¢dx,X, , acting on the element of
the edge of length dx,, by the two forces M x; and —M (X acting on the ends of
the element considered.

For the following element, of the same length dx,, taken in the sense of
oM

X2

increasing x,, we replace the moment —(M 6t dx, de2x1 by the two forces

M6+aM6 dx, |x5 and - M6+aM6
ox, )

dx, |X3, and so on.
X2
As shown in the following three figures, we can substitute from one to the next

6x3.
X2

the global torsion moment —M ¢x, by the linear force density equal to

oM

0xXs

6

dx, |dx,X,

0

(3]

-M 6 dx 2 X 1 d.\'

Figure 5.10. Couples acting on two elements next to the edge x; = a;
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X3 A

X,

dxy

Figure 5.12, Linear equivalent force density acting on two half-elements
next to the edge x| =a;

The edge element shaded grey made up of the two preceding contiguous half

oM
elements is subjected to the force a—ﬁdxzx 3 to which is added the force Nsdx,x;
X2

caused by transverse shear.

Following the Kirchhoff-Love theory, we replace the global forces N5 and Mg

by the effective global transverse shear force defined by:
oM
N —Ns+ 226,
X2

which leads, for the free edge case, to the condition:
oM

Ns+
3 aX2

=0.

For the edge x, = a,, we have the same:

www.TechnicalBooksPdf.com
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h h

Mo = |2, MPMXT(M|x, )dx; = |2, x3%5 A (01%; + 0%, + O pyx;3 )dx

M h 2 3 h 33 1231 2272 2323 3>
2 2

h h h
M, .= Eh (‘ 03Xy + 0%, )x3dx3 = _le?ﬁo'zzxz’dxz’ + sz[zﬁo'lz%dxa ,
2 2 2
MMO = —szl +M6X2 .
An analogous study to the preceding one leads, as shown in the following three
figures, to the effective global transverse shear force:

M

g—
dx; Medxx,

Figure 5.13, Couples acting on two contiguous edge elements x, =a,

Figure 5.14. Equivalent forces acting on two contiguous edge elements x, = a,

www.TechnicalBooksPdf.com
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A
oM ¢ X A
ox, X3
< o
X o
+—
dx,

Figure 5.15. Equivalent linear force density acting on two
contiguous edge half elements x, = a,

5.14. Determination of transverse shear stresses

The transverse shear stresses crf{ and G§ in the layer k can be obtained after
determination of u;, #, and us3, from the two local equations of movement:

Jo dJdo do a u
1,90 9013 _ 1

ox; 3x2 dx3 atz '
2
60'12 + 80'22 + 80'23 _ pa Uy ,
ox, dx,  Oxg or?
which may be put in the form:
2
dos _ 900, 90, +pa .
ox; ox, Ox, or?
9o, _ 30 30, o 0%u,

The transverse shear stress of , in the layer &, is given by the definite integral:

5 (do,  dO 2
o'f:—J-;[ 6 4+ 2—paau;Jd{,with Lo X3Sz .
- t
2

ox;  dx,

Layer-by- layer integration leads to the expression:
4 (9ol 9o 0%u o0, aa" 9%u
U4Z_ZJ' 6,99 _59% \4r_ J' 6 2 _ 22 c .
Z)xl ox, or? ox; ax2 ot

The introduction of the displacements:

www.TechnicalBooksPdf.com
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0
u; uO - X3 —— Ju3 (i =1, 2),
ox;
and the stresses:
a{‘:Q,-’]‘-(e?+x3xj) @ j=1206),

enables us to write:

Ll VS 9eY oK 86 dkK ;
ko | Il B i & —L ..
Oy ZL |:Q61[ o, +§ ] Qz,[a % +¢ o, J
9%ud 0%u? x3 oe’ oK ;
- pl| —2%~ 3_1|d¢ - fl Lo —L .
o [ or? gaxzatz H ¢ -Lk |iQ6{ ox; ¢ ox,

a E oK. a2u0 83 uO
sz +{—t |- pH =F -5 ||4¢-
aX2 at aX2at
After integration, we obtain the following expression for the transverse shear
k.,
stress 0y

de® 9240
—ZHQW o, sz o, ——=-p %J(Zl ~211)e

3%ul
J+ I 3 2 2_
(Qﬁf ax, Q2’ a o L Ax, 9t ]( T ‘)]

oe) o€ %0
[Qm o, sz I -p* —uz‘J()% =2y )
X,

9¢2

K- a3u0
k 3 2.2
X2 —Zrq )
(Qsj . sz o, +p PR J( 3% 1)
In a similar way from the expression:
k X3 aO'I 80'6 a2u1 .
o5 =— + - d¢ , with )
5 J._ﬁ{ o, | ox P o 4 Zpoy SX3 S 7,

we obtain:

k-1 k 2
4 aO'I 60.6 ! a ul aal 606 k a ul
d - d¢,
= -[, 1[ ox, X, P or? ¢- J ox, ax2 P or? ¢
then:
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k-1

860 oe® 920
0'§ =—E QU o, Qs, o, ! Pl aﬁl (Zz "21—1)--'
I=1

1 0k, 0k, %) V(o
- . +0.. + -
2[Q“ ox, s ox, p ox, 01> (z’ Z"‘)

0! o€} o 92u?

-l of = o, +Q6;— o, 8t2 (03— 2¢1)
Ok, 4 0%uf V(2
[Ql’ ox, + Q) ox, ¥ ox, 3t -2t

The transverse shear stresses thus obtained, 0'"{ and 0';‘, vary according to a
parabolic law with the thickness of each layer.

layer N

layer k-1

RN
™
layer k+1 \‘
/
/
/

layer 1 /

Figure 5.16. Transverse shear stress distribution

These transverse shear stresses satisfy the boundary conditions on the two outer
faces of the plate and the continuity conditions at each of the N —1 interfaces:

for X3 2_2‘ Giv(xl,.xb,"g‘t}: G;v(xl,xz,glt)=0,
for x, =~ Gj(xl,xz,—gltj=Gé[xl,xz,—gPJ:O,
for x4 = z, O'f(xl,xz,zklt)=0'§+1(x1,x2,zk|t),

)

& k+1
Os (xl’xZ’zklt)= Os (x17x2’
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5.15. Strain energy

The strain energy of the plate:
” o642 (i j=1,2,3),

can be written in the form:

1 .
Wd = EJ‘J‘J‘D o'igidg (l = 1, 2,---’ 6) >

with the usual notation.

By calculating the triple integral as the superposition of the single integral in the
thickness and a double integral following the mean plane, we obtain:

h
1
W, =5f L [P0, |dudx, .
2

According to Kirchhoff-Love theory, the strains £5, £, and &5 are ignored and the
strain energy reduces to:

K
Wd=%J‘J‘ Fhaigidx3 dxdx, (i=12,6).
sl J_ 2
2

Introducing the strains:
E = Elo +x3K;,
and the stresses:
of =0} (8? +x3xj),
in the strain energy we obtain:
W, =—;—J‘L Z . IQU 8 + X3K; )(e +x3K .)dx3]dxldx2 .

then:

[N

1 100 0 0 2

=5”2 Z‘L 06060 + 1,80k, + 1,80, + x2xx Jbxy |dvydxy
= k-1
=

Given the symmetry of the reduced stiffnesses Q{} , we have:

k.0
Q,jejx -Q i€ K =QjiE K

from which:

N
1 Z % k(0.0 0 2
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After integration through the thickness, we obtain:

1] s X
Wy = EJ.J;:]:ZQI_I; (2 - Zk—1)5?€? +2Q’!J" (Z’% B 25_1)6‘,9’@
k=1 k=1

1
et =

3

PV

Q,f(z,? -2, )rqxj}dxldxz G, j=1,2,6)

The introduction of the global membrane A;;, flexural D;; and coupling Bj;

stiffnesses leads to the expression:

W, = —J'J' (Ayeoe +2B,elK ; + Dyxik )dxldxz (i, j=1,2,6).

In the case of a composite without membrane-flexure coupling, the strain energy
expression reduces to:

Wa =2 [[ (4602 + Dy Jands i j=1,2.6).



Chapter 6

Symmetrical orthotropic
Kirchhoff-Love plates

6.1. Introduction

Since multi-layer plate calculations are complex we will limit ourselves, in the
present chapter, to symmetrical orthotropic plates which conform to the Kirchhoff-
Love theory.

In a symmetrical laminate the global coupling stiffnesses Bj; are zero.

In a cross-ply laminate the x; and x, directions are the directions of orthotropy
of the different layers. The reduced stiffnesses Q¢ and Q4 are zero, which results
in the global tension-shear coupling stiffnesses A;g and A, being zero, as well as
the global flexure-torsion coupling terms D;g and Dy .

For a cross-ply laminate we always have:

Bij =0, A16 = A26 =0, D16 = D26 =0.
It is for this particular case of symmetrical orthotropic plates that the analytical
methods of resolution are the easiest to apply. As indicated above, for a laminate

with mirror symmetry there is decoupling between membrane and flexure so that the
global constitutive relation for the composite:

N| A O g’
M| |0 D|x]|
can be decomposed into the two expressions:
N=Ae,
M =Dk.

It is therefore possible to study separately the plate loaded in its mean plane
(membrane load) and the plate loaded transversely (flexural loading).
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6.2. Global plate equations

The global plate equations according to Kirchhoff-Love theory are written as:

oN, ON, 0%u)
—+—+p, =1,—,
dx, Ox, Pr=rfoTyn

aN6 + aN2 azu(z)

+py =y,
dx, ox, P2="o or?

2 2 2 0 0
9 Agl I M (OMy O Nlaﬁ+N6§f‘-3—
Ox ox0x,  ox:  Ox ox, ox,
] ouy ouy 0%uy
| Ng=—2+ Ny = [+ g3+ ps =1 .
axz( 6 ox, 2 o, 43T p3=1lo 32

6.3. Plate loaded in the mean plane

The global equations of motion of the plate are reduced when the volume effects
are zero for the two equations:

ON; | g _ Iy 02! ,
ox;  Ox; or?
2.0
8N6 +8N2 =Ioa u2,
ox;  Oxy or?

and the compatibility equations:
826‘? . 8268 826‘8
2 2
ox;  Ox{  Ox;ox,
The global constitutive relation for the composite is written, in this case, in the
form:

=0.

0
Ny Ay Ap 0 g

0
Nyl=lAp Ap 0 &,
N 0 0 Ag]eg

the global membrane stiffnesses being equal to:
N
Aij = EQ; (Zk - Z1:—1)~
k=1

The global compliance matrix of the composite is found by inversion of the
constitutive relation:
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Ay _ Ap 0
£ A Ay ~ Al AnAy — AD [N,
0 (_1|_ A12 All N
& |= 2 2 2
£0 AjAp - Al AnAy —Ap N
6 1 L 6
0 0 —_
i Aes |
Putting this expression in the form:
1 v 0 rﬂ-
& E, E, h
v N
Q=2 Lo 1N
0 El E2 h
€6 1 | Ne
N
L G]2 I .
reveals the equivalent characteristics:
2 2
E. = AL Ay — A E. = AL Ay — A
! Aph T Agh
Ap Ajp
Vip=—", 2= ’
2 Ay
Ass
G

which correspond to the Young’s moduli and shear and to Poisson’s coefficients of a
single layer, orthotropic plate which has the same membrane behaviour as the multi-
layer plate considered here.

6.4. Plate loaded transversely

The global equation of the motion of plates loaded transversely is:
’M, _0*Mg 0*M, 3%u
5t 2 t——=+g= >
oxj 0x10x;  oxj ot

The constitutive relation of the composite:

Iy

M, Dy D 0 |x
M, |=(Dy; Dy 0 (x|,
M6 0 0 D66 K'6

involves the global flexural stiffnesses:
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Dy = —ZQU( zk_l)

Introducing the expressions:
M, = Dk, + D5,
M, = Dk, + Dyk,,

Mg = DgsKos.
and the curvatures by:
azug 3%u 32ud
K1 =-— 2’ K2=———-2—, K'6=—2 .
axl a,X2 axl 3x2
we obtain the global cohesive moments:
82 0 32
My =-Dy, —Dip—-
xl a.X2
3%ul 0%ud
My =-Dip—~-Dp ;
X1 ax2
32 0
Mg = —2Dgg —23
ox, 0x,
Introducing these in the plate global motion equation we obtain:
a4 a4 0 a4 0 aZ 0
Dll +2(D12 +2D66)——2—u3—2+D22 u43 —q+IO 1423 =0.
axl axl 3x2 3x2 ot

In the following section we will consider the case of a single layer, elastic, linear,
homogeneous, isotropic plate. When the transverse normal stress is zero the
constitutive relation may be written as:

o 1 v 0 e
1
E
Oy |= 2 v 1 0 &€y
1-v 1-v
0-6 00 —2— 86

The stiffness matrix of the material being

E 1 v 0

Q= >V 1 0o |,
1-v 0 0 1—
2

the global flexural stiffnesses are:
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3 3 3
1 h h h
Dij =§Qijl:(5) —(—EJ }zEQij‘

Introducing the flexural stiffness modulus of the plate:
En?

the global flexural stiffness matrix of the plate may be written as:

1 v 0
D=Dglv 1 0
1-v
0 0 —
2
The equation of motion of plates loaded transversely becomes:
a4 0 a4 0 a4 0 a2 0
Do S22+ 2Dy + (1~v)Dy -5 + Dy = = g + Iy == =0,
X Ox;{ 0x3 ox, ot
or:
a4 0 a4 0 a4 0 82 0
8x1 8x1 ax2 aX2 ot
where:

aZ 0
Dolap(lapug)—q+10 au; =0.
t

We find, with I = ph, the classical equation for isotropic plates.

6.5. Flexure of a rectangular plate simply supported around its edge

The rectangular plate represented in figure 6.1, with dimensions a; and a,, is
simply supported around its edge. It is only subjected to the surface force density
qlxy, x7 )%3.

The global equilibrium equation is written:

ERe 0%l 0*uld
Dy —5+2(Dp +2Dgg)——25 + D —7-=4.
axl X1 aX2 aX2

The edge conditions of displacement and load are:
—for x; =0 and x; =ay:

ug =0,
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2.0 2.0
M, —_Dua u2 —Dlza 1423 =0,
ox; ox3
~for x =0 and x; =a;:
ug =0,
aZuO aZuo
M,=-D 3D 3 =0,
2 12 812 22 ax%
X3
as
x
q(xl’xz)"s 2
ai
/A O
X

Figure 6.1. Transversely loaded plate

The load acting on the plate can be written using a double Fourier series:

m17’-'x1 p Mo
sr52)= 3, 3 o 252

my=1m,=1 a2
Multiplying the two parts of this expression by:
. MX| . NyTIX
sm#sm—udxldxz s
q a3

and integrating over the mean plane of the plate we obtain:
a4 n7x; N, TTX
_[ _[ q(x,,x, )sin D Gin 22 —272 dxdx,...
a a

% g L M7 o n,mx

N in M2™2 M 27X

= E E qmlmz_[ _[ sin . a sin . dx,dx, .
my=1 m,=1 a; 2 1 2

Given the expression:
az (a4, myxXy . MMy . Xy . NoyJIX aa
_[ j sin —=Lgin 2772 6in A7 6in —27°2 gy, = 225, S,
al az al (12 171 212

the preceding equation becomes:
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ay ) si n27Dc2 ayaj
J- J- xl,xz sin 2L ——=dxdx, —4—q,,1,,2 .
aj

The coefficients gy, ,, of the double Fourier series are equal to:

2 4 .oy . ma7x
J- J- g(x;, x, )sin——Lsin—2—2 g, dx, .
9 a,
For fixed values of m;and m;, that is for a given double-sinusoidal loading, the

Dy = aa

solution to the global equilibrium equation:

a*ud 9 o*ul a*ul . mymxy . M/
Dy —2-+2(Dy3 +2Dgs) 2 S+ Dyy —2 = dyym, Sin——Lsin—=—2.,
axl a X1 aX2 aX2 aq a
which satisfies the edge conditions for displacement and force is of the form:
. DX . M7
;) =U3  sin—Llgjin—2—2
iy mmy a a,

Writing in the equilibrium equation and simplifying by the sine product we obtain:
4 2 2 4
m maT My ma7 3
[ L } Dy + Z(“I_J [ 2 J (Dy + 2D66)+( 2 J Dy Unmy = Gmymy -
4 4 a, a,

3 _ q’"l’"z

mm; 7[4D* ’
mym;

4 2 2 4
* m m m m
Dy, m, =[;1‘] D11+2[a_1} [az] (Dyy +2Dgg )+ (azJ Dy,
1 1 2 2

The transverse displacement is then:
mm, . M7 . M,
ugmlm2= ——~—sin L gin—2—2
7D

where:

with:

-
mym, a; a

For any loading it is given by:

_ 2 Eqmm sin Uy Mo,
a) as

m=l m *1 mym,
1 2

The non-transverse displacements given by:
au3
ox,

U =—X3——
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ol
Uy =—Xx3 EV
X2
are equal to:
Hn ew 4 mmx, . m,7x
= ——> 2 Zml 2 cos ——L-sin—2—2,
T m=1 my= mym, 4 a
X VT q . m7x m, 7o
Uy =— 33 2 2m2 7 gin——L cos —2—-2,
7a, m=1 m,=1 mm, 4 a2
The strains are equal to:
a2u8 a2u§’ a2u8
£ =—X , & =—X , € =-2 ,
1 3 2 3 6 3
Oxi ox3 ox, 0x,

or:

1)

X WD 2 Dmm, . mIx; . M
£, = 232 E Emz 22 sin ——L sin —2—2
2

na m; =1 my=1 D”ll’"q 4G az
2% © © Gm my 7 myx
£ =——5—— 2 E:mlm2 07 cos——Lcos—2—2,
7aa, m=1 my=1 mym, 4 a;

The stresses are given by:

k _ nk
o; _Qij'x3Kj’

or.
2.0 2.0
k k 97Uz i 07u3
oy =-x3 Q11 +02 )
2 2
axl 6x2
0 2.0
k g 07u3 _p 0°u3
0y ==x31 01— +0» o2 |
1 X2
2.0
k r 0°u3
06 =~2x3066 ,
xli')x2
from which:

o oo 2
_ X3 m LM k| Dmmy . mIT
oy == 2 2 . Ont|—=| Qn sin

sin

m27Ex2

a
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X3 my my Gmm, . WYX . M7y
—2 Z Z le + Q22 *l sSin sSin )
D a a,

T a4y

ml—lmg—l mm,
k rym, m7ix, my7ixy
O¢ = Q66Z Zmlm2 cos cos P
n’ aa; m=1 m,=1 mlmz a 2

The transverse shear stresses obtained by integration through the thickness of the
first two local equilibrium equations are given by:

u{ do, do % { dor 80
k_ 9% L 992 |, k__ 99, 9% 1,
T4 -[—% ox, ax2 ¢, o5 -[—g ox, 8x2 &

with z;_; < x; < z; , from which:

) a0 2 2
Z Z h my (QIZ + 2Q66)+ e Q22 ;d{
2 1 a,
my=1 my=1

Qm, . M7x moJIx
lell’l 1 lCOS 27442

* 1

Dym, a4 a2

1 iif ( JQH ( 2] 01 +20 )|l ..

1, my=1 my=1

Dmm mJx, . MmH7x
*1 2 cos 1 ISII’I 27442 ,
a a
Dy, m, 1 2

e X

so after integration:

e S S (2 ot 20k 22

2 m=1 my=1| I=I 2

]sz( ~2t)-

2
m k k my k 2 2 Y Dmmy . My my7x,
.t my (Q_J (le +2Q66)+[——a O |5 — 25 D"l sin cos ,
1

a a

2 mymy

2 2
S 3 S 2 o[ 22 ol #2000 i -22)-
2

my=1 my=1j I=1

2 2
m | M k k) ( 2 .2 ) Imym MDY in 2752
...+m1 — Q“ +( —= (le +2Q66 X3 — 2k *l z COoS .
a) a, D

27ra1

a a
mymy, 1 2

The moments of the global cohesion loads are equal to:
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9%u3 9%u3
M, =Dy, + DKy == Dy —5-+Dy—- |,
1 ox;
0 2.0
9%u d°u
- _ 3 3
M, =Dk + Dy =—| Dy ——-+ Dy —5~ |,
Ox; ox;
82
MG = D66K6 = _2D66
axlax2
or;
1 & ? * 4
m m mm, . MTOG . ML TIX
M1=—722 —L1 D, +| =% | Dy, | 2" gin—"Lsin 22,
7 my=1 m, =l 4 a Dm|m2 4 az
1 & ? Pl
m m m . mTx; . my7IX
M2=—2—ZZ —L 1\ D, +| =% | D,, | =" sin——Lsin—2—%,
T ot med 1 2 mymy a, a,
q m7x M 7IX
Mg = D“Z Elmlm2 T cos——Lcos—2—2,
7’ aa, et myl mmlz aq a

In the particular case of a square orthotropic single layer plate subjected to a
double sinusoidal loading:

glx;,x,)= —ZUsmTlsm——z—, with @ >0,
a

the previous results become:

— for the displacements:

3
a w 1 . TXy
U = X3 — COS——=SIn——,
n) Dy +2(Dy, +2Dg )+ Dy, a a

3
a o . X X,
Uy = X3) — sin—=Ccos—=,
) D, +2(Dy, +2Dg)+Dyy @ a

4
a o . T . T,
Uy =— — sin—=-sin—=,
7| Dy +2Dyy +2Dgg)+ Dyy a a

— for the strains:

2
a @ - T
1 =—Xx3| — sin —-sin—=,
n) Dy +2(Dy, +2Dg )+ D,y a a

2
a o L T L T
62 = _X3 —_— s —=S1n———,
7 ) Dy +2Dj, +2Dg)+ Dy a a
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a 2 w X, X,
Eg = 2x5) — COS——COs—=,
7 ) D, +2(Dj, +2Dg)+ Dy @ a
— for the stresses:
2
a \ (1) . 7D61 . 7D62
O =—Xq — + sin—-sin—=,
! 3[ﬂj i +0n) Dy, +2(D, +2D )+ Dy, a a
2
a w . 7DCI . 7D62
Oy =—X5 — + sin—-sin—=,
: 3(n) (02 +02) D, +2(D, +2Dy)+D,, a  a
2
a o ml 7D62
Or =2X4] — CO§s——COS——,
6 3(nj Qs D, +2(D, +2D)+ Dy, a a
2
a 2 h \ w . T X,
Oy =—| x5 — +2 + sin—-cos—=,
4 27:( g }(Q” Qes Q22’D11+2(D12 +2Dg)+ D,y a a
2
a 2 h \ o Xy, . Ty
Os=—1| X7 — +2 + cos—-sin—=.
3 ZH( g (012 +2066 Q“’D“ +2(Dy; +2Dg )+ Dy a a

The maximum deflection at the centre of the plate is:

ofea) (aY @
272 7} D, +2(Dy, +2Dg)+ Dy

It may be noted that u,u,,£,€,,65,0,,0, and G vary linearly through the
plate thickness, whereas u3 is constant and 0, and o5 vary in a parabolic manner

with the thickness.

Also, u4,€,,€,,0, and 0, are zero around the edge, whereas u, and o,

zero for x, =0,x =aand x, =5. We note that »; and o5 are zero

2

x3 =0,x; =aand xy =%, and that £ and O are zero for x; =4 and x, = 4.

These conditions are illustrated in the following figures.

— For the displacements:

A.X:; Ax

X3

> MO MmO
L <

L1 _K Uy U3z

Figure 6.2. Variations in displacements

are

for
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x, 4

uy =u3=0

a

i u2=0

2

Uy =u3=0
uy =u3 =0 a ‘=0
2
0 >
u1=u3=0 a x]

Figure 6.3. Zero displacement

— For the strains:

MO
< <+
0 0
& M &y M

Figure 6.4. Strain variations

X2 4
&1 =&y =0
a
a € =0
2
£, =6 =0
£, =6,=0 a igg=0
2
>
0
£l=62=0 a X4

Figure 6.5. Zero strain
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— For the stresses:

A

X3

S A N

A

X3

Figure 6.6. Stress variations
01 =0) = 0
a
a og =0
2
o1=0,=0
0'1 = 0'2 =0 2 Og = 0
2
0 — —>
0,=0,= 0 a X3
Figure 6.7. Zero stresses
— For the transverse shear stresses:
A A
X3 X3
MmO MO
4— 4+—
Oy 05 |

Figure 6.8. Transverse shear stress variations

117
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x, & .
Og5 =
a
a 04=0
2
0'4=0
04=0 a i05=0
2
—»
0 O'5=0 a Xy

Figure 6.9. Zero transverse shear stresses

6.6. Free vibrations of a rectangular plate freely supported at its edge

The free vibrations of a symmetrical orthotropic plate are governed by the
equation:

a4 0 a4 0 4 0 aZ 0
Dll u43 +2(D12 +2D66)—21‘3—2+D228—u43+10 23 =0.
axl axl ax2 ax2 ot

The solution to this equation, which satisfies the boundary conditions around the
edge in displacement and load:
~for x; =0 and x; = ay:

Uz = 0,
azug 0%l
M, =-Dy——~Dip——=0,
X1 ax2
—for x, =0 and x, =a5,:
u30 =0,
azug 0%u)
My =-Dyp——-—Dp——5-=0,
i 0x)

is of the form:

0 _ 3 . mlml . m2m:2 . ( )
Uy = U, SiN———=sin——=sin\@,, . t + @, |-
a a;

By introducing into the global vibration equation and after simplification by:
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maax, . myax, . ( )
_a.l__sm—a—z—sm Oyt + Ponm, )»

sin
we obtain the equation:
4 ) 2 2
V.4 V.4 n
a; ay a,

4
m,z 2 3
...+( a J D22—Ioa)mlm2 U’"lm'z =O,
2

or:
4t g 2 ) 3 _
(ﬂ D"'l”lz Ioa)mlmz U’"l’"z =0,

4 2 2 4
» m m m m
Dy, m, ___[0_1] Dy, +2(—a_lj (;2_) (D, +2D66)+[:2—) Dy, ,
1 1 2 2

which provides the natural frequencies:

with:

119

4 2 2 4
m m my my
(—L] Dll"'z(—l) (—] (D1, +2D66)+(‘_] Dy,
o = 2 aq ay a a

mm, IO

*
_ 2 D”'l’"z
(17 =" |—.
iy I
0

The natural frequencies of a square plate of side a are given by:

2
o =(_7_Z_j Jm?Du"'zmlzm%(DlZ+2D66)+m3022
mm, )

or;

a Iy
For a symmetrical orthotropic plate such that:
Dyy =9Dy,,

D12 + 2D66 = 3D22,

the natural frequencies are equal to:
2
T D
w =k =| [=2£,
mymy a 1 0
2

k=\/9mf+6m12m%+mg =3mf+m2.

with:
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For an isotropic plate, we have:

2
’D
a),mm =k’(£\] 0 ’
1772 a IO

k’= m12 +m§.

The influence of orthotropy on the order of appearance of the first four modes of
vibration is shown in the table below:

with:

Orthotropic plate Isotropic plate
Mode my my k my my kK’
1 1 1 1 1 2
2 1 2 7 1 2 5
3 1 3 12 2 1 5
4 2 1 13 2 2 8

Figure 6.10. Order of appearance of natural modes

Its influence on the representation of the modes, and in particular the nodal lines
(lines of zero transverse displacement), appears in the figure below:

Mode Orthotropic plate Isotropic plate
1
+ +
2 + +
3 T
— + —
+
4
+ =
+ j—
-+

Figure 6.11. Nodal lines
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In the case of a symmetrical, orthotropic plate, it may be noted that the mode
m; =1, m, =3 appears before the mode m| =2, m, =2, the opposite order to that

for an isotropic plate.

6.7. Buckling of a rectangular plate simply supported at its edge
6.7.1. General case

The rectangular plate of transverse dimensions g, and a, is simply supported at

its edge. It is loaded in compression — N{ and — N, with N >0 and N >0.

0
Nyxy

A

X3

X,

2X2

Figure 6.12. Buckling loads

The global buckling equation:

ale +2 32M6 +82M2 ~N10 azug _Ng azug _
ox} ox;0x,  Ox2 ox} 0x;

in which we have:

0%u? 0°%u?
Ml—_Dna; 12823’
1 X3
921 %u!
M, =-D, 2 22 2,
2 2
ox; 0x;



122 Analysis of composite structures

82 0
Mg =-2Dgg—2—,
0x, 0x,
is written as:
4 O a4 0 a4 a 32 0
Dy 83 1 2(Dy, +2Dgg )23 1 D, B3 4 N0 LI Y

22 2
oxt xfoxs ox3 oxf x5
The boundary conditions for a simply supported plate are:
—for x; =0 and x; =aqy:

ug =0,
azu" a%u
M;=-D;;—2>-D 3 =0,
1 11 12775
x1 ax2
—for x, =0 and x, =a,
ug =0,
0%l 8%ud
My =-Dyp—5~—Dyp—>=0
X1 ax2

These conditions are satisfied by:

mxy . Myfix
ug =U3 Al gip 222
mymy a a

which, after introduction into the global buckling equation and simplification, gives:
4 2 2 )
m ma ms7T m
( . J Dy + 2{‘1_) ( . J (D12+2D66) ( 2 ] Doy, ...
a 4 a, a
2
mlﬂ Nl '"2” Ng Slm =0.
al a2 17%2

The critical buckling loads, corresponding to U’ilmz non-zero, are given by the

expression:

which in the particular case where N 3 =kN 10 , gives:
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4 2 2 4
ﬂ] Dy, +2('m—1] (1”—2—) (D12 +2D66)+[?J Dy,

((1 a a
N{)=7Z'2 1 1 2 2

2 2
ﬂ +k Lnl
ay aj

If, in addition the plate is square a; =a, = a, we have:

NO=[Z * m{ Dy, +2mim}(Dy, +2Dgg )+ m3Dyy
! ml2 +km% )

We will now examine different special cases.

a

6.7.2. Case of k=0

The plate is subjected to a compression load — N} in the x, direction.
N 10 S|

1/ /////

X2

/

0
-Nix,

/7

/

X3

Figure 6.13. Compression loading in one direction

The critical buckling load is given by the expression:

or:

2 2 2
0 7 mya; 2 4 qq
Ny = —J ] Dy +2m3(Dy, +2D66)+m2( ) Do)
a mya;

123

m 2l 4 m 2 m 2 m 4

0 m

Ny = —"IJ [—1] D11+2(“L] [—l] (D, +2D66)+[_2J Dy, |,
my ay a) aj as



124 Analysis of composite structures

For my =1, this expression gives the series of curves plotted on the figure

below.

For a given width a, and fixed values of m; and m, the value of the ratio 7‘:;—
which cancels the derivative of the critical buckling load:

2 3
8N° ¥/ 2{ a m4 a
Mo 2| m 22| pyy - 22 LD, |,
a(ﬂj @ a mi \ 42

a,
is:
1

a _m Dy )4
a; my| Dy
For this value, the critical buckling load is:

2
0 mm
Nl = 2[—;1-&] (’\,DIID22 + D12 + 2D66 ) .
2
The critical buckling load thus obtained is independent of m; and its minimum
value is found for m, =1.

o}

Nj

Figure 6.14. Critical buckling loads

The buckling of a plate loaded in compression in the x, direction occurs in such
a way that there can be several half-waves in the compression direction and only one
in the perpendicular direction (my =1).
The critical buckling load is then given by the expression:
2 2 2
NY =(£J [mlaz ) Dy, +2(Dy; + 2D66)+( . ) Dy |
ma,

as a

and the minimum obtained for:
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1
| Do |
a Dy,
is equal to:
2
P=of | ({ )
Nl = a— D11D22 +D12 +2D66 .
2

The intersection of the two plots of critical buckling load, relative to the two
successive values my and m; +1, is found by equating:

2 2 2
0 ¥4 ma a
Ny =[_J ( . 2J D11+2(D12+2D66)+( L J Dy |,

ay mpa,

2 2 2
0 n (my+1a a
Nl = — R e 2 D“ + 2(D12 + 2D66)+ -1 D22 ,
my +1 a a; (my +Day

which gives successively:

2 2 2 2
ma a (m; +Da a
“2 | Dy +| ——| Dy =| ——"2| Dy +| ——| Dy,
a ma, a (my +1)ay
a : 1 1 :
a
[(’”1“'1)2_’"12 2| Dy =|5-—— || D>
a; my (ml +1) as
2_ 2

as L 1 Dy, ’
m; (m+1)
or.
2
D
4| = mym +1) | 211
a Dy

This expression enables the length a; to be calculated for a given value of a,,
for which the critical buckling load is identical for the modes m; and m; +1.

When a plate is subjected to a compression load — N} in the x, direction, the
buckling of the plate occurs such that there exists:
—inthe x, direction: a single half-wave (m, = 1),
—inthe x, direction:
1

n
- a half-wave for: 0< 4 < 4& )
a 22
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1
Z
- two half-waves for: 4ﬂ 36— Dy |4
Dy; az Dy;
1

1
Dy )4 Dy )4
- my half-waves for: m12 < LY R m12 ('"12 +1)2 L7
Dy a; Dy

1

The critical load corresponding to this intersection is given by:

2
+1
N =(1J [ ™ VD11D2; +2(Dyy +2Dgg)+ 2 \/DIIDZZ]’

ap m1+l
2
0 n mj +(m1+1)
Ny =) — 1/D D +2D +2D
1 (azj[ ml(m1+1) 1122 12 66)

For the special case of a plate for which:
Dy =9Dyp,
Dy +2Dgg =3Dy),
we have:

2 2
V4 ma a
N? =| — 3 172 +m:7_7' 1 D22 5
a a; ma

the critical buckling load, obtained for m, =1, is equal to:

2 2
/4 ma a
NY=| =322 1 | Dy, .
a a ma,

The minimum critical load:

2
N{) =12(—7-z-] Dy, ,
a

is obtained for:
= ngl y

or, for the first two modes:

—1=\/§ and -a—1=2\/§.

az az
The intersection of the plots m; =1 and m; =2 is obtained for:

“1=J—6—,

az
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and the corresponding critical load equal to:

2
o 27
Ny = 2( JDzz
ap

If the plate is square (a; =a; =a), the critical buckling load obtained for
my = 1 R is:

a

6.7.3. Case of k=1

The plate is subjected to the same compression load — N} in the x, and x,

directions.
T N1x1
ajz
/ r/ L X,
Nloxz
0
—p, ‘lez
—
ay
v P 4 P |
A A A A ) I
7 7 7 ’ 7

Figure 6.15. Identical compression loads in two directions

The critical buckling load is then given by the smallest value of:

4 2 2 4
[m ] Dy, +2(m1] (ﬂ] (D2 +2D66)+{’m_2) Dy,
ND =72 @ a4 022 . a2 '
o))
a1 as

In the case where:
Dy =9Dy,,
D12 + 2D66 = 3D22,
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we have:

=7 D,,,

and for a square plate:

2 2 2
0 7Y Bm{+m
Nl = (;j 1 2 D22 .

The critical buckling load, obtained for m; = m, =1, is equal to:

2
0 2
Nl =g(‘—] D22 .
a

6.7.4. Case of k= -1/2

The plate is subjected in the x; direction to the compression load — Nl0 and in

the x, direction to the tensile load 1 N} .

ML

/ /7

/—Nf)xl/

X

Figure 6.16. Compression and tension loads
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The critical buckling load is equal to the smallest value of:

4 2 2 4
L?) D11+2(%1) (%J (D2 +2D66)+(%] Dy,
0__2 1 1 2 2
N] =T > > .
m | _1fmy
For the particular case already described we have:
22 (V2 2
a )
2
7 2 2
m| _1fmy

and for a square plate:
NO = £2!3m12+m22! D
1 a 2m12 _ m% 22 -

The critical buckling load, obtained for m; =m, =1, is:

2
N{] = 32(£J D22 .
a

0 _
Ny = 22>

129

The tensile load in the x, direction increases the critical buckling load; with

k =-1/2 it is twice as high as in the case of ¥ =0 and four times as high as the

caseof k=1.
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Chapter 7

Thermo-elastic behaviour of composites

7.1. Introduction

The important roles played by a temperature variation AT and by the absorption
of humidity A7 were noted previously in the presentation of the laws of the
behaviour of an orthotropic material. Both effects work in the same way, so the
discussion here will be limited to a temperature variation AT .

In composites cured above room temperature there appear, on return to their
normal temperature of use, residual stresses which may be large. These originate
from the different values of the thermal expansion coefficients for the fibres and
matrix.

After having presented the constitutive relations of an orthotropic material in its
orthotropic axes and off-axis we examine the definition of these expressions in
matrix form in plate theory for which the transverse normal stress is zero.

Then we introduce the global constitutive relation of the composite in thermo-
elasticity which allows the study of the behaviour of a multi-layer plate in tension,
flexure, vibration and buckling.

7.2. Constitutive relation for an orthotropic material
7.2.1. Constitutive relation in orthotropic axes

The thermal strains, resulting from the change in temperature AT and noted £’;
in the orthotropic axes (¢), are:
B, =0AT (i=12,..,6) or ©=aAT,
with &y =05 =0 =0.
The strains &; due to the stresses &; and to the thermal dilatation ;" are given
by:

E’=§UE] +E’i (i,j=1,2,...,6) or E=§E+E,.
These may be expressed as a function of the variation in temperature AT using the
expressions:

£ =5;0; +&AT (i,j=12..,6) or € =86 +TAT.
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In an explicit manner we have:

& [5u Sz 55 0 0 olf[@] (@
& S5 S Sx 0 0 0 Hos) N,
gl 1o o 0 54 0 olal|]o
Bl |0 0 0 0 S5 0|ds5| |0
Ee 0 0 0 0 0 S8]06) O]

The stresses &; are given as a function of £; and of &;’ by:

&;=Cylg;-7;) (,j=12..6)or 5=Cz-7),
and as a function of the variation in temperature AT by:

&; =Cylg; -@;AT) (i, j=12,..6) or 5=C(g-TAT).
These two latter expressions can be written in the form:

5, =C;&; -C AT (i,j=1,2,...,6), with C’;=C;a; ,
or:

o =Cz-C’AT, with ¢’=Cua.

The matrix C’= Cd is equal to:

Ch Cp Gz 0 0 0[&
612 622 523 0 0 0 |x
&.|Cs Cu Gy 0 0 0 &
0 0 0 Cyu O o]foOF
0 0 0 0 Cyx OO0
|0 0 0 0 0 Cgx) 0]
or.
= -

c C0q + Cp&x; + Ci37;
c, Cpo0 + Cpy + Oy
C’ Cia@ + Cpy + Ciyt3

0
0 0
Lo L 0 ]

The constitutive relation may be written in the form:
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1] (€u C2 Cz 0 0 o0 &a] [Cy
O3] |[Ca Cp C3 0 0 0|8 |C
o3| _|C3 Cp3 Cx 0 0 05| C’ AT
I 0 0 0 Cyu O O |&|]|oO

O 0 0 0 0 Css O |5 0
6] |0 0 0 0 0 Cegl%s) | O]

7.2.2. Constitutive relation in orthotropic off-axes

By introducing the conventional matrices for changing the axes M and N, the
strains in the base (e) off-axis of orthotropy are:

¢ =Ng =N(S6 + &)= N(S5 + @AT),

or:
¢=NSNT6 + NaoAT .
The strains can be written as:
£=S6+S’AT,
with:
S’=Na.
The matrix S’ is given by:
—cz s2 0 0 0 -—cs Tal_
s? 20 0 0 o |7
gr= 0 0 1 0 0O 0 72 ,
0 0 0 ¢ s 0 0
0 0 0 -s ¢ 0 0
[2¢s =2cs 0 0 0 c*-s*]0 ]

or:

501 [c2m + 5%, |
5 szﬁl +c2(72
S’y a,

0 0
0 0
1S’ [2es(@m - a),

in an explicit form we have:
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L

[S1y
Sz
Si3

0
0

| S16

S12
Sn
S23
0
0
Sas

S3 0 0 S |0
Sy O 0 Sylo0,
S O 0 S3lo;
0 S, Si O |oy,
0 S4i S5s 0 jos
S 0 0 Se |0

The stresses are given by:
6 = Mg = M(Ce - C’AT)=MCMTe -MC’AT ,

or:

6 =Ce-C’AT,

with:

C’=MC’.
The matrix C’ given by the product:

[ 2

2

c s 0 0 0 -2
2 ¢2 0 0 0 2
0O 0 1 0 O 0
0 0 0 ¢ s 0
0 0 0 -5 ¢ 0
lcs —es 0 0 O c? —sz__
[(c2C,, +5°Cp, ), +|cCyy +57Cyy

s2C11 + 02C12

cs(a—ll -Cpy )‘71 + Cs(612 -Cy3 )‘72 + C5(613 -Cyp )‘—773

61 + SZZ;IZ +C2C22

72

r

H +

TR
w L] "

o O

bl
o

C3@, + Cpuy + Cy@

0
0

The constitutive relation is written as:

o,
o,
ok
4
Os

L0

0 0 Cg

0 0 Cy

0 0 Gy
Cu Cis O
C45 CSS 0

0 0 Cell

c
o
C

0
0

1C'

AT .

Chog + Cpptry + Cpa; 1
Cia0 + Cpnly + Cp33
Ci304 +Cpty + C3305

62(_313 + 32623

a, + 52C13 + c2623

AT .

s
22
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7.3. Constitutive relation when the normal transverse stress is zero
7.3.1. Constitutive relation in orthotropic axes

Given the notations introduced above we have the expression:
5 =Q(z-aAT),
or:
6 =Qz-Q’AT, with Q’=Qa,
which is written as :

135

[0y 0, 0 0 of#
. (_212 (222 0 0 0 |2,
Q=0 0 Q¢ 0 0]0,
0 0 0 Q4 O0{O0
(0 0 0 0 0x|0
Oor:
rg’l ] F_Q__ub?l + @2‘72 ]
Q2| |01t +0nt
0 |= 0
0 0
L 0 n L 0 B
The constitutive relation is written in the form:
(71} [Ou @2 0 o0 0O TEJ [0 ]
G| (02 @ O 0 0 |5&H| 0,
Gg|=| O 0 Q¢ O 0 & |- 0 |AT.
o4 0 0 0 Qu 0|5 0
s [0 0 0 0 Oss|&| |0

7.3.2. Constitutive relation in orthotropic off-axes

The conventional formulae for changing axes and the preceding expressions
allow us to write:

¢ = Mg = M(Qz - Q’AT)= MQM"s - MQ’AT .
The constitutive relation is now in the form:
6=0Qe-Q’AT,
where the matrix:
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Q=MQ’,
is equal to:
[e? 2 —2es 0O 01-6116_11 +§12(721
s2 ¢t 25 0 0| 0pd+0,3
Q=|cs -cs ¢*-s> 0 O 0 ,
0 0 0 c s 0
10 O 0 -5 ¢ 0 ]

or:
0] §C2§11 "'32@12;‘71 "’502@12 +52£_2223‘72
s°0y +¢%0y, J, +5°01, +¢°0p )T,
Qs |= Cs(au -0, )7 "'Cs(_n “622)‘72
0 0
0 0

. p L

The constitutive relation is written as:

- -

ol [Qu Q2 Qs O 0 el [21]
020 Q2 92 Qs 0 0 )& 2
Os|=|CQ Qs Qe 0 0 [&(—|Q%|AT.
oy 0 0 0 Qu Quslts 0
os] L0 0 0 Q5 Os]&s 0

7.4. Global cohesion forces

The resultants of the global cohesion forces are equal to:

h
N; = Jizﬁaidxav (i =12, 6),
2

or:
N
N; = Efk lot 9 +xyx,)- 0% AT Jaxy,
k=1
N N
V=204 -z )e + 3 D00 eE - ek
k=1 k=1
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Introducing:

< k
= ZQ’i (2% = 24-1)s
k=1
the resultant of the global cohesion forces is written as:
N, = A;e) +Byk; - A AT (i, j=1,2,6).
The moments of the global cohesion loads are given by:
h
M, =Fh O x3dxs ,
2

from which:

M, 2_[ loX (e + x,x,)- 0* AT |y, ,

-1

N
M, =L S 0t~ et + 130k et -
k=1 k=1
—lZQ’,{( (ZE - 2 )AT-

By putting:
*
== ZQ ( —2, )
the moments of the global cohesion loads may be written in the form:

M; =By} +Dyx; - B'AT (i, j=1,2,6).

7.5. Global composite constitutive relation

137

The global composite constitutive relation is written in explicit matrix form as:

[Ni| [An Az A By By B |le) | [Ad

and in conventional form as:
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s sl T

or:
N =Aeg + Bk - A’AT,
M =Be® + Dk - B’AT,
with:
N
A= ZQ,!c (2 —2s) i= _ZQ’k ( Zk—l) (i= 1,2,6).
k=1
7.6. Decoupling

7.6.1. Composite with mirror symmetry

In the case of mirror symmetry the terms:

ZQu(Zk 2~ 1) B’*—g et -2

of the global cornpos1te constitutive relation are zero.

This, which may then be written as:
N | [An A A 0 0 0 &) [
No| |An Ay Ay O 0 0 (&) |4,
Ne| [Ag Ay A O 0 0 (g2 | A%
M, 0 0 0 Dy Dz D 0
M, 0 0 0 Dy Dy Dy ||y 0
Mg | 0 0 0 Dy Dy D | | x6| L O

or.
N =Ac" - A’AT,
M =Dk,

shows that a plate, which is not loaded by external forces, will only show membrane
strains.

7.6.2. Balanced composite

In the case of a balanced composite we have seen previously that the global
stiffnesses Ajq and A, are zero.
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For two layers of the same thickness and with opposite angles the values of:
Q= Cs(all -0 )571 + CS(Q_IZ -0 )572 ,
are opposite and the term:
N
’ ’k
A6=ZQ6(2k -21),
k=1

of the global composite constitutive relation is zero.
This is written as:

[Ny ] [An A O By B B |lel| [An

Mg |

7.6.3. Balanced symmetrical composite

Given that Ajg = Ay =0, B; =0 and As=0, B’;=0, the constitutive

relation is written as:

(M ] (A A 0 0 0 o &) [ay]
No| |Az Ap O 0 0 0 {9 |4,
Ne| |0 0 A 0 0 Ogg_OAT‘
M, 0 0 O Dy Dy Dglix 0
M, 0 0 0 Dy Dy Dylky 0
[Mg] |0 0 0 Dy Dy Desling| | 0]

7.7. Balanced symmetrical composite loaded in the mean plane

For such a composite the global constitutive relation which is written as:

oo oo

gives:



140  Analysis of composite structures

k=0,

N=Ae? - A’AT,

or.:
O b
Ni| [An Az O ||g Ay
N2 = A12 A22 0 83 - A,2 AT .
Nel | 0 0 Aglled] |0

The membrane strains are written as:
e? =ATIN+ ATTA’AT .
Designating by A,; the term of row i and column j of A™', the preceding

expression is written as:

O * * * N * N
£ A Ap 0 Ny | | ApAT+AR A%,
* * *
Eg = A12 A;z 0 N2 + A12A’1+A22A’2 AT .
&l 0 0 Ag|Ng 0

The global constitutive relation for the composite is written as:
e’ =hA"" %+ A7'AAT,
or:
e’ =hA "o+ ATIA’AT .
This expression can be written in the form:

1 vgl
e
0 Eq Ey 0
€] L0 ] o] 4]
eg=—% — 0 o, |+ AT,
&l Er  E3 . |Los 0
0 0 o
G
L 12 ]
with the equivalent characteristics:
o_ 1 o_ 1 o _ 1
By =—p, Ey=—pr, Gp=—5i,
11 2 6
* *
o __An 0o __Ap
Vp=——=" Va=——7
Ay Ay

0 _ * * 0 _ * 2 * L}
o = ApAT+HAR AT, 0 = AR A +HARA,.



Chapter 8

Symmetrical orthotropic
Reissner-Mindlin plates

8.1. Introduction

Exact theories for a multi-layer rectangular plate, simply supported around its
edge, loaded in flexure, vibration and buckling, were developed by N. J. Pagano and
S. Srinivas. They enable the areas of application of plate theories to be defined. The
Kirchhoff-Love theory only provides acceptable deflections, natural frequencies and
critical buckling loads for thin plates whose ratio of thickness to the characteristic
dimension of the mean surface is less than 1/20. Reissner-Mindlin theory, in which
the transverse shear strains are constant through the plate thickness, gives
satisfactory results for flexure, vibration and buckling of moderately thick plates
whose ratio of thickness to the characteristic dimension of the mean surface is
between 1/5 and 1/20.

8.2. Moderately thick plate, Reissner-Mindlin assumptions

As indicated in the Appendix, in Reissner-Mindlin theory the hypotheses of
Kirchhoff-Love theory are used without ignoring the transverse shear strains.

8.3. Displacements, strains and stresses

The displacement field:
u = “P(xl’xz l’)+ XY (xl’x2|t)’
uy = “g(xl’x2|’)+ XY (xl’x2 t)’
Uy = “g(xl’x21t)’
leads to the strain field:
%+ Y, _ du3 Y,

= Xy, & =2t x;—2, 8 =0
ox, 3 ox, ox, ox, ’

3
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aul au2 dy, dy, oud aug
g =—t+—2+x +—=2|, g = , E5 = ,
S x| ox 3( x, Lo TV, BTV

which given the notations introduced above can be written in the form:
g =€ +xx; (i=1,2,6),

bomyy + 24
4 2 ax,
by =y + 05
5 1 ax1~

The stresses in the k layer are given by the expression:
=Qfe;, (i.j=12,4,56).

8.4. Global plate equations

The global plate equations according to Reissner-Mindlin theory are written as:

N, ON, o) L,
—+—+ Iy——+1

dx;, ox, Pr= ot 2 1 a2
0N N, 9%uy. L 0%y, ’

=1
ox,  ox, 1202 or

0 0
9Ns 9Ny +i{N dug + N, a"3J+ J [NG—%—+N2%}.

ox; adx, dx; Vox, ox, ox, | ox, ox, 0x,
wtgytpy =l a;;;’
?gj—l"+%—N4 =1 %2;—2+ 12%.

8.5. Calculation of Iyand I,

For these calculations, we retain the layer distribution in the plate thickness
adopted previously. With this distribution we obtained:

N
Iy = zpk (2 =241
k=1
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In addition, we have the rotational inertias:

B
I = Fh Prydxs
2

or:
N | &
L=Y[" oz, =20 b2k
-y
k=1 =1
from which:
1% k2 2
I =EZP (Zk _Zk-l)’
k=1
and:
L]
2
I, = J'zh pxydxs,
2
then:
N N
% k.2 1 k[ 3
B= 3 st $ ok
k=1 %1 k=1
or:

1% k(3 3
12=“Z,0 (Zk—Zk—l)-
32

In the case where the plate is a single layer or multi-layer with layers of the same
density, the preceding expressions are equal to:

IO =ph, 11=0’ Izzi—z—lglo.

8.6. Global cohesive forces

As with Kirchhoff-Love theory we have the expressions:
0
N, = A,.jej +B,-jKj,
M; =B} +Dyx; (i, j=1,2,6),

to which we add:
"
Ni =J"2£O',dx3 (i=4,5).
2

The transverse shear stresses in the k layer are given by:
k k .,
of =Q5¢; i,j=4.5),
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where ¢; is constant throughout the plate, and the transverse shear stresses are

therefore constant through the thickness of the & layer.
In order to take account of the variation in transverse shear stresses throughout
the thickness the global transverse shear force is taken to be equal to:

N; = KUZ_[ sz %y = K,,ZQ,, %k~ zk—l)ejv

the summation convention does not apply to the underlined indices i and j, they have
the same values as the indices i and j not underlined.
The global transverse shear loads are written as:

with:

ZQU ~21)

where the Kij are correction coefficients for the transverse shear, the effective

calculation of which will be described in a later paragraph.

8.7. Global stiffness matrix of the composite

The global constitutive relation for the composite is written in the following
matrix form:

—Nl ] —Au Ay Ag By By By 0 0 ] 610
N, Ap Ap Ay B By By 0 0 63
N A Ap Ass Big By B 0 0 62
M, - B;y By, Big Di Dy, Dy 0 0 K
M, B, By By Dy Dy Dy 0 0 Ky ’
Mg By By Bes Die Dy D 0 0 K¢
Ny 0 0 0 0 0 0 KyAy KisAgs || g4

[Ns| L O 0 0 0 0 0 K, A;s KgAss £s |

where:
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[N4}=[K44A44 K45A45]{€4}
Ns| | KqsAss KssAss || 65|

in the case where K44 = K45 = K55 = K , this latter expression becomes:
Ns Ags  Ass || &5

8.8. Transverse shear correction coefficient

In the case of an orthotropic monolayer plate Uflyand, Reissner and Mindlin

respectively proposed for K the values %, 2 and il';

8.8.1. Uflyand coefficient

The transverse shear stress ¢4 from the global equilibrium equation:

806 + 80'2 +80'4 _

Os
axl ax2 ax3
is equal to
X3 60’6 80'2
oq=—| | 264272 |gr .
4 J.—%( axl BX2 J {

In the case of a single layer orthotropic plate, loaded in flexure, the expression:

o, =Qijx3xj,

gives:
o= (Qll’(l + 012K, )x3,
0, = (le’(l +Q22’(2)x3’
06 = QesKeX3-

Included in the expression for &4, we have:

d d x
04 = -[_(Q66K6)+—(Q12K1 +Q22K2)}J. ;fdf .
2

ax 1 ax 2 -
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oo (27 1 o r_ R4
s R ER e

we obtain:

since:

h[ 9 d 4x}
Oy =—|— Kg)+— Q1211 + Q0K -— .
4= [axl (Qe6x6) S QoK1 +02 2)}[ 2
From the global constitutive relation of the orthotropic plate we have:
M, = Dy x| + Dpk7,
M; = Dypxy + Dyzkp,

Mg = DggKe.,
with:
3 3 3
1 h h h
Dl] —EQ,][:(E] —_(—EJ :Iz—EQU,
we obtain:
h3
M, =E(Q11K1 +012K, )’
3
M, =E(Q12K1 +Q22K2)’
h3
6 ='1-2‘Q66K6-

The stress ¢4 is written as:

oM 4x%
cr4=i 6, My |, 4% |
2h| o0x;  dx, n?
Given the global equilibrium equation:

M M,
axl 8x2

—N4 =0,

the transverse shear stress o is equal to:

3N.[, 4x?
o4 =—2|1-—|,
" o K2
similarly:
oo 2 3Ns[ | _4x3
5" on w2l
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The maximum transverse shear stresses, obtained for x3 =0, are equal to:
3N, 3N5
0-4max = ’ O-Smax = ’
2h 2h
From the global composite constitutive relation we have:
N4 = KA44€4 = KhQ44€4 R
and from the material constitutive relation we have:
04 =04484.

The transverse shear stresses are thus given by:
N N
04 = —4-, g 5 = —5—
Kh Kh
By identification with the maximum transverse shear stress calculated above we
obtain the Uflyand transverse shear correction coefficient:
2
K=—.
3

8.8.2. Reissner coefficient

The transverse shear strain energy is equal to:

K
1 pa 22
d =5I0 -[0 P;, (0484 + 0585 )dxzdrydxy,

introducing:
o o
&4 4 Eq = —2
Qua Oss
we have:
a) fd
= —J- I _[ —= |dx3dx,dx;.

Oss

With the values of the transverse shear stresses already obtained:

3N4 4X§ N5 4X§
4 =— 5 d o4 -
2h h 2h h
we obtain:
h 2 2 22
Wd _lJ-mJ‘az 2h 92(N4 N5 l_4.?C23 dx3dx2dx1,
2J0 Jo 5 4h LQ44 Oss h
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with:

h 2
2 _ﬂ
h

h
=J~ [1—951 163
L h2 _h
2

h
8x2 16x3 |2
4 dX3= X ——x%+ 6X3 s
3h h
h 732
F 4X3 _
_k

sp4
2

a3 o ) 6l s

R2 |0 2 e st |15

we find:
d“—.fal.[ 928h Ni N5 dyd,.
2J0 4h= 15| Q4 Q55

equal to:

Introducing Agq = hQ4q and Asg = hQss, the transverse shear strain energy is
a; pa;
—.f .f + dX2dxl
A44 Ass

The global constitutive relation of the composite supplies the transverse shear
strains:

Eq4 =

Ns

and £5 = —3—

44 KAss
obtain:

Putting this into the general formula for the transverse shear strain energy we

h
1 (a4 a2
RSN
d 2K00_£[
2

N
Oy ——4—+ Os 3 dx3dx2dx1 .
Agq Ass
The global transverse shear forces being equal to
h

h
2

2
the transverse shear strain energy 1s written as

al J~a2 4 dxz dxl
Agg A55

The transverse shear correction Reissner coefficient, obtained by equating the
two strain energies calculated above, is equal to
5
K=—

i
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8.9. Boundary conditions

The Kirchhoff boundary conditions, for the edge x; = a; of a rectangular plate,

4

are:

a)

Figure 8.1. x| =a; edge
— for a simply supported edge:
Ny =Ng=0, M =0, =0, uJ=0,

— for a simply supported edge in x; direction:
Ny =0, M;=0 =0, uj=uj=
1=0, M;=0, y,=0, u;=u3=0,

— for a simply supported edge in x, direction:

— for a built-in edge:
0 0
wi=y,=0, u =u3=uj =0,
— for a free edge:

N1=N5=N6=0, Ml =M6 =O.

8.10. Symmmetrical orthotropic plate

The global constitutive relation of a symmetrical orthotropic plate is written as:

www. TechnicalBooksPdf.com
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(N ] [Ar A2 0 0 0 0 g
Ny| [A2 Ap O 0 0 0 [l
Ne| |0 0 Ag 0 0 0 ||
M| |0 0 0 Dy Dy 0 |
Myl |0 0 0 Dy Dy 0 |
(Mg| [0 0 0 0 0 Des|xg]

For such a plate we therefore have:
N, = Aygf + Apgy, M =Dk, +Dpk,, Ny =KAug,,
Ny = Apel +Apey, M, =Dk +Dypky, Ns=KAsses,
N6=A66€g’ Mg = DgeKe.

8.11. Flexure of a rectangular orthotropic symmetrical plate simply supported
around its edge

The multi-layer plate studied here, of dimensions a; and a, is subjected to the

surface force density of g(x;,x, )x;.

X3
az

51(3‘19"2)"3

ay

’//L D

Figure 8.2. Transversely loaded plate

The equilibrium equations are:

oM, oM _Ng =0,
dx,  Ox,

ax 1 ax )
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ox, 0x,
with the global cohesion forces:
174 oy oul
Ml’:Dlla—l DIZ—a_l’ N4_KA44[WZ+8_3 )
X1 X2 X2
d oy Oul
M, —Dlz‘aﬂJszz_z’ Ns= KAss[Wl +=—=2,
X, ox, ox;
Iy, 9y,
Mc=D
6 6‘{ ox, 0x

For a double sinusoidal loading:
L ) WL 3o 3
Q(xl’xZ) 4m1m/2 )
a] ar

the solution which satisfies the equilibrium equations:

92 92 92 oy ou
Dy ¥;1+D12 £2 +D66[ '/;1+ 2 |- KAss '/’1+T? =0,

Ox{ 0dx10x; 0x3  Ox0x; 0.
%y, %y, 3w, 9ug
+ +D +D - KAy, +—=1=0,
(axlaxz ox? 12 0x0x, 22 ox3 V2 X5

2.0
a!//1+a u v KA, Y2 9 1423 rq=0,
a X1 axl ax2 axz
and the boundary conditions:

—for x;=0and x; =a;:

ud =0, w,=0,
Y ay
M, =Dy . 1+D12'ax_2= X
X) 2
~for xp =0and xy =ay:
ug=0, v, =0,
oy Y
M, =D, ax1+D22?2=0’

is of the form:
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_w? M my 7,
W, = ‘i’mlm? sin——cos———=,
a a
m,7x m,x
ug =U3,lm2 sin——Lsin —%—2

Including this in the equilibrium equations and changing the sign, we obtain:

LCULC

2
mr
Dy + D66 + KAss | m,m2 — (D, + Dgs )‘lemz
a, a, a a4

mln

=0’

max, . m,nx
} M n 22
a a,

mT my m, 7 m7
{“‘1“ . (D12+D66)‘Frhlmz+(a ]Dzz (a )D66+KA44 ‘P;imz

a a4 2 1
m,7 . mmx m,7x
vt —2 KA‘MU,,,”,12 sin——L cos—2—2 =0,
a ' a a,
2 2
72' 1 m 2 mlﬂ' m27[
KA_,,S‘{’,,,I,,,2 ‘I’,,,l,,'z KAss + KAy, U,,,lm2 .
a a a
1 as 1 2
m,mx "M, 7x
=Gy, (Sin——Lsin—2—2=0.
a; a

The three coefficients ‘i’l , ‘I’2 and U 3 are solutions to the system:

Hy, Hp mm
Hy, Hp ,,,1,,,2
Hy; Hy Hy qm1m2

with:

3

_‘D )

aq a

H11=(
m

Hy, =( : ]
a,

2
m,

Hyy —{ ] KAss +
ay

For the loading:

T m, mT m,m
. JDII ( JD +KAss, Hp =———2=(Dy, +Dgs),

]

(2o -2
=

m,7 my%
KA44 N H23 =
a a,
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. m27zx2
xl,xz 2 qulm2 sm S a .
2

my=1my=1
we obtain the solutions:

S, 3t o
v = ,,,1,,,2 a] a, —

my=1my=1
2 2 si mlile m271.x2
my=1 my=1 ! @
. M| . MM
ug = 2 2 Usm12 sin——Lgin—2=2
1
my=1m,=1 a4 4
with:
@l - HipHy - HizHy
w2 _HipHp-HyHy
mmy D mymy

2
HHyy-H
U3 _ 1114122 12

mm, D Gmym, »

2 2 2
D=(H11H22 —le)H33 +2H 1, H3Hy3 —Hy H)3 —Hyp His.

8.12. Transverse vibration of a rectangular orthetropic symmetrical plate
simply supported around its edge

153

The rectangular plate of dimensions a, and a, is simply supported around its

edge and not subjected to any given force.

In the case of a symmetrical plate, we have I, =0. The equations of global

vibration are written as:

oM, oM, 0%y,
+ 256 _Ng=1, 200
2
ox;  ox, or*
ON; +8N4 -1, 0%ud ’

with the global cohesion forces:
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oud

81//2, N4=KA44[1//2+—

M= Du§£—+Du
81 82 812

Ay ) oul
M2_D128_—+D2 a'//;, N5=KA55[V/1+5;% R

oy Y
Mg = Dgg| —+—=
6 “( axy o
Including the latter in the global equations we obtain the three expressions:

0%y, 92 1/12 %y, o, au3 821//1
D +D +D + - KA =1 s
117773 12 66 ax? | ondx, 55| ¥ t o, 2752

iy, 9’ v, oy, oy, dus oy,
D + +D +D - KA + 28 =, Y2
66( Roxox, 2 ox3 “ V2 0x, ? or?

XA illl_l_+a2ug LKA aw2+a2u§’ _7 azug'
B, ox? “Noax, o2 | "

The solution which satisfies these conditions at the edges:

—for x;,=0and x, =q,:

ul =0, w,=0,
0 0
M, =Dy —— el +Dy ——= ¥ ,
a X1 ax2
—for x, =0and x, =a,:
ug =0, ¥, =0
9 0
M, =Dy, aWI +D223W—2=0,
X X2
is of the form:
_wyl M 70 2%
¥ = ¥pm, cO8 a sin . sm(a)mmZt+ Dy, ),
my7x .
W, =¥, sin——Lcos—2—2 sm(a)m ot + P, ),
a; a;
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Putting these values into the global vibration equations and after simplifying we
obtain the system:

2 1
11~ 10, Hy, Hys ¥ m, 0
2 2
Hy, Hy ~ 1w, , Hy, ¥om, =101
3
Hy, Hy, Hyy—1 ofl)m,m2 Unym, 0
with:
/4 mT my7
Huz( . ] Du‘*( ] Dgs + KAss, H,, =———2=(Dy, + D¢),
a a
H22=( 2 ] [ J Dgs + KAy, Hla—mlﬂKAss’
a, a 4
2
m m,7 m,7
Hy =| == | KAss +| —— | KAy, Hy =~—2=KAy.
a, a
This homogeneous algebraic system in ¥. m, and Uy, 3 m, has a solution

mym, ?
other than the trivial solution for the o, my solution of the third degree equation in
1

(1)2 :
mnyy

-Aw}, + Bw},, -Cwh, +D=0,
with:
A=131,,

2
B=(H, +Hy)l,1+Hyl3,
2
C=(H11H22 ‘H122)10+[(H11 +H22)H33 ‘H123 "H23]12’
2 2
=(H11H22 “H122)H33 +2H,H;3Hy3 —H | Hy; —HypHjs.

For the fixed values of m; and m,, we obtain three antisymmetric modes of
vibration.

8.13. Buckling of a rectangular orthotropic symmetrical plate simply supported
around its edge

The rectangular plate of dimensions @, and a, is simply supported around its

edge. It is subjected to the membrane loads ~ N) and — Ny .
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AL L1 L

0 X2
Nyx,
—_
2X2
—

xlﬁf‘f‘f‘f‘
7 /7 7 7 7

Figure 8.3. Buckling loading

The global buckling equations:

ox, ox,
oM +8M2 ~N, =0,
axl a.xZ
aN5 +3N4 N(]a u3 NO 32u3 =0
ox;  0x, oxy ox; ’
with:
oy, oy, du3
M, =D +D , Ny= +—
1 W %, 25 x 4 44| W2 8x2
d d au
M, =D, aWI + Dy, a'/’z 5 KASS[ 2 ],
X X2 ox
oy, a'/’z
M.=D ,
6 6‘{ ox, ox
are written
2 2 2 2 0
%) 0y, "y, 9y, 3
D D + KA +—= (=0,
11 ax12 12 ox,0x, 6{ ax§ ax,0x, ss| Y1 X,
2
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The boundary conditions, for a simply supported plate are:

—for x;=0and x| =a;:

ug =O, Wz =0,
M, '—-Du—aw1 ‘*1)1:7._‘—61//2 =0,
axl ax2
—for x;, =0and x; =a;:
ug =O9 Wl =0,
o oy
M, =D12?1+D22 ax2 =0
1 2

These conditions are satisfied by:

my7x; . myfix
W =yl cos—Lgin—27"2
1 nym

1782 al a2

. mm  moymx
Wy = ‘I”ilmz sin AL cos—2—2

0 az
. MAX] . MpTIX

ug U3 sin—=Lin 272
mny ap as

Putting these into the global buckling equations and changing the sign we obtain:

2
m /4 m27r 1 mlft m2ﬂ 2
D11 Dgg + KAss [y, + 2 (D), + D )Y,
a, a, a a;

T
et KALGU }cos I Lgin—2—2 =0,

a; a,
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The algebraic system in w! w2 and U3  thus obtained is written in the
mn, mm, mym,

form:
1
Hy Hp His mm, | |0
2
Hy; Hy Hys mmy |01
2 2
T my7 U 0
Hyz Hy 1"'33—('—“1 ]Nf)—[ 2 ]Ng mymy
with:
Y Y T m,
m mz m
Hy,=|—=2| D+ 2 Dgs + KAss, Hpp =———2 (Dy; + Dgs )
a4 as 1 @
Pt ma\ m7
Hy=| 222 | Dy +| 2| D + KAy, Hys =22 KA,
2 a a
: Y M7
m m, 2
1 2 2

In the particular case where N g =kN {) , this system has a solution other than the

trivial solution for the N {) solution of the equation:

Hy Hyp Hys
Hy, Hpy Hps =0
myz mym )
1 2 0
Hy3 Hp H33“[—*J +’{—j Ny
1 aj

or:
H13(H12H23 —H22H13)_H23(H11H23 —H12H13)"'

2 2

mn myn

et H33“' (a;J +k( a2 ) NIO (H11H22_H122)=0'
1 2

The critical global buckling force is given by:

0 1
1 = H33...

2 2
a, a
 HulHiHn — BBy - Bt Hoy - HiHy)
HyHy - Hp




Chapter 9

Asymmetrical multi-layer
Kirchhoff-Love plates

9.1. Introduction

In a previous chapter we studied symmetric multi-layer plates using the
Kirchhoff-Love theory. In this chapter we will look at the behaviour of asymmetric
plates in flexure, vibration and buckling. We will limit the discussion to cross-ply or
balanced antisymmetric plates.

9.2. Flexure of a cross-ply asymmetrical plate

The rectangular plate of dimensions a; and a, is freely supported in the

direction orthogonal to its perimeter. It is only subjected to the distributed surface
force q(xl, x, )x3 on its upper face.

X3
az

T q(xl,x2)x3 X2

ay

X1

Figure 9.1. Cross-ply asymmetrical plate in flexure
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Figure 9.2. Schematic diagram of edge of a cross-ply asymmetrical plate

The global stiffnesses of the composite satisfy the expressions:
Alg = A6 =0, Dyg =Dy =0,
By = Bgs = Big = By =0,
Ay = Ay, Dy =Dy, By =-By,

The global constitutive relation for the composite:

[Ny] [41 A2 O By 0 0 e
Np| (A2 Ap 0 0 -By 0 |
Ne| | O 0 Ag O 0 0 || &
M| By 0 0 Dy Dy O ||
M, 0 -By 0 Dp Dy 0 iy
M| L0 0 0 0 0 Dgllig

with, according to Kirchhoff-Love theory:

0 0 0 0
10 - aul 58 _ 8u2 82 - aul + au2
ox; X5 ox,  Ox
azug 2u§’ azug
Kl == ) == 9 =-2 ’
oxj ox5 0x, 0x,

provides the global membrane cohesion forces:
0 0 82 0

Ny = Au_aul +Ap Sz _ 1 =3
ox, ox, ox;
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ou? oud 0%u
N, = A, ——+A;—=+B ,
2 12 ax, 11 ox, 11 x%
ol ol
N. = 1 2 |
6 A“[ax2 ox,
and flexure
d 0 a2 0 2.0
M, =By A Dy, u23 12a 3,
ud 92u° 92,0
M, =-By, %2 Dy —= u3 -Dy = ’
82 0
=-2D,
6 axlax2
which, introduced into the global equilibrium equations:
oN
9Ny (ONs _y
0x;  Oxy
_QI_V£+6N_2=O’
axl aX2
52 2 2
A§1+28M6 allg2+q=0,
ox; ox;0x,  0x;
gives the expressions:
aZu 0 aZ a3u0
A A, + 3 =0,
11 8x1 A66 ( 12 Aﬁﬁla o, 1 8x13
a2 aZu(] aZuO aSuO
Ay + + Z4A Z+B 3 =0,
( 12 A66/a la X, A66 axlz 11 axg 11 axg

0*u? 84 0*ud 0% 0%
Dl{ +2(Dy; +2Dg5) -8By xl - 32 =q.
1

ox; ax2 Ox;ox;

161

The boundary conditions for a freely supported plate in the direction at right

angles to the edge are written:
—for x, =0 and x; =q,:

0 2.0 2.0

0 ou 0“u d“u

uy =0, Ml=Bual -Dyy 23‘ > =0,
X1 x| ax2

2

0 aul oud 3%ul

up =0, Ny=dyo - +AIZa 2B —>=0,
X1 axl
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—for x, =0 and x, =a,:

oud 9%u 9%u?
0
uy =0, M, =—Bll__D12 5~ Dy 23 =0,
a 2 a aX2
a d 0 82 0
W =0, N,=A, aul +A“a—“2—+B11 =0,
X1 X 8x2

The displacement field, which satisfies both the boundary conditions and the
global equilibrium equations of the plate, subjected to the double sinusoidal loading:
my7ixy sin mo7txy

Imm, sin s
al an
is of the form:
maxy , mopJx
u? =U1 cos#sm#,
mlmz al az
myJfx moJIx
ug =U? s1n—1—1cos—2—3,
mm, a a
1 2
. My |, MafX
ud =U3  sin—=bgin 272
mym,

ai ar

Introducing these into the global equilibrium equations we obtain, after

simplification, the following system for U, m U 3,1,,,2 and U2

2
mT my7 mﬂmﬂ
( : ]All (aZ JA66 mym, al —== (A12+A66) mlmz

a 2

al
2 2
mmT m,7m m m, 7T
1T My 1 2 2
(A + Ags)U,, mm, T Ags + A U, -
a a4 q a
3
my7
+ == | ByUp, =0,
a, !

2 2
mT ms7T
+2(—LJ ( 2 J (D12+2D66) Umlm2 Dmm, »
2 a;
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which may be written in the form:

1

Hyy Hyp Hy)|Ymm, 0

2
Hyy Hyp Hy|\U,, |=| 0 |
Hy3 Hj3 Hy Uilm Dmym,

with:

oy
N
|
\3
B
N~
(S
£
+
TN
3
)
B
>

oy
W
9
1}
TN
s |3
ol R
N
=S
TN
a3
)
N’
=S
L
+
[ ]
TN
NES
=N
1
VN
5
R
Ne———
[ *]
p—
o
[ &)
+
[ ®]
=]
(=
N
“\/

X
1
——
a|§
I
—d
=

The determinant of the system and the determinants associated with the three
unknowns are equal to:

2 2 2
Amym, =(H11H22 “le)H33 +2H3H |3H 3~ Hy\Hy3 —HpoHys,

1
Apm, = (H\2Hp3 ~ Hy3H2 )dmym, s

2
Amlmz = (H12H13 ~Hy Hy )qmlmz ’

3 2
Noym, = (H11H22 - H12)qmln12 ,

4 4 2 2
Bpngm, =7° I:[ﬂj ”{ﬂz‘] A11466 +(*m—lJ [ﬂJ [A121 ~Ap (4.
(11 a2 al a2
4 4 2 2
+2A66)}} [’:—:J +[ﬂ2—] Dll +2{ﬂJ (%] (D12 +2D66)

a a)

or:
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(e e [

8 8
n ny 2
" [_) +[_J hes 12 |,
a a

4 4 2 2

1 5m m m my my
A= L 2| (A +As)+| = | Ass | — | | == Au {Biidmgm, »
iz a || a2 a a || a i

4 4 2 2
2 smy | m my m m
Nom, =7 - [-—1) (A1 +A66)+(_) Age +[—1] (—2] Ay Biigmm,
1 an q a aj a

4 4 V2 2
m m m

A =g 2] 22 ApAe +| — | | 2] | AF
T a a a a

— A12 A12 +2 A6 q’"’l’"? .

We therefore obtain:
1 2 3

A A A
1 __ mm 2 _ 3 —__™m

mmy "~ A > T mmy T Am]’"z P mymy Amlm2

mmy

For a loading of the form:

mlml m2m2
5132)= 3, 3t sn "L i "2
1 2

my=1my=1

we obtain the displacements:

)

- myx,; . my7x
u{) = 2 []l COS——‘I——ISIH#,

mm, a a
my=1 m,=1 1 2
(== o0
. myx m,70x
ug = 2 ZUZ Sln__l__lc()S#’
mym, a a
my =1 m,=1 1 2
- . MY, . MR
ug = 2 2U3 sm—l—lsm#,
mym, a a
m =1 my=1 1 2

from which we can determine the strains and stresses.
When the number of layers is large, we can take By,

expressions become:

=0.

The previous
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. m17DC1 . m27DC2
Gmym, SIN——=sin ——=

o_ 1 Q¥ a a,
w=—r

mt e 4 4 2 m 2 '
e (_1] '{EJ Dy + 2[’”1] ( 2] (D12 +2D66)
a; a, ay a,

In the case of a square plate of edge a subjected to the loading:

. Ty, T
qy; sin—-sin—=,
a

a
we obtain:
™ . M
a3Bllqllcos—1sm——2
0 — a a
“mT 2 |
2 [(A11—A12)(D11+D12 +2Dgs)- B }
. P
a3B11q11s1n—1cos—i
0 _ a a
. 3 2 |
2r [(Au—A12)(D11+D12 +2Dgg) - B} ]
. My . T
114(A11 —A12 )qll Sll’l-——1Sll'l—2
W = a a

2”4[(A11 — A XDyj + Dyz +2Dgg )— B }

When we take Bj; =0, we have:

u? =u(2) =0,
Xy Xy
a qllsm—sm
0 _ a a
uz =

27[4(D11 +D12 +2D66)'

9.3. Vibration of a cross-ply asymmetrical plate

The rectangular plate of dimensions a; and a, is freely supported in the

direction orthogonal to its perimeter. It is not subjected to any given volume or
surface loading.
Introducing the global membrane loads:
ouy auz 0%ud
X2

N, =A + A 5
1~ 411 a X, 12 v ox 1 ax12
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0 2.0
N,=Ap— aul +A oz ﬂ—
a X1 ax a_x2

ou? au
N, = 1 2
6 A&{ ox, ox J

and the flexural moments:

ou? 0%u3 0%uld
Ml Bll —L _Dll D12_3’
ox, ox; ox;
oud 0%uld 0%uld
MZ _‘Bll a D12 117 7 »
X, axl ox;
9%ud
M, =-2D 3
6 % ox,0x,

into the equations for global vibration:
oN, + dNg 0%u?

=7 ,
ox, ox, ° o
2.0
aN6+aN2=IOa u2,
ox, Ox, or?
2 2 2 2.0
M
] 21+28M6 81\?:108?’
ox; ox;0x;,  Ox; or
gives the three equations:
2 2 2.0 PY 2.0
Ay I u +A668u1 +(A12+A66lau2 - By u33=108l;1’
axl ox2 0x,0x, ox; ot
aZ aZu[) aZ 0 a3u0 aZuO
A, + + Z 4 A Z 4B 3 7 z
(Arz A66/a o, Ags ox 11 ox 1 o2 0752
940 9% 4 30 30 2.0
-Dy __u4_3_+ u43 2(D12+2D66)i'—2+311 J u; -9 u32 =Ioa ?-
ox;  dx; ox}ox? ox;  ox; ot

The boundary conditions for a supported plate free to move in the direction
normal to the edges are:

—for x; =0 and x; =q,:

up 0%ul 0%ul
uj =0, M1—311-a——D11 >~ Dy —-=0,
X1 axl ax2
0 0 2.0
uy du 0”u3
u2=0, Nl:Alla +A1282_Bll a > =O,
2 X1
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—for x, =0and x, =a,:

0 3219 2.0
u; =0, M, =“3113L_D12 au23 =Dy, 8au23 =0,
Xa X X
ou) oud 0%u
0 1 duy 3
u =0, Ny=A,—+A + By, =0.
1 2= Mg T g o2

The displacement field defined by:

mymy . my7x
W) =U!  cos 1 Lgin —22

g sm(a)mlm,zt + Pmym, ),

ay as
0 _y2 mmy M ( )
uy = Umlm2 si a cos @ SINN@, 1, £+ Doy, )»

m 7, sin my7xy

—————sin(wmmt + Pmym, )
a

satisfies the boundary conditions at the edges and the global vibration equations
which, after simplification, lead to the system:

2 2
mn m,z 2 . mz mym
A+ Ags ~ 10Wpm, Umpm, +—— (App + Ags U mymy -+
a, a, a a

1 2
3
mr 3
( J BllUmlmz =07
a;

2 2
1 m my7 2
e (A2 + Ag)U s, my [-1_) Ags +( 2 ] Ay - Imelm2 U
a; a; a a

ug =U3  sin
myn, al

mymy °°

3 3 4 4
ml” ml” mzﬂ

B, U} B, U — + Dy;...
( a ] 11 mym, ( a, ) 11 mlmz [ a, J ( a, J 11

2 2
mr m,7

+2{;J ( 2 ) (D12 +2Dgg)~ Io@pm, U, =0,
ay 28]

which can be written in the following matrix form:

2 1
Hy -1y, . Hyy Hy3 Upm, | [0
_ 2 2 =
H12 H22 I()Cl)mlm2 H23 Umlm’l 0 s
H13 H23 H33—I Cl)2 U3 0
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with:

)
8
I
F
3
~—
[ ]
&
—
5
[ 8]
g

vl ue]
> b
1} Il
s |3 s‘ﬁ
. i N——
w S
>
— T TN
* 3
Sy
N— S
S~
o
+
/'_t\)ﬁ
s |3
B E]
1
N
3
S 1Y
N——
[ %)
L
[ %]
+
N
]
Y

This algebraic system has a solution other than the trivial solution

i =U2 =y3 =0 for the values of o which cancel the
mym; mymy mym; mym;
determinant:
Hyy - [w? H H
11~ 1o, . 12 13
2
Hy, Hy -1y, .. Hy =0,
2
Hy3 Hys Hay -y,

(Hu _Iow2 )(sz —Iowr%zlmz )(H33 - I}, )+ 2H H3H ;...

nym;, iy

—— (H11 -1y}, )H§3 - (H22 — 1,02 )H33 - (H33 — 1,02 )Hf2 =0,

iy mym;

which is written in the form:

-Aw®  +Bo* -Co? +D=0,

mymy, mm; myry

with:

_ 3
A=13,

- 2
B=(Hy +Hy +Hy)lj,

2 2 2
C=(H11H22+H22H33+H33H11_H12_H13_H23)IO’
2 2 2

D=(H11H22‘H12)H33+2H12H13H23“H11H23—H22H13’

or:
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2 2 4 4
+2(—1”—J (mznj (D12+2D66)}+ (mlﬂJ +['—"ﬁ] A1 Agg ..
a a, ay a;
n 2 m,m 2 mr 6 m,7T 6
+(_1~J[ 2 ] [A121—A12(A12 +2A66)]* (;J +(—2‘—] 3121 Iy,
a; a, a a,

o[ o e
H '"”) ['"” ”D +z('"_’£Mm”J (D +2D¢)\..

4 x 4 x 2 2 x 4 x 4
a, a, a, a; a,

we obtain three natural frequencies.
2.0 2.0
and I 2 are neglected,

For each couple (my,m,),

In the case when the membrane inertias [
at

the previous system can be written, with the same notation, in the form:

H, H H u, 0
11 12 13 mymy

2
Hy; Hp Hy Upm, |Z19]5
Hy3 Hy Hyp- 1060,,,1,,,2 vl 0

mymy

and the determinant becomes:
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Hyy Hypp Hyy

Hy; Hy Hyp, =0,
2

Hy3 Hyy Hiz—Igw

mymy
(H Hy - Hf )(H - Iyw? )+2H Hy3Hy —~Hy Hy—~HpH =0
114422 12 33 0% mym, 1244134423 117423 227113 :
For each couple (m;,m, ), we obtain the natural frequency:

2 2
1 2H\sH3Hy»y -~HyH HyH
602 [H33 ' 1277137723 117123 227713 ],

= 2
™ I HyHy - Hf
or.
4
P
im =7 p-2|,
sl ]0 P3
with:
4 4 2 2
p = (ﬂ] +(m_zJ D””(ﬂj (ﬂj (Dyy +2Dgy).
a a a; a
P2 =

. 4 ” 4 m 2 m 2 m 4 m 4
el
o a, a a, a )
8 8
['"_) ['"—} Ao 1B
ay a,

4 4 2 2
P = (ﬂl—J +(ﬂJ Ay Ags +[ﬂJ [_rr_zz_J [A121 ~ A (A +24¢ )]
a; a, a, a

2

When Bj; is negligible, we have:
ztl|(m * * m § m 2
2 1 ma 1 2
w = — —_— 4] —= D +2] — —< D, +2D .
m Iy [IJ [2] ! (01](02](“ )

9.4. Buckling of a cross-ply asymmetrical plate

The rectangular plate of dimensions a, and @, is supported freely in the
direction orthogonal to its perimeter. The edges x; =0, x; =ay, x, =0 and

X, = a, are respectively subjected to the loads Nlo , —NP, Ng and —Ng , with
N{] and Ng being positive.
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NN

// A

Figure 9.3. Buckling asymmetrical cross-ply plate

By introducing the global membrane loads:

ou oud 0%u)
N1=A118 +A1282“311 23,
X1 X2 axl
0 0 2.0
Ny=Ap o4, %2, p 9 =
ax2 _x2
aul aug
Ng = I
6 A66[ Oxy  Ox
and the flexural loads:
au, 32u0 0%ul
M, =B, —-Dy—-Dj—5,
ox, ox; ox;
2 2
M, =-B = 8u2 =Dy, i 1423 —Dyy—5- o
Ox, ox; 8x2
2,
E)xlax2
into the global buckling equations:
My, e o
ox;  dxp
% + .alv_z =0,

ox;  dxy

171
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82M1 +282M6 +82M2 Noa u3 Noa2u3 =0

ox? 0x0x,  Ox3 ox? ox2
we obtain:
82 0 82 aBu;)
An——- ox; > A66 (A12+A66} ox0x, - By o =0,
82u0 0%ud 0%ud 0%uld
App + Agg )———+ Z4A Z4+B 3 -0,
(A A“’axlaxz Ags ox 11 o2 1 o
4.0 4.0 4.0 30 930
ox;  ox, 0x{ Ox} ox;  ox;
4N 9uy +N? 0% o
ox? ox3

The boundary conditions for a plate freely supported in the direction normal to
its edges are:
—for x, =0 and x, =q:

2.0 2.0
0 au d“u o“u
u3 =0, M;=By———-Dy—>-D—=-=0,
ox X1 axl ax2
0 2.0
0 aul au2 8 us3
u =0, Ny=A——+Ap——-By =0,
ox 0x; oxj
—for x, =0and x, =a,:
oul 82u0 82u0
“g=0’ M, =‘Bu‘—2“D12 >~ Diu— =0,
ax2 a axZ
d 0 aZ 0
u{) =0, N2 =A12A+ All auz +B11 u23 =0

The displacement field, which satisfies the boundary conditions and the global
equations, has the form:

mxy . maJx

_U1 cosl—l-sm#,
mmy a as
. mynx Mo 7TX

u2—U2 sin ——L cos —2 2,
a; a
. MIxX; . mo7ix

ug =y3  gin A Lin 272
mlmz al a2

By introducing this into the global buckling equations we obtain, after
simplification, the system:
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2 2
1 A+ | A [Upm, + (A + A )U 7 -
a; a a, a,

3

mT 3

—(—1—-} ByUnm, =0,
a4

2 2
mT mym 1 mlﬂ' mzﬂ 2
— (A + A66)Umlm2 H|—— 1 A t+ Ay \Upm, -
a, a, a a

3 3 4 4
mlﬂ 1 mzﬂ' 2 mlﬂ' mzﬂ'
- 22 B, + B2, +{|| 25| + Dy,
a a a; a

173

2 2 2 2
...+2(m—1”] (mzn] (D12+2D66)_(m_1”J Nlo_[mﬂJ Ny U'iml: =0,

a; a a a,
of the form:
1
Hll HIZ H13 Um,mz 0
Hyy Hy Hy U;,mz =0},

with:

a ar
AN ) Y 2
m m m m,m
Hss—{ . ] ( 2 ] D11+2{—1‘]( 2 ](D12+2D66)’
a4 a a, a
m,T m, 7T
Hp, === =22 (A, + Agg),
1 4
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m,?m
Hy = [
a,

3
J B]l-

The critical buckling loads are the values of N 10

1 2 3
U'"l"‘z’ U'"x”‘z and U'"l”‘z

the determinant of the system:

and Ng for which

are not simultaneously zero, i.e. the values which cancel

Hy Hp Hy;
Hi; Hp H23 =0,
2
m7 m-7T 0
Hy3 Hy Hiy-— ( ]Nl ( 2 ]Nz
a a
or:
2 m\T m-r
(H11H22“H12 Hj; — ( ! J [az )Nz +2H H3H ;...
2
_H11H23 H22H13 0,
from which:
2 2 2
'"1” my, 0 _ 2H,H3H )3 —HjHy; —HypHis
NO+ NQ =Hy, + : :
q, 2 H Hy-Hj
The critical buckling loads are given by:
2
mr 0, mnm _R
1 a
with:
4 4 2 2
mT m, mr ) [ moz
Hyy = [“1“ +( 2 J D11+2[—1—J[ 2 )(D12+2D66)
a a, a, a,
4 4
m\ { m,m
R, = 2(# ( 2 J(A12+A66)"-
q a
2 2 4 4 8
‘+(MJ mziz) [mliz] +[m27:] - [mlin +[m272J a s
a; a, a; a; a, a,
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4 4 2 2
mr m, 7T mr )\ m,m

R, = (—I‘J +[ 2 ) Ay Ags +(—1‘J [ 2 ] [A121-A12(A12+2A66)]-
a; a, a; a,

In the case when N 8 =kN {) , we obtain the critical buckling loads:

2
/4
NO

P
s
BED
| a3
4 4 2 2
5] 2
a, a, a as
4 4 2 2 4 4
() (2 e ma (2 (22 (2] -
a a, a a; q as
8 8
[1"_} [L"_] A 1B
a) a,

4 4 2 2
- (L"_J [m_] e ('"—] [’"—J (42 - 2+ 2.
a; a, a; a,

When the number of layers is large, B;; is negligible and the critical buckling
loads are given by:

with:

i
Il

o0
I

4 m 4 2 2
ﬂ + 2 Dll +2 -rn—l _”1_2 (D12 + 2D66)
5 ai a a; az
4 .
2 2
El_ +k _m_2
a az

9.5. Flexure of a balanced asymmetrical plate

N =

The rectangular plate of dimensions a; and a, is freely supported in the

direction of its perimeter. It is only subjected on its upper face to the surface force

‘I(xl,xz )"3-
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X3

Q(xl’xz)xs

q)

Xy

Figure 9.4. Asymmetrically balanced plate in flexure

Figure 9.5. Schematic representation of edges of a balanced asymmetrical plate

The global stiffnesses of the composite are such that:
Al = Az =0, Dig =Dy =0,
By = By = By = Beg =0.

The constitutive relation of the composite is written:

Ny | [An A2 O 0 0 Bglle
N, A Ap 0 0 0 Bylle)
Ng 0 0 Ag By By 0 |g
M, 0 0 B Dy Dpp 0 K
M, 0 0 By D Dp 0 |k

[ Mg] [Big Bxs 0 0 0 Degs | xg
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with:
0 0 0
EO aul EO _ au2 EO _ aul au2
1 a ’ 2~ ’ 6 a a ’
X1 Xy X Xy
82 azu;’ ) azug
1 2= 5 0 6=
8x1 2 ox, 0x,

8u oud 0%u
Ny = A11T+A128 2 -2By >
X, X, 0x,0x,
ou! 0u) 0%u)
N,=A,=—L1+A ~ 2By ——2—,
2 =Ap 3, 22 8 26 ox,0x,
ou? au 82 9 82u°
N. = kil A -B -B
and:
2.0 2.0
M; =B aul +au2 Dll—a u23 —Dlz—a 1423 ,
ax2 axl 8x1 ax2
2.0 2.0
M3 =By oul’ +au2 DIZa u; —Dzza 1423,
oxy  Ox oxj ox3
0 0 2.0
Mg =Bl6ai+B26 ou —2Dggs 0u ,
ox; ox, 0x10x,
into the global equilibrium equations:
aﬂ.}.%—_—o’
axl ax2
8x1 8x2
2
M M
9 -+ g 6+aMz+q 0,
ox; axlaxz ax2
we obtain:
az 9%u? 82 93u0 93u®
A A, + -3B 2 —By—2=0,
axl A66 2 + (4 A66Ia o, 16 oxZox, 26 o
82 02ul 0%ul 9%u? 0°u)
A, + + Z4A Z_RB 2 _3B =0,
(A AGGIa 18x2 A6 a2 e TP % Orox2

177
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9%u? 3%l 3%l %u? *u)
D11_4‘ 2(D12+2D66)—+D22_43—3BIG 21 ~Bas 31
ox,| oxlox? ox; ox; dx, 0x;
83u0 0’ud
=Bl — 538 ——7=¢
axl axlaX2

The boundary conditions for an edge freely supported in the edge direction are:
—for x; =0 are x; = q; :

) 32 aZ 0
u3 =0, M =By A au2 -0, 28 -p, T8 =,
oxy  oxp ox? ox3
p) p) 0 2.0 aZ
up =0, N =Ag A s _Bl6a - By u3 =0,
axz a.Xfl ax12 a 2
—for x,=0and x, =a,:
ou)  oud 0%u 0%u
ud =0, My =By| =—-+—2|-Dy 2 - Dy —-=0,
0x;  0x ox{ ox)
0 0 2.0 2.0
0 ou; duy 0“u3 0°u3
u, =0, N¢g= —+—=|-B -B =0.
2 6 = 466 or, om | D6 o0 %32

The displacement field for the plate subjected to a double sinusoidal load:
d sin L G 2T
17762 al az
which satisfies the global equilibrium equations and the boundary conditions is of
the form:

. My my X
u? =yl gin AT g 72702
mymsy al az
mx; . mpyix
u) =U2  cos— = Lgin 22
mym, a a
1 2
my7Tx Mo fTX
ug=Uim sin ——L gin —2—2
172 al az
Introducing these expressions in the global equilibrium equations we obtain,
2 3.
after simplification, the system for Ummz, Upm, and U,

m my7T mm my
( . ]All ( 2 ]A66 mmy # aZ (A12+A66) mmy **

a; a, 1 2
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2 2
V4 T n
L= {ﬂ] Bw+("’2 J By U, =0,
a a

2

2 2
T my7T m my 2
mr m (A12+A66)U,1"|m2+ [—al JA«,+( 2 JAH Ul o
1

a, a, a
2 2
wo—— | —— | Bjg + By U,,,I,,,q =0,
ay a a,

2 2 2
my7T m m27[ 1 mr mr
— 223 T2 Bl | =2 | Bog [Upm, ———|| = | Bis--
a; 4 a a; a4
2 4

m27Z' 2 m17Z'
+ B26 Uml’"’z + — Dl]."'

a, a;

2 2 4

m \ [ mym M, 7t

---+2(—1—] [ 2 ] (D), +2D66)+[_2’] Dy Uy = G,
a, a, a

which can be written as:

Ul
Hyy Hyp Hy|[Ymym, 0
2
Hyp, Hyp Hy (U, |=| 0 |
Hy3 Hjyy Hjyz |3 [ —
mm;

with:
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2 2
mz || mr my 7T
Hy =~ —— | B+ By |.
a; a; a
The determinant of the system and the determinants associated with the three
unknowns are:;

2 2 2
A, = (H11H22 —H12)H33 +2H 1 H3H o3 —H | H3 ~HypHi3,

1

A, = (H12Hos = Hi3H 22 )4 mym, »
2

S (H\2Hy3 — H1Ho )dmym, »

2
Am, =( 112 _H12)qmlm2’

or:
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2 2 2
2 m my m m
a ‘11 a a a;
m, ) m, Y m, \
—| =2 | (A + Age)| Y = | Big+| =2 | By Dmm, »
a a a
2 2 2 V2
m m
A3’"|’"2 =7z (_1] All"'(——z-J Agg {ﬂj A66+(_2] Ay |-
a; a, a; a,

2 2
_(ﬂ] ['”—1_2-] (AIZ + A66)2 qmlmz .
q a;

The displacements are given by:

1 2 3
1 L ) 2 — 3 - i
mm, ’ myny, ’ nmymy

Aml'”z A’"lmz A”’lmz
For a load of the type:
mlrle m270c2

er22)= 3 St o0 i

my=lmy=l 1 2

we have the displacements:

, mlml mzmz
E E U,,,l,,,2 ——=Ccos——=,
9 a;

my =1 my=1
0 _ Ay o TRy
4= 3, S0, oL 1
my=1 m,=1 a4 2
0_ in M m2m2
U3 = 2 ZU"'l"'z a
my =1 my=1 4 2

from which we obtain the strains and stresses.

When the number of layers is large, we can take Bjg = Byg = 0. The previous

expressions then give:

u?=u2=0,

mx,; . MyJx
P01
G m, SIN sin

5 ‘-

2 2 2 .
1m2=1( ] Dy + 2{&] [ﬂ?._J (D1 +2D66)+(ﬂ] Dy,
ay a; a, a,

Ms

1
=

my
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The previous results for a square plate of side a and for a load:
. X . TIX,
qq; Sin—-sin—=,

a a

become:
8
Ay = (%J {[(Au + Ag NAgs + Ay, )— (A1 + Ags )2 ][Du +2(Dyy + 2Dgg )+ D, |-

24 + A )(3Bys + Bog)(Bys + 3B )- (A66 + Ay )(3Byg + By )2

= (A1 + Ag)(Big + 3By ) },
5

Ay, = % [(Ass + A2 ) 3B1g + Byg)— (Ar + Agg )(Big + 3Bog )lans.
5
P 1
A211 =7 [(An +A66)(316 "‘3326)‘(1412 +A66)(3316 + By )]fhp
4
P 1
A311 =2 [(An +A66)(A66 +A22)“(A12 +A66)2]QI1’
and:
1
ul0 = A sin—Lcos—%,
11 a a
2
ug = A1 cos —Lsin—%,
1 a a
3
uy = A1y sin—Lsin—2,
1 a a

When Bjg and Byg are very small we have:
u? = ug =0,
WAL}

a4q11 sin—-sin —=
g a a

7*[Dyy +2(Dyp +2Dgg)+ Dy |

u

9.6. Vibration of a balanced asymmetrical plate

The rectangular plate of dimensions a; and a, is freely supported in the
direction of its perimeter. It is not subjected to any given external loading.

By introducing the global membrane loads:



ou? ou?

Ny =A11—a L+4, 3
1 2
ou’ ou’
Ny = Ap—+ Ay —=2
ox ox,

ou’  oud
N = _1+_2 —_

6 A(’G[ ox, 0x

and flexural loads:

0 aZ V] aZ 0
M, = Blﬁ(aul auz] p % “s o u;

Asymmetrical multi-layer Kirchhoff-Love plates

2,0
’ 0 u3 ’
0x,0x,

2.0
y 0 u, ,
0x,0x,
16 ox 26 P

0 0 2.0 2.0
a ) 0
M, =By dur , 9z -Dy, u23 —-Dy u23 ,
o 2 ax[ axl 8x2
ou; ous 0%ud
Mg =Bjg—+Byg—2~ 2
6 16 o, %50 x ox,ox,
into the global vibration equatlons.
N, , ONs _, 0%u)
ox, Ox, fo at2 ’
N , ON, _ 0%u?
ox;  dx, fo at2 '
ale aZMG + aZMZ o 82u3
ox} ox;0x,  9x3 or?
we obtain the three equations:
82 0 92 0 920 PEMY
Ay A“ e+ Ao B g
82 aZuO aZuO a3 0
A, + + 2 .
94,0 4.0 4.0 PE
Du—#+2(D12 +2Dgs) 82u 5+ Dy 0 u43 3Bs
ox; Ox{ 0x; ox, )
_B a3u0_3B 0’ud [ 0%ul
16 3 2 2 0 2
ox; Ox,0x5 ot

The boundary conditions for a plate freely supported in the direction of the

perimeter are:
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—for x, =0 and x, =q;:

0 0 2.0 2.0
u 0 M B aul au2 _D a us _ a U3 =0
3=Y 1= 216 11 2 12 2 =Y
Xy Oxp oxj ox?
ou)  oud 0%ul 0%ul
uj =0, N6=A66 N TN —B16 2 226 2 =0,
%) X1 axl ax2

—for x, =0 and x, =a,:

aul aug
ax2 axl

oud  oud J_ 9%u 0%ul

ug =0, M, ‘326[

0
uy =0, Ng=Ag| —+—~
2 6 6 ax2 axl

The displacement fields defined by:

0 _ g1 . My my7xy ( )
uy = Umlm2 sin a cos ——02 SN,y i, T+ P, )»
0 _ 4,2 mmx; . mpixy . ( )
uy = Umlm2 08 a sin . SIN\@ . T+ Py, )
0 _ 43 . mllle . m27Zx2 . ( )
uz =U ymy sin a sm—a2 SIN@ T+ Py, )»

satisfy the boundary conditions and the equations of motion.

Introducing these expressions in the global vibration equations, we obtain, after

simplification, the following system in U, mmy» U 3,1,,,2 and U 3,1,,,2 :

2 2
mlﬂ mzﬂ 2 1 mlﬂ' m272' 2
A + A66 - Ime1m2 Umlm2 (AIZ + A66 )Um
a, a, a, a

1 2

2 2
myr| [ myr m,7
2 1 2 3
- Byg + By [Unym, =0,
a, a, a;

m7z mym

2
mmT m,T
=2 (A + Agg U m1m2+ [_a_) Ags +( e

2
2
) A22 Imelmz Um1m2

a4 a 2

2 2
T mT y/4
_mr (;] Bm{":f ] By U2, =0,

a; a
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2 7 2 7 2
myzw| [ mmw m, 1 mz | mr
i { ] Bm"‘[ J By Unmym, — ( J Big...
a, a; a a; a;
T 2 T ¢
m2 2 m
+3[ ] Bas |Upm, + [ J Dy;...
a, a;

2 2
mz [ myz m,7
~-+2("‘1—J [ 2 J (D1y +2Dg6 )+ ( p } Dy, - Iowr%umz qumz =0,

a, a, 2

which are written as:

Hyy - Iowmlm2 Hy, Hy3 mmy | [0
2 _
Hyp Hy -lo, . Haj mmy | =101
2 3 0
Hy3 Hps H3y = Iowp, ., (| Ui,

with:

=

o

1}

|

3
Sy
/-'Lk\
a|§
e
N——
[ ]

&

(=9

+
N
3

R B
N
[ =)

oy

ES
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This algebraic system has a solution other than the trivial solution

vl =y? =y

mymy mmy mmy

=0 for the values of @y,

which cancel the determinant:
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2

Hyy - low, Hyp Hys
H12 H —Ioa)mlm2 H23 =0,
H, Hy; H3; 10‘0,,,1,,,2

(H“ Lol . )(H22 Ioa),,,l,,,2 )(H33—Ioa)2 )+2H12H13H23...

2 2
- (Hu Imelmz )st - (sz Io“’mlm2 )H13 - (H33 Iowm,m )le =0,
which is written in the form:

-A0®  +Bo® -Co? +D=0,
mym; mmy mym,

with:

A= IO,

B=(Hy +Hy +Hy)IE,

C= (H11H22+H22H33+H33H11‘H12 Hs - Hza)fo,

D= ( 1H22—le)H33+2H12H13H23-H11H23*H22H13,
or:

2

2 x 2 x 2
m m,
3( . J B+ [ ] By
a; as

2 2
Ay |Ass +[MJ (";2”] [A11A22 - A (A +2A66)]--~

2
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2 2 2 2
mr mzw m,mw
a, a, a,
/4 4 /4 ¢
D= [;] All +(m2 ] A22 A66"‘
a a,

2 2
+(—‘”—J {";ZHJ [A1142 — A (A + 246 )]}
4

2
T 2V mr ) mom '
m m m
( 1 ]D11+2(—1 M 2 J(Dlz+2b6ﬁ)+( 2 )Dn
q a a, a,
2V (mz Y m mor )
m
...+Z(—1 (—2 ] (A + Ags) !( 1 J Bis+ (—2 ) By |-
a a, a as

2 2 2 2 z 2 2
m m,7 m,m mz m
NN ECUA N LA B [EOUA I LU LA DS
a a as a a,
2 2 mo mo 2 2
m
as a as ‘11 a,

For each value of the couple (m;,m, ), we obtain the three natural frequencies.

2.0 2.0
and IO a 1422
ot

are negligible,

In the case where the membrane inertias I

the previous system is written as:

1

Hy Hyp Hys Unmy | [0
2
Hy; Hpy Hy U,,,,,,,Q =10},
H H Han -1 a) 0
3 Hyp Hy-lo,, Umlm2

with the previous values of H ;. The determinant becomes:
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Hy Hyy Hy;

Hy, Hy Hy3 =0,
2

Hy3 Hjy Hzz—Ipw

mym,

2 2 2 2
(H11H22 - H12)(”33 —loywy )+ 2H\,H\3H3-H | Hy3 —HypHi3=0.
For each couple (’"1 My ) , we obtain the natural frequency:

2 2

0 =il g 2HpHHy, -HyHy - HyHjs

= 33 > ,
HyHy - Hi

or:

2 2 2 ] 2 I
s ﬂ _’:’_1_ All + ﬂz“ A66 Kll— B16 + ﬂ B26 .re

2 2 2 2 2 2
m m m m m
| = 2 A+ 2| A |3 2| Big+| == | By | »
a, a) a, a ar
4 4 2 2
m m m m
Po={| =] A+ 2| Ay |Aes+| — | | == [A11A22_A12(A12+2A66)]-
a ar a, a;

When B¢ and B,q are negligible, the previous expression reduces to:

m 4 m 2 m 2 m 4
(—lj D11+2[—1] (—2} (D12 +2D66)+(—l} Dy
w: =zt a) a) a a ‘

m i, Iy
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9.7. Buckling of a balanced asymmetrical plate

The rectangular plate of dimensions @, and a, is freely supported in the
direction of its perimeter. The edges x; =0, xy =a, x =0 and x; =a, are

respectively subjected to the loads N P,

—NP, Ng and —Ng, with NP and Ng
positive.

[ 1" [ [

a
4 9 4 /g 7! A
JAVANAN /
X, - N
Figure 9.6. Buckling of balanced, asymmetrical plate

By introducing the global membrane loads:

ou? ou? 9%u?
= A, —L+A,—%-2B 3
11 o, 1275 % 16 8x18x2
ou? oul 0%u?
Ny =Ap—+ Ay —2 —3,
2 125 ox, 25 % 26 %0,
ou? au 0°%u? 0%u?
Ng = Agg| —-+—2% |- Bjy ——=— By ——,
and flexural loads:
M, =By uf +_a£g_ _Duazug’ _ 23%9
oxy  dx ox? ox3
0 2.0 2.0
M, = By aul +au2 _Dua u3 28 us
0xy  0x ox? ox3
ouy ou) 02u
M=B——+B -2D, ,
6 16 axl 26 ax2 66 axlaxz

into the global buckling equations:
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oN, 8N6 ~0
axl ax2 ’
%+8_N2_=0’
ox; dx,
2.0
82A§1+282M6+82A§2 NOa u3 ga u23 =O,
ox; ox;0x;,  Oxj ox? ox;
we obtain:
a2u0 82 0 aBuo 83
Ay —L+ A, + B 3 — 2 =0,
11 8x12 A66 a 2 ( 12 Aﬁ)axlaxz 16 axlzaxz ax2
02ud 0%ud 0%u? 03ud 93u?
Ap + Agg )1+ Agg—=+ A -B 3 3B =0,
( 12 A66)axlax2 A66 axl 22 "5 0 a 2 16 axs 26 axlax%
0*ul 0*uf o*uj o’u o3u
Dy, —3+2(Dy; +2Dg) 2 32 + Dy 43 =3B — - 31
ox; 0x; 0x; ox, 0x; 0x, ox;
30 3 2 2,
...—3168“32—3 26 9uy N"a“3 1\12a 3 -0,
axl axlax2 axl a 2

The boundary conditions for an edge freely supported in the direction of the

perimeter are:

—for x; =0 and x; =ay:

u:? 20, Ml 316[3u1
X2
ou?
U —0 Ng —AGG(a :
X2

—for x =0 and x5 =ay:

Ju

u3 —0 M2 _326[8,\:1
2

aul

u3 =0, Ng= A66[ax2

L oud D, 0%uf _p,, 0%ud -0
ox, ox? ox2
au2 0%ul 0%u
Bis -B =0,
axl] a 2 26~ 2 a 2
+au2 D, 32ud “Dy 82u3 _o
a'xl 3x12 8 2%)
ﬁ ~Bis Pu — By Pus 0
0xy x? ox3

The displacement fields which satisfy the boundary conditions and the global

equations are of the form:
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. m Mo 7

W =U!  sin T oo 22
mny al az
M| . Mymx

u) =U2  cos T jp 22

mmy al 02
. M| . mynX

uy =U3  sin1 = Lgin —222
ity a a

By introducing these into the global buckling equations, we obtain after
simplification, the system:

2
naz My T miT m,7w
[ . J All +[ a2 J A66 mlmz al 2 (AIZ +A66) mym; *

a 2 1 42
m,7 mlﬂ my 3
a2 al 02
2 2
mm mym mz n, 7T a
—2= (A1, + AU, mmy 7|1 | Ass + Ay \Unim, -
a, a, a a
2 2
m7z | mr myz 3 _
- Bg + Bis \Umym, =0,
a, a, a
2 2
moz| ( m m,7 mr|| mm
- 213 | Bjg+| 2~ B26 Urlnmz —=| == Bis--
a; a; a, ' a; a
4
n, ﬂ 2 mlﬂ'
u'.+ B26 Um1m2 —— Dll..-
a, q
x 2 2 4
---+2 — — (D12 +2D66)+ A— D22.--

q ) a

2
mr N° T NOLUE =0,
a; az 12

which is written in the form:
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i i
Hy; Hp His mm, | |0
2
Hy; Hpy Hy mmy | =19 ]
2 2
3 0
T my7
Hiy Hyp Hy—| 72| NP | 222 | NS | Ymim,
L @ a2 i
with:
zY 7\
m
H11=[’—‘1 JA11+[ 2 )A“,
a a,

4 2 2 4
4 ma | mnx y 4
Hy=|—=| D, +2 1= || 2= (D12 +2D66)+ ——| Dy,
1 q a, 2
T M7
Hyp, === 222 (A, + Agg),
a a

T

w

|

|
3
S
/AR
o [
=N
bt [ %)
]

o

+
N
3
Y
Nee—
[ ]

&

N

The critical buckling loads are the values of NIO and Ng for which

Ul U 2 and U3 are not simultaneously zero, i.e. for values which cancel
mm, mm, mm,

the determinant of the system:

Hy, Hyp Hy
Hyy Hy Hys =0,
2 2
mz 0 _| Mm% 0
Hi3 Hp H33—[—*} Ny ’( JNz
a) ar

or:

2 2
2 mr 0 Mms7r 0
(Hnsz_le) Ha, _(#J N; ‘[ az J Ny |+2H,H 3Hos...
1 2

2
..._H11H223_H22H13 =0,
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from which:

2 2 2
mr NO myz N H 2H,H3H)3 —Hy Hyy —HyHjs
1 2 SHat 2 :
@ a, H\Hy, -Hj,

The critical buckling loads are given by:

R
al a, Rz

a,
m2ﬂ2 17[2 m2ﬂ2 mﬂ'2 m, 7
O -2 B G RN 2 'Y B +
a, a a, a; a,
oV 20 N
m
Ry=||—==| 4, + Azz A66+ 2| [A Ay — A (A +244)].
a a, al a .

In the particular case where N 3 =kN f) , we obtain the critical buckling loads:

2

2 2
[ﬂj . k[mj S
ay a,
with:

4 2 2 N

m m m
P1=[—1] Du"‘z[—L] [ 2] (D12+2D66) ( 2] Dy,

a, a4 a, a,

V4 : /4 g /4 g 1 V4 g V4 g ’
m

O A e U R B L R | LA I W B i
a, a, a, a

2 2

}BZG ’
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2 2 2 2
m m m m
Py =2 _1] [—2] (4 +A66)[3(—1] B16+(_2) By |...
a; a, a; a,

, 7
Ags

2 2
om Y (m Y (me
a, a a,
m 4 4 2 2
m m m
Py =H‘l—] Ay “{—2] A22]A66 +[—l] (—ZJ [A11A22 _Al2(A12 +2A¢ )]
a4 a, a4 a

When Bjg and B,g are very small, the critical buckling loads are given by the

expression:

4 2 2 4
m
(%} Dy +2(L:l] (az] (DIZ +2D66)+[%] Dy,
NO = 7 1 1 2 2 _

2 2
a, a




Chapter 10

Cylindrical flexure of
multi-layer Kirchhoff-Love plates

10.1. Introduction

An infinitely wide plate is said to be in cylindrical flexure when the
displacements, strains and stresses are independent of the cartesian co-ordinate x; .

In this chapter we will study, based on the Kirchhoff-Love theory for which
transverse shear strains are neglected, the static, vibration and buckling behaviour of
an infinitely wide plate.

10.2. Strain-displacement relationship

In cylindrical flexure the displacement field is of the form:
u = u{’(x1 |t)+ X390 (x1 |t)
iy = ug(x1|t)’
=ulaf)
Uz = Uz \X; |t .
and the strain field is written:
up oy, _duj

gl =—+x , ,
! ox| 3 dx; 6 0x;
&y = 0, Eq = 0,
ou)
£3=0, £5 =y +—=.
axl
In Kirchhoff-Love theory the transverse shear strain &5 is zero, which gives:
aug
Yip=-——7—.
axl

The displacements are given by the expressions:
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0
ou,

u = u?(xllt)— X3 -a-;l—,

the strains:
& = 810 + x3K7,
&g = Sg,
£y =€3=E4 =€5=0,
involve, as non-zero terms, the membrane strains:

0 a“?
81 =,
ox,
£0 = aug
ox,
and the curvature:
0%ud
Kl =- o "
ox;

10.3. Global constitutive relation

This is written:

and gives the global membrane loads:

0 0 2.0
No=a O a g O
axl a-xl axl
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ou? ou, 9 a2u0
Ny =A,—+Ax—>~-B),
a X] a X1 axl
Ju? oul a2u3
Ng=Ag—— o . +A66 —~Bjs—-
1 1 axl
and flexure:
0 0 2.0
ul au2 a u3
M1=311E+3168——Du o
Ma=B oup +B o azug
2=Buag By Do o7
ou oud 0%l
Mg = Bg 3 +B663xT_D16 o .

10.4. Global plate equations

In the case of cylindrical flexure the global equations:

aNl azu?
—+p =1 )
ax P =10 o2

N _, 0%}
o P2 =1g 2

2 0 2.0
M d d

° 21+”“a Ny o2 4 gy + py = g =22,
oxf Ox;| ox or?

give the following expressions:

— static:
dN,
—+p; =0,
dx, 141
dNg
+py =0,
dx, P2
d2
+q3+p3 =0
1
—vibration:
oN, . 9%}

=1,—L,
ox, or?

197
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ONg _, 0%
PO
82M1 =7 aZi
w2 o

— buckling:
dN, _
E" ]
g
dx,
d*M, 0duy _

2 1 2 T

dxl dxl

10.5. Flexure

In the particular case where the volume loads are zero, by putting into the global
equilibrium equations:
dN,

=0,
dx,
dNg _ 0,
dx,
d*M
_Zi + q= O’
1
the global cohesion loads:
du0 du) d*ul
Ny = Alldx Amﬁ_Bu >,
1 1 dxj
du) duf d’uf
N6=A16__1+A66 2 6_'2_3’
1
du dul dzu0
M, =By, E + By dx2 =Dy —-
1 1 dxl
we obtain the three equations-
d2u0 d%u d*u?
Ay - + 46 ~B;——=0,

dx} dxl dx}
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2.0
du
Alsduzl +A66d = Byg '0
dxi dx} dx;
d*ul d’ul d*u
D 43 -B; 31 - B 32 =q.
dx dx; dx;

10.5.1. Elimination of u} and u

. . . . d?u) d*ud
The first two equations, which have just been written, enable 2 and 5
dxi dxi
30
to be expressed as a function of = 3 , with the help of the two expressions:

d’u _ AgBiy — AieBis 4’13
dxi AAgs — Ajls dx)
d’uj _AnBis —AsBi dzug)
dx; AAgs— Al dx}

Putting these into the third equation, we obtain the expression:
0
D.. —B AgsBi11 — AisBis B ABis — AisBu \d‘t“z _
11~ 5n 16 2 i
AjAgs — A16 A1 Ags — Ajs J dx,

3

which has the form:
D d*u?
dx;

with:

Dy, - AgsBiy + A1 Bl - 2A16BIIBI6
Aj1Ags — Als

D=

The integration of this equation and taking into account the boundary conditions
allows us to determine ug . u? and ug are then found by integration of:
*up _ AssBu — Ai6Bis d’u3
dx} AAgs— Al dx)
d’uy _ AuBis —AsBi d*u3
A AyAg Al dx
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10.5.2. Simply supported plate subjected to a sinusoidal load

10.5.2.1. General case

The plate is simply supported on two edges X, =0 and x; =gq,, and is

subjected to the loading:

a(x1)= g, sin L.
a

/.
/

X3

Figure 10.1. Plate under cylindrical flexure

The boundary conditions at the edges x; =0 and x; = a, are:

ug =0,

du? dud dzu0
Ny =A,—— — + A —— -2 =By =0,

dx, dx, dxl

d du du
Nﬁ—Alé“u_l —2“316 1423 =0,
M. =B dul +B du2 -D d*u -0

1 — #11 dx 16— dxl 11 12 .
The displacement field defined by:

my
up =U,, cos——L
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3
2 _( a ] (A11B16 — A16B11)9m,
™\ 2 2 2
! (A11A66 _A16)D11 +2A16B11B16 — As6 Bi1 — A11Bi6

4 2
3 _{ a J (A11A66_A16)Qm1
™\ mm 2 )D 2 2
! (A11A66 — Ajs [D11 +2A16B11B16 — AssBi1 — A11Bis

the maximum deflection, obtained at x; = % , is equal to:

ug(ﬂH a )“ (tr14cs - 4o,
2 mr (A

2 2 2
11466 — Al )Dll +2A6B11Bis — AssBi1 — A11Bis

10.5.2.2. Asymmetrical cross-ply composite (O, l)N’

The following global stiffnesses being zero:
Ajg = Ag6 =0, Dyg =Dy =0,
Byg = Byg = Byy = Bgs =0,

we obtain:
3
Ul _| 4 Bllle
™ \mm ) AyDy -Bh
2 _
U2 =0,

4
y3 [ A11pm
™ m7 ) A;Dy -Bf
10.5.2.3. Asymmetrical balanced composite (a,—ct)y»
The following global stiffnesses being zero:
Ag = Ay =0, Dig =Dy =0,

B, =By, = By; =B =0,
we have:

vl =o,
3
U? = aQ Blﬁqml
o\ m A66D11—3126,
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4
U 3 _ a, A66qml
m .
b o\m7m ) AgDy; - B

10.5.2.4. Symmetrical composite

As the membrane-flexure global coupling stiffnesses are zero:

BU =0,

we obtain:
U1 =0,
=0

"
mlﬂ D, )

10.5.2.5. Displacement field

Given the values of U,l,,l, U'%a and U,il obtained previously, we have the

following expressions for the displacements:
=[U1 ~x3 ml”U3 ) mlml’
m

aj a
my7x
u, =U2 cos—-l—l,
rnl al
mymx
u3=U3 sin ——1
rnl 01

10.5.2.6. Strain field

The non-zero strains are then given by the following expressions:
mm mr . max

g ==yl T g3 |G M

a ! a ! a

1 1 1

_ 2
Eg =———U, sin
9 !
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10.5.2.7. Stress field

The stresses in layer k are given by:
of =0fe; (i,j=12.6),

where the Qg- are the reduced stiffnesses of layer k. We then obtain:
ko M%) okl gl ., M2 3 ky? lgin™™1 (o
o; 2 I:Q,I{Uml X3 . Uml J+Q,6Um1:|s1n a (i=1,2,6).
10.6. Vibrations
10.6.1. General case

The plate studied is supported on two supports separated by a .
Putting into the global vibration equations:

aNl _ azu?
ox, 0 ot
aN6 _I a2u3
ax, 0o’
2 2.0
o°M, 0uz

w2 ot
the global cohesion loads:

a 0 2.0

Ni=Ay— au] + A5 22 “M,
ou? ou, 9 9%u?

Ng = Ajg—-+ Agg—2— Bjg —,
6 16 7 5 o x, 8x12

au oud 0%u?
M, =B, —+Bs—= -D—,
ox, dx, ox;

we have three equations of motion:

a2 0 82 0 a3 0 a2 0
Ay uzl +Ajg u22 - By u33 =1 I;I )
ox; ox; ox; ot

a2u0 a2 a3u0 a2u0
Agg A66 — By 33 =1, 2

ox? ox] ot
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93,0 3%u° 40 92,0
By, ! +Bg u3 ‘Dua L? =1y L?-
ox; oxj 0x] ot
The solution, which satisfies the boundary conditions at x; =0 and x; =a;:
ug =0,
Ny = A —- ul +Ajg—— du2 - By, 1‘23 =0,
dx, dx dx;
du) duy d*ul
Ng=Ag—+ : —B —2r=0,
6= Mo A66 16 &2
2,0
M,=B, 2L d"l +B, 22 d“2 Dlld—"z—3=0.
dx, dx, dx{
is of the form:
.
u? = U,ln| cos 21 sm(a)mlt +Op, ),

a

myxy
uy =U} cos——ll;———l-sm(a)mlt + P ),
1

. max
ug) =U31 sm——l—lsm(a)mlt+(pml )
a
Putting these expressions into the global equations of motion and after
simplification, we obtain the system:

2 2 3
mn mr m
- == AU, -| | AU+ == | BUUS, 10U, =0,
a, a a
2 2 3
mz 1 m 2 mn 3 2 -
a a a,
p 3 pu 3 4
m m mr
- == | ByUs -| == | BiU2, +| == | DU, — 1@ US>, =0,
a a a

which is written in the following matrix form:
r 2 2 3
/3
(ml”] Ay - Iowil (ml ] Agg ‘(—‘1 ] By,
a a 4
/3 2 /3 /3 ’
m m 2 m 2
= | Ag —= | A - lyw,, ~| == B Un |=
2, a, a, U3

3 3 4
mr m mT
[ . J By, [ . J Bg (;J Dy, ‘Iowil
a; a a;

S O O
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This system has a solution other than the trivial solution U ’1"1 =U 311 =U 3! = 0
for the values of W, which cancel its determinant, that is for the WO, solution to
the equation:

2 2
mn 2 m 2 mT 2
(—1 ] Ay - Loy, [——‘1 ] Ags — Lo, ( L J Dy, - 1ywy,
a a a

1 1

of the form
a6 Bot  —Cw? —0
mymy mym, mymy ’
with:
A 1&

A11+A66 J Dy, |15,
a

2
A11A66 A16+( ] [(A11+A66)D11 B121_B126] Iy,

q;

mr
=[ ! J [(A11A66 “A126)D11 +2A,6B,, By _A66B121 _A11B126]'

For each value of m;, we obtain three natural frequencies.

10.6.2. Asymmetrical cross-ply composite (0, %) e
We have:
Ag = Ay =0, Djg =Dy =0,
By = Byg = Bz = Bgg = 0.
The coefficients A, B, C and D are equal to:
A=13,
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2 2
m, m\z
B=|—Z || A, +Ax +| ——| Dy, |12,
al al
/4 * 4 ’
m m
c=|—= A Ags +| —— [(A11+A66)D11_3121] Iy,
q, a
x 8
m
D= a; (A11D11‘3121)A66-
1

In this particular case, the equation for the natural frequencies is:

2 3
(’Z”J All"loa’ 0 —(”;1”] By
1 1
~ 2
m
0 (—1) A66—10w2 0
ay m
4
mr By 0 mr Dy - Iyw
1 a;
or:
B x 2 2 2
m m
(_al_J A66_IO(U3; 130’; _[;) Ay "‘[ ] Dy, o,
1 1 1

The discriminant of the equation in / 0“’31
1

4 2 2 2
mr mr mT
A=[_l_‘] 3 Au"‘{—l‘J Dy, ‘4( ! J (A11D11 Bll)’
a, a; a,

T ¥ T 2 : T :

m m m

A:[-—l ) All—( ] D, +4‘ 1 ]Bu ,
a4 a, aQ

is always positive.

So we obtain, for each value of m,, the following three natural frequencies:

207



208  Analysis of composite structures

10.6.3. Balanced asymmetrical composite (a,~)y:

We have:
Ag = Ay =0, Dig =Dy =0,
By = By = By, = Bgs = 0.

The coefficients A, B, C and D are equal to:
A=13,

B=[”’—I”J Ay + Agg +(m1”) D, I3,
a

1 ay

4
C=(m_1”J A11A66 [mlﬂ) [(All +A66)D11 _Blzﬁ] IO’

a a;

8
mT 2
D =[““—al ] (A66D11 _Blﬁ)All'
1

In this case the determinant is written:

2
mz 2
(T] All - Ioa)ml 0 0
2 3
m17t mn
0 A66 Ioa) - —— B16 = 0,
a
3 4
m mn 2
0 —[——l—] B16 [‘—1—] Dll - Ioa)m
a; a !
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from which:

2
m 2 2 4 m

[ ! ) Ay — [yw,, [0y, _[;J Ag + ( J Dy, Ioa’
a a, a

Emlﬂ] (A66D11 3126) =0.

a

For each value of m;, we obtain the following three natural frequencies:
1 /4 ? V4 : b4 :
2 m mz m m 2
Opy 1 =57 —= Aﬁé Dy - |l A —| ——| Dy | +4 ——| B 1,
2| a a; 4 a;
1 (mm : n : z ’ n :
m m m
wr%qZ_— —= | A+ — | D+ || A —| —— | D | +4 —— Blzﬁ ,
210 a al a

2
W 3 =I_(_J A
0 a

10.6.4. Symmetrical composite

We have:
The coefficients A, B, C and D have the values:
A=13,
T : T 2
m
B=|E || A, +Ag +| 22 | Dy, |22,
a a
- 4 2
m 2 m
c=—+X AjAgs — Ajs + ( ! )(A11+A66)D11 Iy,
a a,
m,w 2
D= # (A11A66_A16)D11'
1

and the equation for the natural frequencies is written :



210  Analysis of composite structures

2 2
(m—lﬂJ All —Ioa)2 [m—lﬂj A16 0
a i a
4 g mw g
m
(lem (1)%61060 0
ai a;
7 4
0 0 ["’—J Dy~ 1o@?,
aj
or:
r 4 2
mz m
— Du_loa’ 1§ 41 - (A1, + Ags )Mo
a, 1
m
[ . J (A11A66 Al()) =
a
For fixed m,, the three natural frequencies are:
2 1 ({mrm
Wy 1 = 2l [ ! ] [A11+A66 +\/A11“A66) +4A16:|
2 1 [mrm 5 )
Wp o = 2l ( ! J [Au + Age — \/(Au — Age)* +4Afs }
1{mrm ¥
2
ez o
> IO a
If the composite shows tension-shear decoupling we have:
Ajg = Ay =0,
and:

2 _| 7 A11
a)ml,l - 1
a 0

For an isotropic mono-layer plate we have the following particular values:

Eh
Ay =Qph= 1—v2’
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The natural frequencies are written:
N

_mz E

“ap \2p(t+v)’

2
wm1,3 = h[ ”‘1”] 2 ’
4 12p(1—v2)

10.7. Buckling

10.7.1. General case

The plate studied lies on two simple supports x; =0 and x; = q;, and is only

subjected to compression loading — N, with N {) >0.

o f

Figure 10.2. Plate subjected to buckling

Introducing into the global buckling equations:
dN
1. O,
dx,
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=0,
dx,
dz d2 0
Shom s

the global cohesion loads:

du? du) d*u?
Ny = Ay =2+ Ag—2- B —>,
dx dx dx;
dul dug dzug
Ng = A16 A66 - Byg ,
dxf
9 dug dzug

dul
M, =By, + B -Dyy ,
dx, dx; dr?

we arrive at the three equations:

dzu? dzug dsug _
A= *tAe— ~Bu—=5=0
dxi dxj dxj
d2u1 d?'ug d3u§) _
Al6 +Age ——~—Bie——> =0,
dxl dxl dxl
d3u? d3u(2) d4ug 0 dzug
Byy——=+B——=-Dn—F3 N1 —5 =0
dxj i dx| dxj
The displacement field:
myTx
u? =U,1,,l cos——L,
1 al
mymx
ug =U,2rl cos——L,
1 al
. X
u_g =U31 sin—=1L,
1 al

satisfies the previous equations as well as the boundary conditions

x;=0and x; =a;:
ug =,
du® dul du?
Ny =A—2+As—2-B,—> 3 =0,
dxl dxl 1

du® dud d*ud
Ng = A6 1+A66 2 - By dx3_0’
1

at
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d uz d? u?

dx,

Introducing this into the global buckling equations we obtain the set of

equations:
/4 g /4 /4 3 7
m m m m
S A O e A1 U2 + 22| BU3 |eos— =L =,
ay m a a) " a)
3

du?
M, =B, d.xl +Bjg——

mym
A Ag -—L B, l
alﬂ m O
m 2
A A6 _a_BIG U 1Z19]:
1
P myr — U'::Il 0
0
B, -—L-By ( L JDII_NI
a) aj ap

The critical buckling loads, which correspond to the out-of-plane equilibrium

configuration, are the values of N 10 which cancel the determinant of the previous
system:

a; a

2
m
+ [ al }Du N10 (A11A66 A16)=
1

For each value of m,, the critical buckling load N 10 of the mode m is given

my
by:

2 2
mT mT
_[ . ] (Aﬁ(SBll _A16B16)B11 ( ] (A16B11 _AIIBIG)BIG

2 2
NO —| T Dy, - AgsBi1 + A1 Bis —2A16ByBis
" a4 A Ags — Al
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The critical buckling load for the first mode 1 is:

2 2 2
N = Ea Dy - AgeBi1 + A1 Big —2A16B11 B¢
‘ Ay Ags ~ Afg

10.7.2. Cross-ply asymmetrical composite (O,%)N,

We have:
Ajg = Ay =0, Dyg =Dy =0,
By = By = B1z = Bgg =0.
The critical buckling load is:

10.7.3. Balanced asymmetrical composite (a’,—a) N’

We have:
Aig = Ay =0, Dyg =Dy =0,
By = By = By = Bgs = 0.

The critical buckling load is given by:

10.7.4. Symmetrical composite

We have:

In this case the critical buckling load value is:
2
b/ 4
N P = (—ml ] Dll -
my a
For a single layer isotropic plate we have:
N 0 { m7

1 “1)12(13)

m



Chapter 11

Cylindrical flexure of multi-layer
Reissner-Mindlin plates

11.1. Introduction

After having studied one-dimensional cylindrical flexure according to the
Kirchhoff-Love theory, we will now examine the use of Reissner-Mindlin theory, in
which the transverse shear strains are taken into account, for the study of the
cylindrical flexure of an infinitely wide plate in flexure, vibration and buckling.

11.2. Strain-displacement relationship

In cylindrical flexure we have a displacement field of the form:
u = “P(xllt)‘* X% (xllt)’
Uy, = ug(xl t),

Uz = ug(xl |’)’

which leads to the strains:

a“? Iy,
£ = —t+x;—L,
ox; ox,
_ Ouj
87 ox,
ouy
Es=¥ito
X1

11.3. Global constitutive relation

From the expressions:
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Ny A Ay A B Bz Big || ox
N, Ay Ay Ay By By By | O

oud
Ne |_| 46 A Ass Bis B Bes Fo
M, Biy Bz B D Dip Dy a,/,ll

My | |Bz Bn By Diz D Dy | 73,
Big Bys Bgs Dig Dy Dgg |l 0

o sl
Ny KAy;s KAss prE’

we obtain the global membrane loads:

ou? oul Jy
=4y al + A o 2 +BuaTl’
X x| 1
dup u3 1%
N, —A12a_+A26 o, =2+ By, axll
ou? oud oy
N¢ =A168_xl‘+A66 3 f + Byg axl
1
with flexure:
ou oud awl
M= 311‘5—+Blﬁa—+011 o
X1 1
ou? oud oy
M,y =Bjp— ox, —L+ By —= ox, —2+Dy, axl
1
ou oud oy
M6 _B165—+B66 o f +D16?11’
Xy

and transverse shear:

oud ou?
N,= KA45['/’1 +au73]’ Ns= KASS[% +_u_3}
1

11.4. Global plate equations

In the case considered here for cylindrical flexure the global equations:
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N 2.0 2
L+1’1 =Ioa—1%+’19—y;—l’
ox; ot ot
2.0
N p =1, 2%
ox, or?
2.0 2
M, N =1, 3 iy A J ATy
dx, ot ot
M 2.0
oM, -N, = Ilai,
axl atz
oNs 0 oul 0%u
—+—| Ny—= |[+g3+ p3 = 1j——,
ox; ox ! ox, BrP = or?
lead to the following expressions:
— static:
AN o My,
dx dx,
danN M
dx dx
dN5
—=+q3+p3 =0,
dx, q3 + P3
— vibration:
N, u) %y oM, %) 3%y,
=IO > +11 7 —N5=11 2 +I2 7
oxy ot o ox; ot
ONg ., %) oM g 02ud
—6 =, , -Ny=1 ,
ox ar? ox; 12
oNs 9%
x
— buckling:
IN
g My g,
dx, dx,
dN6=O, dM6_N4= ,
dx, dx,
dN o d’ud
—2 N} —t=0.
dx; dx;

In this chapter we will limit ourselves to the case of an asymmetric cross-ply
laminate (O, %)N for which the following global stiffnesses are zero:

Ajg = Ay = Ays =0, Dig = Dyg =0, Byg =By =By = Bgg = 0.
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11.5. Flexure

The plate rests on two simple supports at x; =0 and x; = q;, the volume forces

are zero and the loading is defined by:
my7exy

q(xl ) =G, sin .
|

/; 2 gl )

Xy

7.
%

Figure 11.1. Plate in cylindrical flexure

Introducing:
du? dy
N1=Angl‘+3ndxls
1 1
du?
N, = A, —L,
2 12 dx,
N. = dug
6 6_de >
as well as:
du? dy
M, =B, — +Dlljix_l,
1 1
dy,
M,=D,—,
2 12 x,
M6=O’
and:
N4=0,
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in the global equations:

dN,
dq
dNg 0
dx,
M
——1—N5 =0,
dx,
M
6 _N, =0,
dxy
iN—5+ =0,
dx,
we obtain the four equations:
d2u® a2
All uzl +B11 V;I =0,
dzug
=0,
A66 dxlz
d*u? d*y, dus
B —5-+Dy — KAss| ¥, +—>|=0,
dxi d.x1 dx
dyy dzu;’
KA +q=0.
5 dxl dx12
The boundary conditions at x; =0 and x; = q, are:
du dl// du2
N, =A,—-+B,—+=0, Ng= =0,
1 = An dx, 1 ax, 6 A66 dx,
d d
Ml —Bll ul Dll W 0, u:? =O.
dx, dx,
The displacement field:
u? =U,1,,l cos—~——mlml s
a
ug = U,ﬁl cosml—ml,
@
ug = U:,l sinﬂlﬁ,

a4

_wl m
W, = ‘}’ml cos———,
a4

219
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satisfies the boundary conditions and the global equilibrium equations. Introducing
the displacements in the global equilibrium equations, we obtain the system:

—(ml }A“Ul [mlﬂ} Bu‘-I’1 cosml—m‘-=0,
a4 4

2
—(a—lJ A66Uml CO§——— = 0,
2
mn m mr m,x
s B“U LOURY W IR W AL LY R | P B )
1 1 1
a, a4 a, a

mr mx,

=0.

2
]U3 +qp, (SID
a,

M7 1
— KAq; —-——‘}’ml
a a

The second equation immediately gives U 311 =0, from which ug =0.

After simplification, the three remaining equations lead to a matrix set:

B 2 2 b
T
[m ) Ay 0 (—mlﬂJ By,
a4 a, 1
U 0
2 my
mn m7 3
0 — KAss ‘—I—KAss Um1 = 9m,
a4 a) ! 0
2 2 m
m mr m
( . )Bu -= —— KA KAgs + ( ! ]Dll
a a

The determinant of the set:

4 2 6
n mr
A=(a#] A KAss| KAss "‘[‘al—J Dy _(_a—) B KAss...

1

and the determinants:

mz
A= ( al JBIIKASSqml

1

2 2 2
m, mmw mw 2
A,y =(#] KAss "‘[4] Dy, Au—(#J Bi\ (9, »
a a a
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3
mr
Ay = ‘(#J A11KAssqm1,
1

provide the solution:

3
Ul _ a Bllqml ’
™ \m7x | A,Dy -Bf

2\
my 2

s [7) (A11D11—311)+A11KA55 Im,
Ul = a !
m - mr ( 2) ’

KAss\A11Dy1 - Biq

3
\Pl _ a A 19m, .
" m7 | AyDy; ~Bf;
We then obtain:
— for the displacements:

_{rn 1 my 7,
Uy = (U'm +x3'¥,, )cos——,

a
Uy =0,
myx
Uy =U3; sin——L,
1 a]
— for the strains:
mr . mx
£ =—#(U,1n +x3‘P,L )sm 1=
a ' ! a
mr my
&5 =| ¥y, +——U,) |cos——L,
'oa a;
€2=€3=84=86=0’
~ for the stresses in layer &:
k_ ok, _ MT i1 1o W72
o; =0;& =——Q4 Uml +Jc3‘l’ml sin—— (t —1,2),
&k _ ok kgl [ MU .3 m 7y
05 = Q5585 = QOss ‘Pml +—U,,,1 cos———,
aq a

o5 =0k =cf =0.
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11.6. Vibrations

The plate studied, subjected to no loads, is resting on two simple supports
separated by ay.
Introducing the global loads:

ou? oy
= Ay —L+B,—
1157 x 11 axl
ou?
N, =A12‘a;1‘,
1
o
Ng = Agg—=,
6 axl
ou? oy
Bu — + Dy axl
1
au/
M, =D12—axls
1
M6 =0,
N4 =0,

into the global equations of motion:
oN, 0%u 0%y,

=1 +1 ,
o, " oar o
aN6 =7 azuz
ax] 0 312 ’
aMl _ =7 azu? +I azllll
axl 5 ! atz 2 at2
oM N =1 0%u)
ox, AT e
aNS I azug
ox, o2’

2.0 2 2.0 2
8'421+B“a'/;1=108“1 9y
ox; ox; )
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T
ox? or?

0%u? oy ou?d 0°u? 0%y
By, 21 +D11*—21_KAss v+ =1, 21 +1 21,
Ox; Ox; ox, ot ot

2.0
-1, 2,
ot

xa ¥, 0%ud g azu‘;.
S o ax1 ® o

The boundary conditions at x; =0 and x| = a; are:

ou? oy
Ny =A,—+B8,—L=0,
i x 11 ox,
ou?
Ng = Agg 3—2‘ =U
X
0
M, =BllﬁlL+Dl %=0’
axl axl
ug) =0.
The displacement field:
w =U,, el sin(a)mlt + P, )

a

m 7,
u2—U2 cos ; sm(a) t+(0m)
1

0 _p73 oMY (
uy =U,, sm—a—sm O t+ @y ),
1

_pl mmxy ( )
y, =¥, cos a sin\@,, 1 +@,, ),

223

satisfies the boundary conditions and the global equations of motion. Introducing the

displacements into the global equations and after simplification, we obtain:

" 2 2
mr mr
1 2 1 2 1 _
— | Ay -—Ioa)ml m + B, - 1Lo, ‘{’ml =0,
a, a
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a
272 _
Lo, U, =0,
_ ) i
mn 2 L 1
( a ] KASS '_I(]wm1 m, KASS‘P
1

From the fourth equation, we have U 311 =0, from which ug =0.

The three other equations can be put in the following matrix form:

2
{ml JAII Iowil 0
a;
z 2
mr
a
2
01 1~ ? 55
mz : ]
—= B, - 1w,
al Urlnl 0
™7 kg u2 |=|o
a
! ¥, | 0
[mlﬂ] Dy + KAss - 12503.1 -
a;

This set has a solution other than the trivial solution U }n = U?n =0, ‘I”ln =0
1 1 1

for the values of @,, which cancel its determinant, from which the equation for the
natral frequencies in @,

2 2
mz 2 ml” 2 mz 2
Ay~ 1y, KAss ~ Iow,, ||| — | Dy +KAss - Lo,
a a a

2 2 2
mr mr
1 2 1 2
- KAss — Loy, ||| — | By — L,
a a

1

2 2
V3
_[ml _K1455J [ialzJ All_IOwI%ll =O’
1

of the form:
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-Aw® +Bw* -Cw? +D=0,

myimy mymy mym;
with:
2

2 2

m mT 2

B= [ al ] Dy + KAg;s 10 [#J [(A11+KA55)1012—23111011"KA5511 ]
1 1

2 2 2
m mw 7[
c=| 1= ( 1 ] (A, + KAss)Dy 1o + Ay KAss (—J L+1y|.
aq a aQ
2
m
| =L ) B, (B, 1, +2KAss],),
a
X
my 2
D=(— (DIIAII_BII)KASS’
a1
are derived.

For each value of m; we obtain three natural frequencies.

11.7. Buckling

The plate studied, resting on two simple supports at x; =0 and x; =a,, is only

loaded in compression — N, with N {) >0.

Figure 11.2. Plate in buckling situation

By introducing the global loads:
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du} d
N, =Au*ul’*'Bu d s
dx, dx,
0
Ny = A12£u—l‘»
1
dx,
0
M, —Buﬂ'l‘*'Dud—wl‘v
dx, dx,
dy,
M, =D,—,
2 12 dxl
M6 =O,
N4 =O,
0
du3
Ns =KAss| ¥ +—= |,
dxy
into the equations for global buckling:
Ny o,
dxy
dNg —0,
dx
ay
dxy
M
—=6_nN,=0,
dx;
dNS —Nlo d us _
dx dx?
we obtain the four equations:
2.0 2
Alld uzl +B11d llgl =0,
dxi dxj
dzug
=0,
Age o
2.0 2 0
Blld 1421 +D11d d - KAss '/’1"’111“l =0,
dxi dx? dx,
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dWl 2 0 _NO dzug)
dy dx} ' dxd

The boundary conditions at x; =0 and x, = a, are written:

KAss =0.

d d
Ny =4, — ul +B) —— ol =0,
dx, dx;
du?
Ng = A66 —%=
du} d
M, =B ~—~+D——+ oo,
dx, dx,
ug =0.
The displacement field:
x
u? =U,l"1 cos L )
a
ug = U,%,l cos—mlﬂx1 ,
a;
x
ug) =U3,l s1nm1 L
4

satisfies the boundary conditions and the global buckling equations. By introducing
the values of u{,u,u) and w; into the equations of global buckling, we obtain the

set:
2
mr A U ™7\ B y! cosml—ﬂxl=0,
1 11,
a a; a
1 myax
[ml ) A66U cos L,

a;

2
T ¥4 T x
_['"1 J B, ('"_) D, _KASS(T;I o U;J cos™ g,
1

a, 1

a, 1 a;

2 2
mﬂ' m T mn . mx
- KAy | —= (—1 ]U,?, +N1°(—1 ]U; sin——L=0.
a 1 1

The second equation gives U; =0, then ug =0.
1
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After simplification, the three remaining equations provide the following matrix

set:
[ zV -t ]
m m
[—al J Apq 0 ( " } B 1
1 1
2 Uml 0
mT 0 mr 3
0 (al_ (KASS-Nl) al KAss Ui 1=
1 1
x 2 x ~ 2 ‘Prlnl 0
[m;J By ' KAss [ml ] Dy + KAss
aq q q

The critical buckling loads are the values of N 10 which cancel the determinant of
the homogeneous system, hence the equation:

mt 0 m mT 0
{ : ] AII(KASS Nl ) ( al J Dll +KA55 _( al J BII(KASS Nl )
1

4 1

m ‘

[ ! ) Au(KAss) =0,
a,

which is written as:

2
(ma_lfz) (A11D11 - 3121)+ Ap1KAss (KASS ‘NIO)‘ Ay (Kass ) =0,

and for which the solution is:
2
A1 (KAss)

0

Ny = KAss - 5

m 2

%J (A11D11 —311)+ Ay KAss
1

The critical buckling loads are given by:
2
m T
(#] (A11D11 —3121)16455

2
mr
[ » J (A11D11“311)+A11KA55
1

Ny =
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Multi-Layer Beams
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Chapter 12

Symmetrical multi-layer beams
in tension-compression

12.1. Introduction

In this and the two following chapters we will study multi-layer symmetric
beams, which are composites for which the ratio of width over length is small.

The determination of equivalent stiffnesses allows us to use the formulae and
methods currently used in strength of materials studies.

The present chapter is devoted to the longitudinal behaviour of multi-layer
symmetric beams in static and vibration loading.

12.2. Strains, stresses, global equation of tension-compression

The global constitutive relation for a symmetrical plate subjected to membrane
loads may be written as:

0
N A A A || &
N=Ae% or | N, |=| Ay Ay Ay |l €],
0
Ne | LAe A Ae6 || €6

or, after inversion:
*

0 * *
) Ay Ap A || M
— * * *
€0=A lN or Eg = A12 A22 A26 N2 .

*

0 * *
&6 A Axy Ags || Ns

In the case of tension loading in the X, direction, we have:
N, =N¢=0,
and the global strains are equal to:
eV =alNy,
or:
510 = A; Ny
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0 _ 4*
£y = ANy,

0 *
€ = ANy,
with:
2
A = A6 — Ak
11— A ’
At = A28 — AisAre
12 = A s
A = Azh — Andie
16=—"
2 2 2
A= (A11A22 - Ap )Aﬁs +2A12A16A26 — A114%6 — A A,
and:
0 0
6'0 _ aul £0 8u2 0 aul au2
! ox, 2 ox, %= ox, axl )

The stresses in layer & are determined from the expressions:
= 0hed = 0f ANy
or:
of = (QuAu +0hL AL +Q16A16)N1’
o} = (Q12A11 +0%h A + Qs A )Nl’
0§ = (Q16A11 + 03541 + Qb6 Ars )Nl
From these calculations, the boundary conditions at the free edges of each layer
O';I;f =0§ =0 are not satisfied. However, globally they are satisfied. The stresses

obtained from the theory developed above are not correct near the free edges where
the stress state is three-dimensional. To minimize the influence of the free edges, the
ratio of width over height of the section should be sufficiently large.

By introducing the expression:

0
%in = ANy,
or:
a 1 aul
b axl
into the global equatlon.
2.0
(’;Nll +p1=1 9u

we obtain the equation:
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1 %) 20
* D) +n 2
All axl 1
with:
N
Iy = Zpk (2 = zeat):
k=1
N
b= Zflk (2% = 241)-
k=1

12.3. Single layer orthotropic beam

In this particular case, the global membrane stiffnesses may be written:
A =hQy,
with:
0= I=vivy 022 = 1—‘2"21 ,
viE, __vaiE
I-vipvyr 1-vipvyy

O =

The global compliances are given by:

E,
Al = Apn = 1_ *522 __- 1 1-vipvy ’
ApAy ~An h 010, -05 E\E, _YaE\vpky
(1 —ViVa )2 (1 —Vi2V2i )2
A1*1 = "1—
E\h
Vi E,
A =~ App . =__1__ _512 _ __1 1-vipvy
ApAy —An h 010x ‘Q122 h E\E, _YaEvnkE,
(1“’12"21)2 (1“’12"21)2
* Vi
Ap = _E_lh’
Ajg=0
The membrane strains are equal to:
£l = ANy,

0 _ s*
€, = ANy,

233
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£d =0,
and the stresses to:

[ * _— * Nl
oy = (QuAu +Q12A12)N1 =

— * —_ *
oy = (Q12A11 +Q22A12)N1 =0,
0'6 =0.
Also, we have:

I =ph.

Multiplying by b the two members of the following equations:

Al*l axl ! axl

1=

- +
A, oxf
and putting N = N1b, g, = p;b and S = bk, we derive the classic equations:

12.4. General equations for beams in tension-compression

By introducing, for multi-layer symmetric beams, the equivalent characteristics:

b
ES)y =—,
(BSh =
(,aS')O =Igb,
as well as:
4o = p1b,

we obtain, in tension-compression, the following global equations:
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au{’
N =(ES)y,—,
(551, 24
oON 0%u?
E"'CIO—(PS)O 52
3240 92,0
(ES), u21 +40 = (08), atuzl
1

If we assume, as we do in the classical approach for beam theory in tension-
compression, that the displacement u; only depends on x; and on 1, we have:
u = u{)(x1|t),
_ ou)
= _a_;: )
For an orthotropic beam we have:
k a“lo
_é; ’

where EF is Young’s modulus in the direction of orthotropy X, of layer k.

of =E*¢ =E

The axial load is then given by:

b h b h 50
V=7 [oidndn = [3[5E o, s
2 2 2 2

2 k=1 k"
or:
0
N =(ES), Ll
ox,
with:
N
(ES) = bZEk 2k = 241)-
k=1

12.5. Built-in beam under its own weight and subjected to a force

The beam OA of length /, mean plane (lel ,xz), built-in at O is subjected at A

to the force Fx; and to the action of its weight, x, is descending vertical.
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A

X

(3]

ANNANNN
A
v

Figure 12.1. Beam in tension

The integration of the equation of equilibrium:

2.0
duy ___ 9
dx} (ES),
gives, in the case where g, is constant, the displacement u{] :
du®
_lil_. = — qO ( ‘xl + C )’
dx,  (ES),
2
ul = - (p;?) (3‘2‘—+Cxl +D],
0
and the axial force:
du?

N = (ES)oxl:—‘Io(xl +C).

The two integration constants C and D are obtained from the two conditions:
P (0)=0,
N()=F,

from the system:
D=0,

F=-q,(1+C),
the second equation of which gives:

C= £+l .
90

The displacement ulo and the axial load N are therefore equal to:

W = (;SI)O [F+ qo(l —le—ﬂ
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The elongation of the beam is equal to:

u?(z)=4[F+qoi].

(ES), 2
We can find the expression for u? by integrating the expression:
du? _ N
aq (ES)y

The expression for the axial force is:
N= F+q0(l—x1),
s0 we obtain:

2

0 1 xq
=—~—1 Fx; + by -——1+C].
L1 (ES)O[ X1 40[ X1 2] }

The built-in condition 1 (0)=0, gives C=0.

12.6. Vibration of a built-in beam

237

The beam OA, of length I/, mean plane (lel,xz) and subjected to no external

load, is built-in at O and at A.
A

X2

AN\
/

o AN
l

Figure 12.2. Beam under longitudinal vibrations

v

The longitudinal vibrations of the beam are governed by the equation:

aZuO aZuO
ES L _(ps 1
( )0 ax12 (,0 )0 at2

The solution to this equation, which satisfies the displacement boundary

conditions:
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ulo( t)= 0,
u(ilr)=o0,

is of the form:
ulo(xllt) = U,l, sin

Introducing this into the equations of motion we obtain the expression:
nmy .
l Lsin(w,t +9,),

MIDCI sin(a),,t +9,).

el sin(w,t + @, ) = —a)3 (pS)OU,l, sin

2
nl” ] (ES)OU,I, sin

which, after simplification provides the natural frequencies:

o, _nm ES), .
!\ (pS)
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Chapter 13

Symmetrical multi-layer beams in flexure
without transverse shear strain

13.1. Introduction

In this chapter we will develop the theory of beams in flexure neglecting
transverse shear strains, We will examine flexure, vibration and buckling.

Bernoulli’s theory, used in the strength of materials approach, will be applied
here.

13.2. Strains, stresses, equations of motion

The global constitutive relation of a symmetric plate subjected to flexural loads
is written as:
My} |Dn Dy Dy || K
M =Dk or M2 = D12 D22 D26 Ko |,
Me| |Die Dre Des || K6

after inversion it is written as:

* * *
K Dy Dy Dy || My
- % ¥ *
K=D I]M or K2 = D12 D22 D26 M2 .
* * *
Ko | |Die Das Des || Mo

In the case of flexure in-plane (lel,x3 ), we have:
M,=M,=0,
as well as the curvatures:
K =DM,
or:
K= Dl* My,
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with:

and:

’(2=D:2M1’
Ko =DisM|,
+  Dy,Dec — D3
D, = 222D = Do

D
¥ = _DinDss — DiDae
12 = 5 ,
»  DyyDys — DDy
D =P 6D 2Di6

2 2 2
D= (DnDzz - Dy, )D66 + 2Dy DyD26 — Dy1 D36 — D2y Diss

. 0%l . 0%l p 5 0%ul
1=~ 3 2 TF T T 6= .
ox? ox2 0x,0x,

The expressions:

azu:? _ D* M U3 _ Dl M _ Dl M
=-DpMy, ——==-DpMy, ——=-_DsMy,
ax12 1 ax% 1 ax18x2 1

show that ug(,) depends on the two variables x; and x5 .

The term Drz is at the origin of a curvature of the mean surface of the beam in
the transverse plane which is orthogonal to the axis of the beam. The contact of a

beam resting on two simple parallel supports is not a line contact.

When D1*6 is not zero, bending-twisting appears which is superposed on the

previous phenomenon. This bending-twisting is zero for symmetric cross-ply beams.
These two actions mean that rectilinear contact cannot be maintained across the

whole width of the beam when it is loaded.

These phenomena can be neglected when the ratio of width over length is small.

In this case we can assume that ug(,) only depends on x; and .

The stresses in layer k are calculated from the expression:

or:

k k k o
0; =x30Kj = x30;; Dy ;M ,

k kot kot k o
oy = x3(Q“D” +01,D), +Q16D16)M1’
k kot K oy K
2 = x3(Q12D11 + 00Dy, + 05Dy )Ml’
k ko P P
Og = xa(QmDu +Q6D1y + Qs Dis )M1~
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These expressions show that the free edge boundary conditions are not satisfied;
they are only globally satisfied. To minimize the influence of the free edges the ratio
of height over width must be sufficiently small.

The transverse shear stress cré‘ , in layer &, is obtained by integration of the first
equation of local motion.

In the case of flexure, the first equilibrium equation:

do bslog do
1, % 993 _

0,
axl 8x2 8x3

is written, if we assume that ug only depends on x:
991,99 _
dx;  dx3 ’

for o4 is independent of x, , hence:

% 00 .
o'é‘ =— —1d§,w1th Zp-1S X357 .
—E 8x1

The layer by layer treatment enables the stress 0'§ to be written in the form:

k-1 J k

£ _ J‘Zj 90 % 00
of ==Y |7 —Lac-|" =Lds.
3 Zj-1 axl ; Zr-1 axl C

Jj=

From the expression:
ol =x, (Qllell +0{,Dy; + QIJGDr6 )Ml ,
and the global equilibrium equation:

aM
—L_Ng=0,
dx;
we obtain:
60'1 P Pk i *
8xl = X3 (Q111D11 + 0, Dy, +QfsDyg )N5~
1

The transverse shear stress 0'§ can therefore be written as:

k-1
k Z j i * H * H *
05 =—Nj5 z,_‘;l (Qlleu+Q1]2D12+Q1]6D16)§d§---
j1 e

X3 * * *
+J.Z (Qlleu +QlkZD12 +Qlk6D16 )Cdf},

k-1
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or:
kN5 IS 2
g5 = __25‘ (Q1}1D11 +0{h Dy +leDl6)( —Zj- 1)
i=1
k n* k n* k n* 2 2
-+(Q11D11 +012Dy +Q16Dl6}(x3 = Zj- )}
The global plate equation:
°M, _9°My 0°M, 0% o 9%y o 9%) 0%u)
ox; Ox;0x,  0x5 ox; 0x,0x, ox; )
reduces, for beams, to the following:
2 2 2.0
aAgl Noa”3+ 03“23,
ox; ox? ot
with:
N
k
Iy =ZP (2 = 2t
k=1
4=q;+ zfa - 24).
By 1ntroducmg the global flexural moment:
82 0
=2
Dy, ox{
we obtain the equation:
1 0*u B loazug rg=1, 0%ud
Dy, ox} ox? or?

which in the following particular cases becomes:
— flexure:
1 d 4u2
Dj, ax
— vibration:

’

1 a4ug +1 82u3

=0,
0
D; 1 axf at

— buckling;
1 d4u od’u

_ . : 0.
Dll dx] dxl
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13.3. Monolayer orthotropic beam

The global flexural stiffnesses are equal to:

W~

D; = 'EQij ,

with:

oy E 5 £,

Onsr——— On=7—"-°,
1=vipvy; 1=vipvy

5. -_YrE __ vuE

Q2= = :
1=vipvy1 I=vipvy

The corresponding global compliances are equal to:

D= D,, _ 12 0y _ 12
" D Dyp-D: K 0,0y -05 EhR
nzn —tn 0192 — 01> 1
DY =_ Dy, _ 12 Qn _ 12v4,
12~ = = — = 3
D11D22 - D122 h3 Q11Q22 ‘Q122 Elh
Djs =0

The strains are given by:
*
€ = x3D My,
*
€y = x3DpMj,
€g = O,
and the stresses by:

- * — * 12x.M
o) = x3(Q11D11 +Q12D12)M1 =‘_;:3—1’
0, =x3(§12D1t1 +05,Dp; )Ml =0,
Og =0,
o5 = N5 (G 00 + 5D )| T3 | = SN[ 22
5= \enPn i) 3 23| a 3 |-

%{14(7}]%

Multiplying by & the two parts of the following equations:

oM,
-Ns =0,
ox, >
2 3 42,0
Mlz___l_a Wy __ER’ 3%

D], ox? 12 3x2

243
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2 2,0 2.0
M
9 21—N1Oa 1423 +q=I[,a u; s
ox{ ox; ot
3440 2,0 2.0
_Eh au:_N{)8u23+ =phal;3,
12 ox] ox; ot
and putting:

M; =M, T;=Nsh, N°=N'b, q,=gb, S=bhh,

we obtain the following well-known expressions:

oM
T,=—2%,
ox;
9%u
M =—E1122 s
S ox?
2 2 0
aMfz_Noazu;)+ 0=ma Uy
ox? ox? 0r?
4.0 2.0 20
‘E11228 us _Noa us | Ozpsa us
ot N o

13.4. General beam equations

In this section, we will write the global equations for beams in flexure with the
notations used for isotropic beams. We will detail these equations in the case of

flexure in the plane (0|x1,x3) and in the plane (0|x1,x2). It will be assumed, as for

the classic flexural theory of beams, that the transverse displacement only depends

on x; and .

13.4.1. Flexure in the plane (lel ,X 3)

bh*
1, =22
271

Introducing, for symmetrical monolayer beams, the equivalent characteristics:

b
(EI)o =—.
¢ Dy
(.05)0 =1yb,

as well as:
qo = 9gb,
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we obtain, in flexure, the global equations:

REMY
T. = —(EI —3,
=), 2
%0
My =—(EI)y—2,
H o ax12
aszz 0 aZug i ) azug
2 —+4q —(pS a
ox; ox; a
d*u® aZuO azuo
_EI 3——N0 3+q=ﬂS _3'
(ET), ot ? o =(05), -
This case corresponds to that we used in the general composite theory.
//\
0 -------------- I: --------- 4’
X
OZ 1
V¥ X3

Figure 13.1. Beam element deformed in the plane (0|x1 ,X3)

In addition, starting from the displacement field defined by:
U(M|r)=U(og])+ @(r)x0M,
with:
U(Ozft)= uix3, Qt)=a,x, and OgM = x,X; + X3X3,
we obtain the displacements:
Uy = X300 (xl |’)

0
Uz = U3 (xlit)'
The strain tensor therefore has the components:
aa,
El = 13 i
ox,
ould
£5 =263 =—>+0,.
ox,
0

)
The hypothesis that £5 =0 gives a, = —;—3, from which:
Xy

245
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aug
Uy =—Xx3——,
ox,
a2u0
3
£ =X .
ox;
The axial stress in layer & of an orthotropic beam:
0%ud
oF =Bty 9N
ox;

where EXis Young’s modulus in the direction of orthotropy x, of layer k.
By definition, the flexural moment is equal to:

bk
Mfz = X2 ‘J‘zb Fh (x2X2 + X3X3)x leldx3dx2 N
2 2
or:
b h
M_f2 = Pb Ph 0'1x3dx3d.x2 R
2 2
from which:
9%ul
M, =—(EI) ,
. 0 ax12
with:

b h N
2 2 g*,2 _b k ( 3_ .3 )
(EI)O = rb rh E x3dx3dx2 -—EEE Lk = Zp /-
22 k=1
A positive flexural moment results in a negative curvature.

The global beam equations are written:

oM
f2 __T3 =0,
Jx,
M 924 20
£ 00 U3 Uz
-N +q9 =05 .
ox? ox} o= (6Sk or?
The shear force is given by:
oM a3 0
f u
Ty=—2=—(El)y—,
axl axl

and the flexural moment by:
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0%ud
M, =—(EI),—=.
f2 0 ax12
The global beam equation can be presented in the form:
0%ud 0% 0%ud
- EI 3 NO 3 + 40 = pS 3
( )0 ax? ax12 0 ( )0 at2

13.4.2. Flexure in the plane (0|x1 ,xz)

This is the case generally used to present beam theory in strength of materials
studies.

Figure 13.2, Beam element deformed in the plane (lel , xz)

The displacement field is expressed:
U(M|r)=U(o.]r)+ @(r)x0M,
where:
U(0y_|t)= udx,, Qt)= ayx; and OgM = x,X; +X;X;.
The displacement vector has the components:
Uy =—x,0 (xl‘t)’

0
Uy =y (xllt),
and the corresponding strains are equal to:

oa;
61 = —x2 a—",
X1

ouy
£g =26, = —+—a.
ox;
The assumption & =0 leads to:
0
u
oy = —2  aswell as:
ox;
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ou?
U =—x3 -2 5
ax,
2.0
El = _x2 a u22 .
ox;
The axial stress in layer k, of an orthotropic beam is equal to:
0%u)
O'Ik = "Ekx2 2 .
oxy

and the flexural moment to:

b h
- 2 |2
Mf3 = x3 -I‘b.rh (X2XZ + x3x3)><0'1x1dx2dx3 s

2 2
2 h
Mf3 = _J-zb Fh 0'1x2deciX3,
272
or:
azug
Mf3 = (EI)O 3 ’
X1
with:

b h N
b
(D), =Efb E* x}dx,dx, =§2Ek(y;:' ~yi).
2 2 k=1

Contrary to the previous case, here the flexural moment and the curvature have
the same signs.
Since:

b h
J__ZBJ-_2E 01x2dx2dX3 = —Mf3 .
2 2

the global beam equations are given by the following expressions:

oM A_T —0
ox, 2w
2
_a My, _Noazug_'_ _( ) 82“3
2 2 qO - m 0 2
ox; ox; or
where the flexural moment and the shear force are given by the expressions:
( ) azug
Mg =\El)yg—>,
5 8x12
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3.0
=—%§_:—(EI) a_ul
ox; ¢ axf’
The global equation is written therefore:
a4u0 aZuO aZuO
-(E1 2 _NOZ 22 4 g, =(0S), —%.
i

13.5. Simply supported beam subjected to sinusoidal loads

The beam OA of length I rests at O and A on two simple supports. The beam, of
mean plane (0|x1,x2) is subjected to a sinusoidal load:

90 = 4n sin

"3? T 9oX3

0 ] —»
Aga Xy
77777

Figure 13.3. Beam subjected to a sinusoidal load

The global equilibrium equation is written:
d*uy
—(EI)O dx{; +q0=0’
and the boundary conditions are:

u3(0)=u3(1)=0,
Mg (0)=M (1)=0,

with:
dzug
My, =~(ET),
f2 dx12
The transverse displacement:

ug(x)= U sinn—lﬂxl-,

satisfies the boundary conditions and the global equilibrium equation. By
introducing it into the latter we obtain the expression:
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4
{—[%) (EI)OU,3,'+q,,}sin ”’;"1 =0,

which has as solution:
4
pd=(_L) _4_
" A\nm) (EI)’

0 ( l ]4 4, . nm
us(x)=| — sin .

(E1), 1

hence:

13.6. Vibrations of a simply supported beam

The beam OA, of length ! and mean plane (0|x1,x2), rests at O and A on two

simple supports.
The transverse vibrations of the beam are governed by the equation:

a4ug azug
El +
(B0 25+ (0 2
The boundary conditions are:
W00 =13()-o.

M (OF)=M (i)=0,

=0.

with:
0%ud
Bx12 '
The boundary conditions and the global equation of vibration are satisfied by:

ug (x|t) = U,3, sin nrlarl sin(w,t + @, ).

Mg

2

= —(EI),

The equation of motion which becomes:

4
[(ﬂ) (EI), - (ﬂg)ow'%JUs sin n7lul sin(@,! +¢,)=0,

{

provides the natural frequencies:

2
EI
w, = n —0—, with: n=1,2,3,....
l (08 ),
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13.7. Buckling of a simply supported beam

The beam OA of length [/, has the mean plane (0|x1,x2). It is articulated at O

and rests at A on a simple support without friction. The beam is only subjected at A
to the compression force ~Fx,, with F >0.

X34

—>
o A g -Fx, Xy

Figure 13.4. Beam buckling

The differential equation of global buckling is:
4.0 2.0
(1), d—“j +F4 e
dx; 1
and the boundary conditions are written as:

u30)=u3(t)=0,
Mg (0)=M (1)=0,

=0,

with:
d 2 uO
M, =—(EI) 3
f 0 dxlz
The transverse displacement:

ug(x)=U3 sinT,

satisfies the differential equation of global buckling and the boundary conditions.
The buckling equation which becomes:

4 2
[ n- (i e

leads to the critical buckling forces:
2
nm
F, = (T) (E);
For the first buckling mode the critical force is:
_ n*(ED),
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Chapter 14

Symmetrical multi-layer beams in flexure
with transverse shear strain

14.1. Introduction

Having considered beams neglecting the transverse shear strains, we will now
examine the influence of these strains on the transverse displacements, the natural
frequencies and the critical buckling load.

The theory presented in this chapter corresponds in strength of materials to the
Timoshenko beam theory for flexure.

14.2. Strains, stresses, global equations

The global constitutive relation for a symmetric plate in flexure is written:

M, Dy, Dy Dy | K

Ny Ay Ags || Ea
M, |=|Dy; Dy Dy || Kz |» {N }=K{ ’
M D. D 5 Ays Ass || &
6 16 26 Des || K6

and after inversion:

*

K, D, D, D | M,
_Ipp, D DM, | |-t Am Ass| e
K |=| P 22 2 2 |» = * % Ns ,

* * * 65 K A
K¢ Dig Dy Dgs || Mg As Ass
with:
_9¥ _9¥ 9w 9y,
Y0k T T oxy ox, ox

and:

oud oud

Ea = "tV E=—mtY
X ox
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In the case of flexure in the x5 direction, we have:
M2 =M6 =0 and N4 =0,

hence:
CLZ] *
a—=DuM1,
X1
81// *
== =DMy,
ax2
)
a'/’l + '//2 =D;6M1,
dx, Ox
and:
oul = Ags N
a.X2 2 K 3
ud 55
+yy = Ns,
ox, 4 xS
with:
2
D' = Dy, Dgg — Dy
U
D' — _D1;Dg6 = DigDys
12 )
D
DY = Dy3Dy6 = Dy Dy
16 = D ,
D =(Dy,D,, - Db )Dgg +2Dy, Dy Dy — Dyy Dl — Dy D2
- 114722 12 66+ 12164726 11+726 2216
and:
* A
Ass = 4 2
ApAss — Ags
. Ags
Ags =— —.
A44A55 ‘A45

From these expressions ¥, i, and ug depend on x; and x,.
As in the previous chapter, when the ratio of length over width is large, we can
assume that ; and ug only depend on x; andont.

The stresses in layer k, determined with the help of:
k k k n* .
g; =X3Qijl(j =X3QijD1jM1 (l,]=1,2,6),

A
k k k 45 ..
oi =0 j=ijTé Ns (i.j=4.5),
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are written:
of = x3(Q1k1D1*1 + Q1k2D1*2 + Qﬁsts )Ml’
of = x3(Q1kzD;1 + 05Dy + Q5 Dis )Ml’
of = x3(Q1k(,D1*1 +Q%Dr, + Q& Drs )Ml’
and:

1 * *
of = E(Q:u‘hs +Qis Ass )Ns’

1 * *
k k
o5 = ;(Qfsfhs +Q55A55)N5~

The boundary conditions for stress at the free edges of the beam are not satisfied.
Their influence is minimized when the ratio of height to width is sufficiently small.

The global plate equations in flexure reduce to two equations:

oM 0?
axl a[
2.0 82 0
%‘Nloa 1123 +q=1I, 1123’
which, after the introduction of:
__L
! D], ox ’
0
K | dus
5 = * a_+llll »
55| 91
are written
L% K[y ), 0%
* * 11~ L
2
If % o, _NO 821122+ =108 uzg

In the following particular cases we have:

— flexure:

2 0
1. a ¥2’1 __Ig“ dﬂ""l/l =0,
Dy dxi  Ass| dx,
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2.0
S du23+—-d% +q=0,
Ass| dxi  dx

— vibration:

A;SL ox?  Ox o’
— buckling
2 0
d

_I__d_'/;l__K_ 3 1y, |=0,
Dll dxl A55 dxl
K (d%8  dy, yod’u _
yoa [ o

14.3. Monolayer orthotropic beam

In addition to the global stiffnesses:
* 12 * _ 12V12

nm=—"7=>Dnn= ,
Eh’ En3
we have:
* 1 1
Ass =—= G
Ass  Gp3

The strains are equal to:
*
€ =x;3DM,,
*
£y =x3DpMy,
A5
=55
5y
K
E3=6,=€c=0,

and the stresses to:

— & = 12x
o, =x3(Q“D11+Q12D12)M1 =?§‘M1’

o, = x3(§12D1'1 +0,,Dp, )Ml =0,
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— Al
05 = QOss —I;S‘Ns’
Multiplying by b the two members of:
3
1 dy, Eh’ dy,

M, = = ,
' bl ax 12 ox,

K ( ou? ou?
Ny=— (—'3—*"/’1):1(613"[?“/’1}

Ags | 0 1
oM, 9’y
o NsTh—7
X, d
2.0 2.0
aN5_NPauz3+ Ioaz,
3 32 0 3 22
E\h” 0 WI—KGBh a&+ : _ph J '//1,
12 9x? ox, 12 9
aZ 0 2.0 aZ 0
KG;H “23 L% —N{’a ”23 +q=ph ‘;3,
ox; ox, ox; ot
and introducing:
bh®
M; =Mb, T=Nsb, N°=N{b, gy=gb, S=bh, Iy =

we obtain the following expressions:

]

257
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14.4. General beam equations

As in the previous chapter, we will detail the equations for flexure in the planes
(Ofx1.x3) and (Ofxy x,).

14.4.1, Flexure in the plane (O|x1, X 3)

Introducing, for multi-layer, symmetric beams, the equivalent characteristics:

b Kb
(EI)y =—. (0S)y = Iob, (KGS)y =—,
Dy Ass
as well as:
g0 =qb,
with:
* A
A55 = —442_9
Ay Ass — Ags
- k
Aij = EQU (Zk — g ),
k=1
and:
(ol)g = 15b,

we obtain, in flexure, the following global equations:

Mg = (El)o %Kll"

T, = (KGS)O(%+ ¥ J

ag;lclfz -Ty = (pl), a;'lzfl ,

NS T

1, 2% - (xcs){%fwl} (o, 2%,
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With the following expressions for the displacements:
U = X%y (xllt)’

Uy = Uy (xllt)’
we obtain:
— the strains:
o
€ = X3 —— 2
oxy
E5 = au +Q
S o
— the stresses in layer k of an orthotropic beam:

— the flexural moment:

b h
Mf _J. b 0'1)63(1.X?3d.X?2,
2 5
da, b
M, =(EI), a—xl with ( =§§;E -2 2 ),

— the shear force:

Ju
T3 = (KGS)O(W:& + a2 } N

1
with :

L N
(KGS)o = J._2£J._2£ KG3dxydx, = szcnka (Zk ~ Zg-1 )

2 2 k=1

The global beam equations:

M 9’
f 2
-T, =(pl ) —=Z%,
o, 3 (p )o Y
T, 0%u) 0%ul
— N + = "
ax, o 90 (Ps)o EYE)

259

are written, after introduction of the expressions for M and T3, in the following

form:
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0%, ous
(EI), - (KGS), (?+a2} (pI) az’

a.xl 1

0%u) oa, 0 0°u) 0%ud
KGS + -N +gy =(0S
(osh| S+ 5 | e

14.4.2, Flexure in the plane (O|x1,x2)

From the expressions:

U ==Xy, (xllt)’
_.0
Uy =uy (x1|t),
we obtain:
005
61 = _'.X2 —_—
ox;
_ %y
6 = -,
ox,
as well as
Kk 003
oy =—E;x o
X1
k _ o~k a“z
06 =G| —=-0
ox,

The flexural moment is equal to :

b h
My = _J:EEJ:zﬁ O\ Xydx,dxy,
2

2
or:

N
Mg = (EI) le , with EI %EE (yk—yk 1)

and the shear force to:

bk
7y = [ [fostrs.
22

duy . x
T, = (KGS), (a—zl‘"%] with (KGS), = KbZleZ()’k - Yik-1)-
k=1

or:

The global beam equations can be written:
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261
M 3?2
£ 55}
+T, =(pl),—=,
ox, , = (o )0 Y
oT, 0 0%uy 0%u)
—=-N +q¢ =\pS )y —=,
axl axlz 0 ( )0 at2

or:
2

0%a oud o’a
1k s 32— =) 52

xl 1 at2 ’
0%u? o« 0%u? 92%u?
KGS 22 |-N'—Z+gq,= Z,

14.5. Simply supported beam subjected to a sinusoidal load

The multi-layer beam OA, with mean plane (0|x1,x2) and of length [, rests at O

and A on two simple supports. It is subjected to a sinusoidal load:

9o = 4n sin

A

T 90X3

A é % LS|
Figure 14.1. Beam subjected to a sinusoidal load

The global equilibrium equations are written:

2 0
(ET), ddxl/;l - (KGS)O[%+W1 J =0,

1 1

d*ud dy
KGS)| —>+—L |+g, =0,
wosh| St e
and the boundary conditions are:

u3(0)=3(1)=0,
M, (0)=M,(1)=0,
with:
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dy,
M, =(EI)—~.
f2 dx,
The displacements field defined by:

. nux
u0=U3sm 1,
3 n I

R
y/1=‘I’,{cos ll’

satisfies the equilibrium equations and the boundary conditions. The two
equilibrinm equations provide the system:

2
{[%’5] (EI), ¥} + (KGS)O(n—l”—U?, + ] ﬂcos ”’;‘xl -0,

2
sk a3 20

WhiCh can be presented in the fOI‘mZ
.

1
n
3
n

2
nw

[Tj (E1)+(kG8), " (KkGs)y [
2
" (kGS), [_l’i] (KG8),
Given the values of the determinant of the system:
4
A= (ﬁl’i) (EI ), (KGS),,

and of the determinants relative to the two unknowns ‘P,% and U ,? :

8=~ (KOS )y 8- [(",—”f(n)o . (Kcs>o}qn,

the solution to the S}’St‘;fm is:
v =-{oe) o
nz 2(EI)0 +(KGS), S nmY
Ua_ ((")T (E1),(KGS) " 2(#] {H(Tj (LEGI“Z(;O}(_IZI)_O
! ° ’

Finally, the displacement field is defined by:
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¥, = L 4, cos 221
' e | (£, 1
4 2
ug = R . (El)y | ap sin 221
nm 1 | (KGS), |(EI), !

The maximum deflection, obtained at x; = % , is equal to:

()

If we ignore the transverse shear strains, it is equal to:

4
l73 — _l_ 9n

" \nm) (EI)’

and the relative variation of the deflection is:

Ui-U2 (nz\* (EI)

U3 1 | (KGS),

14.6. Vibration of a simply supported beam

The beam OA of length I and mean plane (0|x1,x2), rests on two simple

supports at O and at A. It is not subjected to any given load.
The transverse vibrations of the beam are governed by the two equations:

821//1 allg azlﬂl
El')y——— - (KGS —+y | =0l )y —,
( )0 ) 12 ( )0[8 ) 1 ( )0 8t2

2.0 2.0
(kG ){*’a—aal] - (es)y 2.
The boundary conditions are written:
u?( t)= ug (l|t)= 0,
My, (o)=m, (Ifr)=0,

with:
dy
0 axl )

The following expressions for ug and y/ :

M =(EI)
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nix;

ug (xl ft) =U 3 sin sin(w,z + @, ),

nix;

v (xl It) = ‘1—',1, cos sin(a)nt + @)

satisfy the boundary conditions and the global equations of motion which become:
2
[{%J (EI), %! + (KGS)O[%U,? +‘11,{)...

" sin(w, ¢ +¢,)=0,

(ol )y 2P, }cos

2
{(KGS)OH-"—F) Ul+ %\Pj} (0S),02U2 }sinl’l”‘—lsin(w,,t +g,)=0.

After simplification, we obtain the system:

(g]z(El)w(KGS)o‘(”’)"w"z %(KGS)O [‘P,}}zm
7 (KGS), (EIET(KGs)O—(ﬂS)owf R

which has a solution other than the trivial solution ¥! =0 and U2 =0 for the values
of w, which cancels the determinant of the system. The equation for the natural
frequencies:

{(gjz(y)o +(KGS)y - (pl)ooon

{(ﬂ)z(ms%—(ps)owz}

l

...—[%(KGS)OT =0,

is written:

Or:
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SR e (7 R

The discriminant of this equatio
Ao KGS KGS) |
E:( l KGS) [151jl |iKGS ﬂ {ﬂr (EI),(KGS),
! ! (Pl)o(ﬂg)o ,
o ek -
”( (KGS), {EI (KGS), ]

The natural frequencies are equal to:
2 1 nn)z[(EI)o (KGS)O} (KGS),
Wy ==1 — + +
2|08 ) Llor)e (o) | (ot

h , (KGS), } (kGS), } _ )} (EDy(KGS),
)0 (pS)O (PI )o 4( ! ) (PI )0(.05)0 ’
1

!

2[(5 o , (KGS)y } (KGS),y
(o)~ (a8)y |~ o0y ™

ek e g

For each value of r, there are two natural frequencies

%
lic
k-

1s posit

If we neglect the inertia of rotation, the two global vibration equations may be
written

2 0
(1), 2V (kGs)| 254y, | =0,
axl al
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2.0
a U3
or?

a2u;’ oy,
K LA AT
( Gs)o[ ox2 + o, (08),
With:

ug (x1 It) = U,? sin sin(w,t + @, ),

7, sin(w,f + @, )

)= cos

we obtain the system:
[ 2
nr nrx
2 - >
nz n
Tiasky (7] kosk ~eskor |
and the equation for the natural frequencies:
4 2
nrx n
T] (ET)y(KGS), —{[ﬁl—) (EI), + (KGS)(,](pS)Ow,% =0,
for which the solution is:
£EJ4 (EI )0
o? =\ 2(m b
M (EI )0
1 ) (KGS),
The values of natural frequencies thus obtained are lower than those calculated
neglecting the transverse shear strains:

- _(ET (ET),

") (es)
the corresponding relative error is equal to:
w} -o} 1 ~
o, n ) (EI),
T+ —
1 | (KGS),

14.7. Buckling of a simply supported beam

The beam OA, of length / and mean plane (lel,x 2 ), is subjected at A, as shown
in figure 14.2, to the force —Fx,, with F >0.
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X34

;: 0 A g -Fx, Xy

Figure 14.2. Beam buckling

The differential equations for global buckling are written:

d‘//l du3
El KGS 0,
(1 o9y -

(KGS)({dzuzg L J— F dzuj =0,
dxf  dy dxi
and the boundary conditions:

u3(0)=13(1)=0,

Mg (0)=My (1)=0,

with;

dy,

M, =(El)y—.

o=
The buckling equations and the boundary conditions are satisfied by:

X

ug =U;:’sin———n ] L,
X

v = ‘P,{ cos 2L

Introduction into the buckling equations leads to the two expressions:

[("l” J (E1), ¥} + (KGS)O(%U,’:’ +¥) ﬂcos "’;"1 =0,

e () rrforspe

and the system:

267
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which has a solution other than the trivial solution for the values of F which cancel
its determinant, that is for the F solution of the equation:

(%)4 (ET)o(KGS), —(%Jz K%]z (EI) + (KGS)()] F=0.
The critical force of the buckling mode # is equal to:
(ﬁl’l]z (EI),
1+ (ET (ED),

F, =

n

1 ] (KGS),
These values are lower than those obtained when we neglect the transverse shear

strains:
2
R[] e
The corresponding relative error is:
F,-F, 1 _
F, 14| % ’ (&1 )0
{ ! j (KGS),
The first buckling mode is characterized by the critical force:
#* (EI ),
12
fi=— (EI)y
1+——20

1*(KGS),
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Chapter 15

Global plate equations
neglecting large transverse displacements

15.1. Introduction

In this appendix, we present the plate analysis equations, integrating the local
equations when the three absolute values of displacements are low in comparison
with the plate thickness, and when the absolute values of the components of
displacement vector gradient are much lower than one.

We will limit this study to the resultant forces and moments and the inertia
forces in the Reissner-Mindlin and Kirchhoff-Love type analyses.

15.2. Hypothesis relating to plates

A plate is a continuum limited by two parallel planes corresponding to the lower
and top surfaces of the plate, and by a cylindrical surface (edge of the plate)
orthogonal to the faces of the plate.

The middle plane of the plate is equidistant from the lower and upper surfaces
and these are separated by a distance h.

The middle plane of the plate is located in the plane (0|x1,x2) of the reference
axes (0|x1,x2,x3).

The rectangular plate as shown below has the middle surface represented by a
rectangle, the dimensions of which are a, and a, respectively.

The plate is specified as “thin” if the thickness is small in comparison with the
middle surface dimensions, which is the case when the thickness to characteristic

dimension of the middle surface ratio is lower than 1/20. The term “moderately
thick” is used when the ratio is between 1/5 and 1/20.
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x; A2
2 az
0]
/ >
X
.". — h 2
a 2
X;
Figure 15.1. Thin plate

In this appendix, we assume that the absolute values of displacements u; are
small in comparison with # and that the absolute values of the partially derived
functions 2% are less than 1.

0x;

15.3. Reissner-Mindlin and Kirchhoff-Love plate theories

In these two plate analyses, we are assuming that u; and u, depend on x;, x,,
X3, and ¢, and u3 depends on x;, x, and ¢ only. The chosen displacement field is
written as:

Uy = “?(xl’let)*‘ X3 (xl’let)’
U, = ug (xl,let)+ X3y (xl » X7 It),

Uy = “g(xl’let)’
The strain field is then defined by:

0 0 0
gll=§_l£L+x3_a£, 2812=8A+%.+x3 —a_lﬁ+—aﬂ .
ox, ox, dx, ox dox, Ox
du, y, oud
= + , 283=y +—,
%) o, 3 ax, 13 =¥ o,
aug
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We consider the set of particles M placed on a line segment AB, which is

orthogonal to the middle surface of the plate and goes through particle M 0 placed
in the centre.
With the chosen displacement field, the particles placed on the line segment AB
are placed on the line segment A’B’ after deformation of the plate as shown below:
B’

B

M
M

>
=

Figure 15.2. Displacement field

The particles placed on the line segment AB are defined by:

MM = x;x;, with ——Z—S X3 Sg and OM° = x;x; + x,X,.

Starting from the relation:
M'M =M"M°’ +M'M+MM,
and introducing the displacement vectors of particles M 0and M, we obtain:

M™M= MM + U(mt)- u(m %)),
SO:
MM’ = x,x, + (u? + X3 )xl + (ug + x50 )xz +UugXs...
o= (0, +u0x, +ulxy ),

M'M = x3 (WX, +WoX, +X3)-

This last equation shows that the particles placed on a line segment AB remain
aligned after deformation of the plate and are placed on the line segment A’B’.

This displacement field chosen corresponds to the moment field:
U(M]r)= UM )+ @x MM,
with:
U(Molt)= ulx; + udx, + uixs, Q=Qx, +Q,x,, MM = x;x;,
we obtain the relation:
U(MI")= ("10 + x392)X1 + ("lz] - x3£21)x2 +u3xs,
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which, identifying the chosen displacement field, gives the two relations:

Q =-y,, Q, =y,
which represent the two infinitesimal rotations of the line segment AB measured
respectively on X; and X, . These two rotations are shown in the figure below:

X3

Q, =y

Xy X3

Figure 15.3. Infinitesimal rotations

The middle surface of the plate is defined by the vectorial equation:
£(x,,x,)r)= OM" = OM® + U(m°}s),
f(xl,let)= XXp + XX, +upXy +udx, +udxs,

f(xl,x2|t)= (xl +u{]}x1 + (x2 +u3)x2 +u2x3 .

The two partially derived functions of £ with respecttox; and x,:
0 0
of =[1+ ou) ]x ou, X ou;

o | oxm

ox,
of _oup +( aug}‘ 3

52_ Cox, ox,
correspond to the tangential plane of the middle surface of the plate which goes

through M7,

The principal parts, i.e. the first order terms, of the scalar products of the two
previous vectors with the vector MM’ are respectively equal to:

> . of ouy
MM — = +—=,
ox; x{wl ox, J

0
v x}[,,,z +§—3]
X X2
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The hypothesis in the Kirchhoff-Love analysis is to say that the transverse shear

strains £;; and &,; are zero, so the infinitesimal rotations are expressed in terms of

ug with the two following relations:

ous
'/,1 - ax] s

aug
Wy = o,

Putting these values into the two previous scalar products, we obtain the following
equations:

» of of

MM —=M"M".— =0,
ox, 0x,
which show that the line A’B’ is orthogonal to the middle surface of the plate.
B
M %
w|
A

Figure 15.4. Displacements in Kirchhoff-Love type analysis

In Reissner-Mindlin type analysis, we have the displacement field:
u1 = u? + X3|//] N

0
Uy =uy +x3¥s,

uz = ug ,
separated into the membrane displacement field:
u' = u{) ,
Wy =ug,
u3' =0,
and the bending displacement field:
ulf =X,
“{ = X33,

f_,0
Uy =u;.
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In a similar manner, the strain field:

0 0 0
gn=3i+ L WP PR L L 2R |
X ox; ox, ox; dox, ox;
0 0
"322—8142 + 331,1/2, 2513=W1+ai’
a 2 ax2 29
oul
€33 =0, 2=V, +"a—3"
X2

is separated into a membrane displacement field:

0 0
gl"i =§E_{_)_ 281"5 = ai.}.aﬁ
ox; oxy  Oxp
0
ep =942 em g
ax2
£33 =0, 2e%3 =0,
and bending;:
oW oy, o
f_ 1 f - 1 2
£l =x3—, 26}, =x3| —F+—=|,
=55, 2 3( ax, | ox,
oy, f du3
E3, =X3——, 28/, =y +—,
n=%g0 3 =¥ o,
ou?
ef, =0, 2ed =, +5;3—.
2

In Reissner-Mindlin type analysis, the membrane displacements and strains

depend only on the two functions u? (xl,let} and ug (xl,x2 lt), while the bending
displacements and strains depend only on the three functions (xl,x2 It),

0
0] (XI,XZ]I) and U3 (xl ,x2|t).
But in Kirchhoff-Love type analysis, we have the displacement field:

0 a“g
Up=up —x3 )
axl
0 a“g
Uy =Uy = X3 —,
axz
Uz = ug,
separated into a membrane displacement field:
ul' =u,
Uy =uy,

ujy =0,
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and bending:
ou
uif = —X3 ——3 .
axl
£, o
Uy =-—x3—=,
axz
u{ = ug
Similarly, the non-zero components of the strain tensor:
_ ou} 0%uy
=73 X375
1 8x1
0 2.0
ou; 0u,

o) owd %

27 0x, ox, | oxox,
are separated into the membrane strains:
0
m _ aul
&= F
X1
oud
m o _ 2
En =5
X2
m Ou) aug
2812 =—+—,
8x2 8x1
and bending:
2.0
f_ 0 u;
& =X/
X1
2.0
f_ 073
€ = X3 ,
ox;
0%ud
26, = 20, —2-.
0x;0x,
These last expressions present the curvature of the middle surface
o%ul
Kll =- 23 )
ox{
0%u)
Kp =——
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2’(12 =-2

0x,0x,
In Kirchhoff-Love type analysis, the membrane displacements and strains

depend only on u{)(xl,x2|t) and u) (xl,let), but the bending displacements and

strains depend only on ug) (xI , Xy |t) .

15.4. Global plate equations
15.4.1. Force equations

The resultant forces are defined as:

h
N i~ Ph g tjdx3 s
2
and they satisfy the symmetry condition N =N
Multiplying the two members of the motion equations:
o0 a2 .
y + fi - _i s
ox or?
h

by dx;, and integrating through the thickness from—g to 5 the three force

equations are obtained:
R oo h hooa2
ij _ u
Jrugertea+ [ i = [, 0% 500
2 7 2 2
—Fori=1,theequationiS'
h
80'11 80'12 80'13 a
erx T ar, 0 r—d"f’f fldx3“fhpj,de
2 2 2

The first term of this equation is equal to:

h h
~ 40 3 (5 oN
'[—g axl 3 axl _ﬁ =3 axl

in a similar manner, the second term is equal to:

h h

do 0 ON
Ph'a R [0 = o
__2_ X2 L%) __2_ &%)




Global plate equations neglecting large transverse displacements 279

The third term becomes:
h
80'1 h h
_r 7%3 —[013] —Gls(xl,xz,gkl—013(x1,x2,—5|f)-
2 2

The boundary conditions applied on the upper and lower surfaces give the two
relations:

h
GIS(xl»xZ’Eh): T1+3(x1,x2|t)’

h _
013(X1,x2,—5|t)= f13(x1,x2|t) :

in which 7[5 and 73 are the surface forces applying on the two faces respectively.
From this:

h
Jdo _

Fh—dxls 3 =173~ 713-
ax3

For the body forces:
h
Fh frdxs = Pl(xblet)’

the following equation is obtained:

aNu aN12

h

0%u
— L rh -3+ =r —ﬂdx
o, ax2 1B-Ti3 TP _Epaz

—For i =2, the following equation:

r8021 F 022 F—dx3+j2 fzdxs—_rp_dx,

2
which w1th the previously mtroduced notatlon will be written as:

Ny Ny

3 — 4133 - ‘f23+P2—_r P—dx
X1 aX2

—For i= 3,in asimilar manner:
do Jo i do h h 02
T3y P 9932 4 P—”dx +J‘5 dx=J'5 25
rh ax ._E ax3 3 _£f3 3 _ﬁp at2 3
2 2 2
and:

N3, Nz
ax, ax2

3214
+T33 —2'33 + P3 -—r p—dx
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15.4.2. Moment equations

The resultant moments are equal to:

h
MU = Ph O'in3dX'3 s
2
and satisfy the condition M; =M
Multiplying the two members of the motion equations by x3dx; and integrating
through the thickness of the plate we obtain the moment equation:

h h
PZ xadx3+J. fmdxa—r,,pa;t

2 2

x3dx3.

— For i =1, the equation is written as:

h h

00 do do >
| hasdss + | el + 2SR xsaey + [2, fixadis..

h 4 ox, 5

from the first term:

h h

do 2 (5 oM

2 11xdx=—J.20'xdx= 11
J‘jg axl 33 axl _ﬁ 1173743 axl

and the second term:

Xydxs = J. O Xydxy = I
2

P
-~ Ox
7 %2

The third term is equal to
h
Jo >
f_ 2 xydx; —J. a (0133 )dxs _J'.zﬁ Oy3dx;,
2

S0, using the previous notation:

h
x3dx3—[013x3] “N13—(713+713),21 Nys.
2

h
> 0073
P

-2 ox
5 %3

Let, for the relative integral of the body forces:
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h
Izh Fixsdxs = w4 (x, % |’)
2
we then obtain the equation:

h
aMll 8M12 + _\i 82u1
—+—=-—Nj3+lr;3+7 +u =12 x3dxs.
x| ox, 13 (13 13)5 M JTEP o2 33

—For i =2, in a similar way we obtain the equation:

" o L Ly u
2 21 5. dx +J.2 22 . dx +J.2 23 . dx +J.2 Xx3dxs...
th oy _% o, )iy, % % 2x3d%3

2
h 2
—~  0“u
—12 2
= P X3dX3,
J.—ﬁ or?
2
which can be written as:
h 2
8M21 8M22 (+ — )h . 8 u2
— =+ ~Nyy + 053 + T3 J—+ =J.2 x3dxs,
o, %, 237 P23 T 723/, M _gP 2 3ax3

using the previous notation.
The equation written with i = 3 has no physical application.

15.5. Plate equations in Reissner-Mindlin analysis
15.5.1. Calculation of second members

The Reissner-Mindlin displacement field is:
U = u? (xl,xz |t)+ X3 (xl,x2 |t),
U, = ug (xl » Xy |t)+ X3, (xl,xz |t),

0
Uz =Us (xl’x2lt)’

By introducing:
h

2
and:

h
11 =J.2h px3dx3,
2

281
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the second members of the three force equations are equal to:

h
0%u o) 932 o) o2
th_zldx3=Fh 2t %3 '/2/1 dry =Ip—-+1 '/2/1’
t -~ | or ot d ot
2 2
% L3k a%, 0% 3%,
Php_zzdx3=Ph X |dry = Io—E+ [ —=,
-— ot -— | ot t ot ot
2 2
h h
5 pa U3 F pa Us azug
3= 3=1p
R o —% ot? or?
By introducing:
h
5 .2
12 =J-2h pX3dX3 )
2
the second members of the two moment equations are equal to:
32W1 u) . %y
J- p X3dX3— X3dX3=Il +I2—,
L 9t? or?
3 9%u, X %8 2%, %0 3%,
th 5 X3dX3 = 2h —2+X3—_2 X3dX3=Il—"2—+I2 5
- ot -— | or or ot ot

15.5.2. Global plate equations

In the case where the u; are equal to 0, and also 75 and 7; are zero except

73 = g3, the plate equations are written as:

Ny Ny 9%up i1 %y,
-ttt =1 175 >
ox;  0xy t2 or?
ONp Ny, g 32u8+1 %y,
Tox, 270073 2’
ox; ax2 t or
ONj3 Ny 9%u3
B B g ps=1 ,

axl ax2 93 T P3 0 812

2.0 2

My My 97, 0
a a 13 = 41 2 2 7

X X2 ot ot
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82u2
ot 2

oMy  OMy
0x; ox,

3%, ‘

~-Ny=1; 52

+12

15.5.3. Boundary conditions

n and s are respectively the local normal and tangential co-ordinates on the plate
edge, and the conditions around the perimeter of the middle surface of the plate, for
an edge in the following case:

— simply supported:

N,=N,=0, M,=0, v, =0, u)=0,

— hinged free in the normal direction:

N,=0, M, =0, w,=0, «0=u3=0,

- hinged free in the tangential direction:

N,=0, M,=0, w,=0, u0=uj=0,

— clamped:

u?=u2=u

wo

— free:
N,=N,=N;=0, M,=M,=0.

15.6. Plate equations in Kirchhoff-Love analysis
15.6.1. Calculation of second members

With the Kirchhoff-Love displacement field:
8u3
x
auo
U, —"g(xulet) X3 = 3 ==,
X
Uy = "g (xl’ )’

the second members are obtained

h
2 a“l
h P —5dx; =

_.0
U =iy (xl’let)

2

0 2.0 3.0
0’u) 0u; 0 u;
dxy=lg————-1|——=,
" axjor J T ok’
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h 2 h 2 3.0 2.0 3.0
LC T PLE S .
-3 ot = ot 0x,0t ot 0x,0t
h 2 h 20 2.0
0“u 0“u 0“u

2 3 —_12 3 —

r p——dx3= |4, p dx3 =1 ,

_% at2 —% at2 at2

and:
h h 2.0 3 2.0 30
-5 ot —5 ot ax or? ot dx;0t

aZ a3u0 82 0 83 0
r P 5 x3dx3—r u2 32 X3dX3 =11 u22 "12 “ 5
or axzaz ot 0x,0t

As in Klrchhoff-Love type analysis, the rotation inertia where I; and I, appear

are neglected and the second members are written as:

h 2.0 h 2 2 0
0%u a uy > 0%uy 0wy
_r 2‘“ 7 rhp y By =lg—=,
ot az -— ot ot
2 2
Z p82u3 _ 0%ul
AT e
and:
h 2 h 2
o0“u 0“u
2 1 - 2 2 =
P Xadx3 =0, P X3dx, =0.
Jjﬁ at2 33 Jjﬁ at2 3
2 2
15.6.2. Global plate equations

In the particular case where g; =0, 73 =0, 75 =0 except forz3; = g3, we

have:

Ny Ny | o%u)

axl 8x2 atz

ONj, ON 2l

12, 22+p2=103"2’
axl ax2 8t2
Ny Ny azu;’
—ZB g+ ,

axl ax2 q3 p3 a 2
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aM“ + aM12 “Nia =
ox; ox, B=m
axl 8x2 23

Differentiating the two members of the last two equations respectively with
respect to xq and x,, we obtain the two equations:
My, +32M12 ONy3 _

O ’
ox?  Oxoxy  0x

2 2
d M12+a M22_6N23=
axlaxz ax% 8x2

0,

leading to the following relation:
2 2 2 2.0
M
9 5 +2a My +a MZZZ +q3+ Py =IOa "23 .

15.6.3. Boundary edge conditions

In the particular case previously considered, we have for an edge:

— simply supported:
N,=N,=0, M,=0, u)=0,

— hinged free in the normal direction:
N,=0, M, =0, u®=ud=0,

— hinged free in the tangential direction:
N,=0, M, =0, u?=ul=0,

n=

— clamped:
u,(,)=u£=ug=0, %= ,
on
— free:
N,=N,=0, ags+N3=O, M,=0
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Chapter 16

Global plate equations
for large transverse displacements

16.1. Introduction

We will now derive the global plate equations by integrating the non-linear
equations of motion that the Kirchhoff stress tensor satisfies, for the case where the
absolute value of u, is not small in comparison with the plate thickness.

This configuration allows the buckling of plates to be studied. In addition, the
absolute values of u; and u, are small in comparison with the plate thickness, and

the absolute values of partially derived functions of u; and u, with respect to x;,
x5 and x, are less than 1.

We will clarify these relations in both Reissner-Mindlin and Kirchhoff-Love
type analyses.

16.2. Local plate equations

The components 0'15-( of the Kirchhoff stress tensor are written in this appendix

o; and satisfy the local relations:

8 au azu.
s, + %\, |+ F =L %
axjﬁ ' +Bxk}7k]}+fl g

In the present plate analysis, we consider the displacement field to be written as:
U =u, (xl,xz,x3|t),
U, = uz(xl,xz,x3|t),
uz = “3(x1’x2|’)’

and in the local plate equations, we only conserve as non-linear terms those
containing the partially derived functions of u3 with respect to x; and x,.

Under these conditions, the local equations of movement are written as:
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—fori=1:
d du 0%u
EH% + 3 iJak,} fi=p 3 21 ,
aO'lj a2u1
+fi=p—-,
ox, fi=p Y
80'11 80'12 80'13 82141
+ +fi= ,
o, ok TP
—fori=2:
a au2 2u
xj[(ézk +'ax—kJ01g} fa=p 2 2,
80'2j a2u2
+ - ]
ax]' f2 atz
80'12 60'22 80'23 62u2
+ - »
axl a.X2 * aX3 f2 p at2
—for i=3:
a u3 2“3
Kj (53/: +8 k)o'kj:|+f3 P 52
) duy 0u,
— +O— |+ f3 = ,
7, TR k] fa=p 57
2l +O —+0 §—lf3—+—a—a to ——-+aaﬁ
o, 13 11 1 12 o, o, 23 1273 1 22 o,
au3 au3 a2u3
+ +03—240py—|+f1=
3 3(033 13 o, 23 ax2] f 52

16.3. Global plate equations
16.3.1. Global plate summation equations

Multiplying the two members of the local equation of movement i =1 by dx;

and integrating through the thickness of the plate from —g to g, we obtain the

relation:
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r doy Faalz ﬁa"”z +Igfd" ‘Ih p Ly
hax —%3153 RO or?

including the following mtegrals.

h h
—~ d0 I (5 oN
2 gy, =— |2 oydxy =—1L,
J‘_ﬁ ox; 3 ox; J_1 1= oxy
2 2
h h
do ) IN
Fhidx:; =— 2h 0'12dx3 = 12 s
- aX2 ax2 - 8x2
2 2
3 h
o n
J- a—wd’% = [013]2 -013(x1’x2’—|’J Uls[xl,xz,——kj
3
2 2
From the edge boundary conditions on the top and lower surfaces, we have
do
J- fldx:a—ﬁz 7135
X3
2
let:
h
J'zh fdxz = Pl(xl’x2|t)’
2
we now obtain the equation:
h
E)Nll 8N12 J' 8
+T —T3 + ———d.x
ax, ax2 B-t3TO= LW

An analogous transformation of the local equation i = 2 gives:

80’ do 2 80’ Uy
[ [ 52 200 - o
then:
h h
J" 80'12 ale ) adzzdx3 _ 8N22
_n ox; _ ox, oxy
2
do .
_[ Tﬁdx:a =133 -T2, 2, fadx3 = py,
2 2

from which the second equation:
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a.xl ax2

62u
+z'23 Ty + Do —r p—dx3.

From the local equation i = 3, we obtain by integrating through the thickness of
the plate the following relation:

h h
) au3 au3 d 8u3 8u3
Fh— O3 +01—+01p+— dX3+ 2 093+ 01 —=+0y —— dX3
_E X1 X1 axl

> du 2 L
.+ 2h 033 +013 +093 3 dX3 +J‘2h f3dx3—.[2hp—dxu3 3
_E aX3 ax2 _E t2

in which the following terms appear:

A
—~ 0 du Jou
J=J2—a + 0| —=+ 0 — |dx3,
1 _ﬁaxl( 13 116)61 12 7%, 3
h
0 du ou
I =2 (2|01 +0,, 2 40 3 \dxs,
1 axl_[la 11al 128x2 3

ous dus
Jy =aT[N13 + Ny =— = +N12 az J because uy does not depend on x5,
x| 2

8N13 a a au3
J = N +N
! axl axl [ Wox, a X1 12 axzj

or:
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or:
u h du
Jo =T =T + T —2| xy, 50, —t |- 70— x, %, ,——|t
3 =T33~ T3 1aaxl(1 22|J 138x1[1 2 |J
Ju h Ju h
et T =2 Xy, %0 =l |~ 70— x,, x40 ——]t |,
b e (moragh o g mnh]
let:
h
thfs'dxa:Pa,
2

we thus obtain the third summation equation:

oN; 8N23 J Ous Ou, d du, au3
TN T N +N, =3 |+ 2N +N
ox;  0Ox, Bxl " x, X, 2 ax, 125y, 2

Ju h

+ = + + 3

..t 1'33 "'1'33 + (1'13 +123)§' xl,X2,-2‘|t “ee
1

16.3.2. Global plate moment equations
Multiplying the two members of the local equation of movement i =1 by x3dx;
and integrating through the thickness of the plate from—g to g, we obtain the

relation:

5 90 3o i ;
o0y + J' 9002y dxy + J' 13 oy + [, fiads..
—— a 1 - a 2 - a 3
2 2 2

in which the following terms appear:

h
r x34x3=—‘J- Oq1x3dxy = F
E 1
h

.r012x3dxa— a

) I
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h h
Jo a
2 9013 -
—g oxy, 0 0 -5 ax !

h

h

+ -

= [‘713x3 F" -Np= (713 "‘fla)E‘ Nys.
2

In other respects, we let:

Eﬁ fixydxs = py (xplef)-

2
The first moment equation is written as:
h
oM, oM, v __\h 0%u,
———+—==-Np+lth+73)-+ I L xidx
o, ox, 13 (13 13)2 Hy = hpa 3dX3.

The second moment equation is obtained in the same manner by multiplying the
two members of the local equation i =2 by x3dxy and by integrating through the

thickness of the plate, which gives:

h
8012 oo
dx, +
__a1 ox 3% J;a

xydxs + J‘—aa 2
2

x3dx;y + r faxadxy...

with:
do oM
2 9912 gy, = M2
J._ﬁ axl 33 axl
A
do oM
2 2 _ 2
X,dX, = ,
—g ox, ° °  ox,
A A
5 00y

h
) _\h

" x3dx3 =Fh5~(023x3)dx3—Fh023dx3 =(Tz+3 +723)——N23,
2 % 2% 2 2

h
fﬁfzxadxa =l (xl,let),

from which the second moment equation:
oM, 4 oM ,,
ox, ox,

2

h
_\h > 0°u
- Ny "‘(f;a +T23)5+/‘2 = J._zﬁp‘at‘zlxadxa .
2
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16.4. Global plate equations for static, vibration and buckling cases
16.4.1. Global plate equations

In the particular case where:
o= et e m o + _
T3 =713 =Tp3 = T3 =T33 =0, 733 = g3,
=i, =0,
the five equations of the plate analysis involve:

— the three summation expressions

axl -|. p
Ny, N " 92
12,2 |2 24 ,
ox| axz P2 ‘r gp P
Ny, Ny, 9 du, dus ), 8 [\ Om ouy
N +N N +N
o ox, om| Wox al 12 9x, ax2 on | al 2ox, |

0%u,
+‘13+P3“.r Pa—z—dx

— the two moment equations:

h
8M11 8M12 82u1
—Ni;=]2 Xadxs,

ox, ax2 13 _%P o2 30X3

M, oM LA
12 22

_é—_+_—‘_N23=J.2hp 22 x3dx3

X1 ax2 _.2_

16.4.2. Global plate equilibrium equations

293

The non-linear terms are neglected and the five global equations of equilibrium

are written as:

ON oN

11 + 12 +py =0’
axl BX2
oN N

2 W2, o0,

ax;  Oxp
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oN N
13_'_a 23+q3+p3=0’

axl ax2

oM M

—a 11 +aa 12 —N13 -_—0,
X1 X2

M

aa_lz+a_M2_N23=o,
X1 8x2

The elimination of N3 and N,; in the last three equations gives:
2 2 2
8M11+28 M, "My

+g;+p; =0.

16.4.3. Global plate vibration equations

Neglecting the non-linear terms, we thus obtain the global plate vibration
equations:

R
Ny,  ON 3%u
1, 12=th 2113,
axl 8x2 -Z ot

h

oN;, ON 0%u

812+ 22="2hp 2 dxs,
x;  Ox; ot

h
alv_13+a_]v_2.§.=F pﬁdx?,
h v

0x 0x3 or?
aM“ 8M12 ,21 82u1
Tt G M= [fp T,
X1 X2 -5 ot
8M12+8M22_N —J%pazuzxdx

Eliminating N3 and N3 in the three last equations, we have:

h h
My, +2alez + My =F 9y 3 +2 2 p_82u1 X3dxs...
ox? ox,0x,  0x2 —% or? ox, —% ot?
h
d 0%u,
wt—|Z% p xqdx,.
ax2 _% 8t2 3843
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16.4.4. Global plate buckling equations

The global plate buckling equations which involve the non-linear terms of the

equations of plate analysis, are written as:
oONy; + ON,

=0,

axl axz

axl ax2 ’
8N13 8N23 82u3 82u3 82u3

3 + 3 +Nin—5 +2N12a 3 +Nyp—-=0,
X1 X2 X 10% ox3
oM oM
T ey VB0

X1 X2
oM oM

> 12 M2 ~Njyy =0,

X, ox,

where the first two equations have been used to write the third one. The elimination
of Ni3 and N3 in the last equations gives the following relation:

M 82M *M 92 02 92
“ 12‘|- 222 +N11 u23+2N12 “3 +N22 "23 =0.
ox? aJ‘Haj‘fz ox3 xi 0x;0x) ox?5

16.5. Reissner-Mindlin global plate equations

Taking account of the calculations of the second member developed in the
previous chapter, the global plate equations are written as:
ON,, . ONy, %u) 9%y,
*_.*._— > s

+p =1 1
o | ox, =1 % -2 th 3
ON,, ON,, 0%u) 0%y,
T  Pm g, o 1 ,
o, ox, P2 loa thTa
ON; LNy 8N23 KB v, e au3 N, au3
ox;  Ox, axl ox, ax, |

0 aZug)

0 ou ou;
a (leai N2282J+f13+l’3—10 52

2.0
a_A_lL.}.W_u_.N =17 a_'il_.}.] azwl’
13 1 2 2 at2
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oM, + oM 5 - 9%uy +1, 'y, )
ox; ox, or? or’

16.6. Kirchhoff-Love global plate equations

The simplifying hypothesis of Kirchhoff-Love type analysis and the previous
calculations enable us to write the global equations of the plate analysis in the

following form:

oN;;, ON 0%ul
DRI UP “21 .
ox;  Ox, ot
N 2.0
8N12+a 2 | 2=Ioa “22,
dx, Ox, t
Ny Ny, 9|y %+N dus.
ox; ax, x| ax, ‘o,
0 ou oud 0%u
+—| Np—+Nypy—= |+gq;+p;=1 ,
ax2[ 12 o, 273 93 T P3 =1y 32
oM, + oM |, ~N, =0,
a.xl aX2
oM oM
12 2 _pN, =
a.xl aX2
Alternatively, we have the equation:
2 2 2 0
O My 9 My 9 MZ” 9 Ny — uy leaﬂ
ox? ox,0x, ox; axl ox, ox,

) ou ous 9 a%u?
2(N12a? N2za ]"‘%"'Ps—lo ats.

ax



Chapter 17

Global plate equations:
Kirchhoff-Love theory
variational formulation

17.1. Introduction

The object of this appendix is to present the Kirchhoff-Love plate theory, in
which the transverse shear is not taken into account.

From the Kirchhoff-Love displacements u;, 4, and u;, we calculate the Von
Karman strains used when the transverse displacement w3 is higher than u,

and u, .

The plate equations are obtained from variational formulation. From these
equations, we write the relations for bending, vibration and buckling of plates.

17.2. Von Karman strains

The components of the Green-Lagrange strain tensor:
eh L 9 9y, 9wy dmy |
2| ox j ax,- ox i ox j
provide a linear part:
l aui n au j ’
2 ax j axi
and a non-linear part:

1 9uy e _ 1[0my Oy | Oy Oy Oty Oy
20x; 0x; 2| dx; x; Ox; ox; Ox; Ox; '

When the transverse displacement wu3 is higher than u; and u,, the non-linear

term:
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ox; ox; Ox; Ox;

can be neglected with respect to
1 9u; ouy
2 Ox; Ox; '
Under these conditions, the Green-Lagrange strains are reduced to Von Karman

[aul du ﬁﬁaﬁ}

strains:
evk L[ s  Ouj ) 1 3uy Oy
v axj ax,- 2 ax,- axj

|

|

The displacement field of Kirchhoff-Love theory

0 Ju3
U =u (xlvxZIt)— X3 T(xl’let)’
t

0
= “g(xl’x2|t)"x %(xl,xzk)v
X2

0
U3 =u3z (xl’x2|t)’

|

leads to the Von Karman strain field
2
vk o) 0%y 1(oud
Rt W R B el I
x) oxf 2| ox
VK _ 8u2 azug 1 aug
2 T, T a2 2|on |’
gy _1fow) oud) - 0%u3  10u3 oud
12 2 axz axl 3 axlax2 2 axl 3x2 ’
VK
£l3 =€ =€5f =0.
We can introduce in the strain relations
L_l au,-+auj lauk auk
Y 2 axj axi 2 ax,- axj ’
the expression:
Zh gyt
axl kl kl >
which leads to:
1
(fki + Wy )(Ekj +wkj)’

L _
Eij —Eij+5



Kirchhoff-Love theory variational formulation 299

§0:

Legy+| )
gij = gij +—2' gkigkj +€kiwkj +€kjwki +a)kia)kj .

For the case:
0< lgql < Ia),.j, <1,
we have:
0< lg,-jek,| < ’wijek,l <lew

’

and:
0< |g,.ja)k,1 < lw,-ja),d| <|wy].
Taking into account these inequality relations, we can neglect ’ekt-ekj’ , ’ek,-a)kj)
and |a)k,~€kj| compared to |a)k,-a)kj|.

The Kirchhoff-Love displacement field gives the partial derivatives

duy ouw)  0%)  ouy  ou 0%l ow o
o o o o oxp dndxg Ay on
Ouy ouy %ud  du, _oud 0%ul duy oud
oy o Comdn o o ad 0n  on
ouz _ ou duz _ oud ouz _
o Ax o, O oy
from which we can calculate:
ey =ﬁ—x3 azug, £y _1 oul  oud Cx 0%u ,
ox; ox; 2{ dx, Ix ox10x,
€2 . 382149, €3 =0,
ox, ax%
€33 =0, £31 =0,
and:
o =l % aug
2720 ox, o
0
Wy = ‘gﬂ
X2
ol
31 —“é‘g

If the transverse displacements are significant, the @;, component of
infinitesimal rotation is neglected compared to w,3; and wy;.
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Thus the Von Karman strains are obtained:

1 ou? 9%u? oud
VK 2 3 ouy
en =€“+Ew31 al — X3 + 3
X1 ox, X1
1 2 aug

K _
€y =&pn +t-W3
2 dx,

%ud 1 aug
Xyt — |,
ax2 2 ax2

Efy =& +—wyw; =

6'13 = 6'23 = 533 =0.
The Von Karman strains €;; are as follows:

2
. aul Ou _ 0%uf +l E
. —ﬁ—x 0%uj + au3
27 ax, w2 2|ox, |’
L oud 0ud

1{ ou)  oud 0%u)
812 = ——= | = X3 + — N
2| ox, ox ox;0x, 2 0x; ox,

€13 =€y =£3 =0.
The Kirchhoff-Love virtual displacement field:

odu?
ouy = 5“?("1v"2|’)‘ X3 Eli(xl,xﬂ’)’

A3
u, =6ug(xl,x2|t)—x3 8x23 (xl’let),

ity = 8l (x,, x,p).

is associated with the Von Karman virtual strains:

0 260 0 0
8, = odu; _x3a &243 +BA3&43 ’
ox; x| ox; 0x
0 250 0 0
55, =85u2 “x, 0 &243 +aﬂ85u3 ’
ox, ox; dx, Ox,

ul D6u?

1 aul oud 0°uj 1 0uj ouy
+—2 | x, 23
2 2l ox, ox dx0x, 2 0dx; ox,

P AN
279 ox,  ox > 9x,0x,

0%du) 1( oud 08ud
+ —
0x, ox

dx; ox,

J
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17.3. Variational formulation

The variational formulation of a problem with fixed surface efforts is written:

Jau&:dﬁ j F,6u,dS jf,&d9+j p——audsz 0,

where u; satlsfles the relation Vdu;.

17.3.1. Virtual work of internal forces

The virtual work of the internal forces éW; is given by:
- oW, = J- 0;06;dQ .

Decomposing the volume integral into a simple integral and a double integral,
we obtain the following relation:

h
—5“71' = .[S‘ Eﬁ(a“(%“ +0'225822 +20'125€12 )dX3 as .
2

Replacing the virtual strains with this expression, we obtain:

h
S odu) 0%0u) | u) 063
—OW. = 2 1 3 33 .
! S{J-.g.{all[ ox, 5 ox? ¥ dx, Ox,

o (2048 3% dud 3su3)
” z axZ 3 ax% axZ aX2 b

ox,  Ox 3ax18x2 dx, dx; Ox; ox,

0 0 2 0 0 0 0
+ 012[ 0% 9% 5,9 ] 23 905 | us u; deg }ds.
By introducing the resultant forces and moments:

h
NU =J2h0',](1.X3 and Mlj =Fh0-ijx3dx3 s

2 2
we have:
85u 028’ ol 96 0du?
oW, = N L_M PN, ——24+N z .
32&43

—M22—
xz

Ny

au3 08 aa‘u?+a&4g )
ox, ox, Noox, oxy |
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ox,0%, | ox, ox, ox, ox,

Using the derivative formula uv’= (uv)—u’v, we obtain the following relations:

2¢ 0 0 0 0 0
o 5L 2280 0

&l 0 0 azv11
N =2 Ny o - =L g0,
11 axl axl ( 11 1) 1
%&d 9 08u aM“ o%uy 0 8&42
11—2 = — M11 - = - M“— ses
oxf  ox ox, ox, Ox; ox; ox,
.9 aMn&o 9* Mn&o
a a'xl axl
au3 8&43 a 3u3 a au3 0
Nip = | Ny —8ul |-—=| N dus,
axl axl axl[ o, a X1 3 axl oy, axl 3
o) o oN
N 2 =% (N, &u0)-2259
2 ox, axz( 2 2) ox,

22

& o o 0045 ) 9My 384 _ D ( o 9043
2 22 - - 22
dx;  Ox, L ox, ox, dx, Ox, L ox,

"‘"aa (aM22 &3J 0’ M22 58,

ax2 x2

0
N,, 24368 _ 0 [ g &3]_1{%2%}&9’

6x2 6x2 8x2 2 5%, 8x2 axz 8x2

o&u?  06ul ) oN ) oN
[ L, ] 2 st} 22+ 2 fyp) 2

ax2 axl - 8x2 axz axl

op. 37045 _ a( 8&4?)_8M12 &) 9 ( a&;’]

—=— + M
2 ox0x, ox| Zox, | ox ox, axZL 2" 5%,
_OM, 0u3
ox, Ox;

%oy 9 o6uy | 9 (oM *M
My —2=—| M 3 12 5u) |+ ——12.6u] ..
12 9x,0x, axl[ 2 ox, J x| ) axdx,

d(, 388) 3 (My ) My, g
APy Sl &,
+8x2( 12750 ] axl( ax, 02 | axex,
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0 0 0 0 0 0
w [ 28258 aufasd) o\ ol o) o\ a8)s0
ax 2 ax 1 ax 1 ax 2 ax 1 ax 2 ax 1

0 ou’ d ou?
ot —| Ny —28u3 |[-—| N, =2 |8,
* 8x2( 12 ox, 3] axz( 12 ox, ] 3

allowing us to write the virtual work of body forces as below:

0 o oud oM, oM
- oW, =IS{E{N11&‘? +N125“8+[N11 ax? +Nj2 axz + axlll + axiz ]5‘49--'

0 0 0
Ou3 My, 0dus |, 9 Ni26ul + Nydud +| Ny 2ui+N22 =
ox) ox, o

0x, X 0x,

0 0
M2 Mo 150, 205y, 9% dS—J‘ Ny, Wiz |50
axl aX2 S axl 3x2

- 11
8x1

+| Wiz | ONn Sud + 0°My, +232M12 +82M;2 P Y a3
ox? 0x0x3 dx3 ox;

ou d oul ou
ANy = J+ (le ax3 +N225;2~ Sl 1dS.
1

Taking into account the formula:
.[s‘gj’]ds = J‘ngnjds N

the virtual work of the internal forces is also written:

oud
— oW, = .[F {(N“nl +Nipmy J3ay + (Nigny + Nopny iy +|:(N“n1 Vit )Exi

1
ouy (oM, oM oM, oM
...+(N12n1 +N22n2) 3 + 1 + 12 n + —_a.i-l-‘ai n, 5”:(;)
aX2 axl ax2 X1 x2

X1 x2

__J' aN11+aN12 5ul + 8N12+8N22 50+ a2Mu_l_zalez
S ! a.xl aX2 2 2

o6us odus
..._‘(Mllnl +M12n2)_a£—(M12n1 + M22n2) a 3 }ds.-.

axl a.x2 a'xl a.xlaX2 -

2 0 0 0 0
_.'+8_A1_2_2_+_§_ N aﬂ+N12§E3— +_a_ N12§i3_+1v222ui c?ug 4s.
ox;  0x ox, ox; ox,



304 Analysis of composite structures

17.3.2. Virtual work of transverse surface forces

The virtual work developed by the transverse forces g, (xl,x2|t)x3 applied on
the top surface of the plate is equal to:
WFI = J-Sz ql&t,ds »

or:
W, = IS 930u3dS

in fact, the integration applied on the top surface of the plate is reduced to an
integration applied to the middle plane of the plate.

17.3.3. Virtual work of external lateral surface forces

The virtual work of the external lateral surface forces applied to the perimeter of
the plate is given by the following relation:

oW, = I F,6u,dS .
< ZF
Decomposing the surface integral to a simple integral applied on the thickness of

the plate and to a simple integral applied to the outline of the middle surface of the
plate, the previous relation is written:

h
Wy, = _[F BF,.c‘;‘u,.dx3 ds.

On introducing the virtual displacement d; , this relation becomes:
h
W, =J' J' F| &ul —x3a&‘3 +F| &40~ x3a‘5“3 + Fy0u? |dxy lds .
<2 ox; ox,

Q (xl,let) h F; (xl,xz,x3|t)dr3 (l = 1,2,3),

Let:

=

F (xl,X2,X3lt)X3dX3 (l = 1,2),

Tr\,{

C (xl,x2|t)

2
the virtual work developed by the surface forces applied on the outline of the plate is
written:

Wy —J- Q8] +Qy0u3 + Qsu3 - C, ik -Cy— 85143 ds .
c ox, ox,
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17.3.4. Virtual work of body forces

The virtual work developed by the body forces is obtained using the relation:
W, = J'Q £0u,dQ

which, decomposing the triple integral to a simple integral applied to the thickness
of the plate and to a double integral applied to the middle surface, is written:

h
W, =J'S J'_Eﬁfi&;idx3 ds .
2

The introduction of virtual displacements leads to:

odu odu?
W, = J. {r {f{&o — X3 o, ]*’ f{ﬁug ‘x3a*x;—J+f3&‘(3]:|dx3}dS'

h

Di (xl’x2|t)=J._5£fi (xl,x2,x3|t)dx3 (i =1,2,3),
2
A

m; (xl’let)= J._Eﬁfi (xl,xz,x3|t)x3dx3 (i=12),
2
the virtual work developed by the body forces is written:

06u? 0ud
éWf J. [l’l&ﬁ +P25uz +p36u3 m—= 3 —3 —m, 3 }dS.
X ox,

The differentiation formula wv’= (uv)—u’v allows us to write:

W, = J' { 16 + padud + pycied _aa [y )+ 25,9 .

Let:

0xy
J 0), 9ma ¢ 0
e m—\my0uz |+ —=bus |dS.
8x2 ( 2 3) ax2 3
With:
J. gj,;48 = J. g n;ds,
the virtual work developed by the body forces is as written below:

om; dm
W, = 5ul) + podud + L+ 22 |&d as...
f J;l:m iy + paous +(P3 3 3 3

X1 X2

e J.I‘ (mlnl + mono )&Igds
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17.3.5. Virtual work done by inertial forces

The virtual work done by inertial forces is written as:

2
OUi 5idq |
or?

which, on decomposing the volume integral to a simple integral and a double
integral, becomes:

h 2
0“u;
= 2 ——t 5.
W, fs le B |45
2
On introducing the virtual displacement, we obtain:
83u0 oou?
W, = —xy— || Suf - 30
azug a3u3 0 85u0 azu3
+ - Su &u? | dx
( or? axzat 27 0x, a7

h h h
5 2
Iy =Phpdx3, I =P;,Px3dx3, I, =th pxidxy,
2 2

Let:

thus we obtain:

Kirchhoff-L.ove analysis neglects the terms Iy and I, compared with ;. The
virtual work developed by the inertia forces is reduced to the following relation:

2.0 2.0 2.0
W, =Islo[aatl;1 0 +9 25 + J 2 &thdS.

ot ot
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17.3.6. Variational formulation

Taking into account the previous relations, the variational formulation of plates
in Kirchhoff-Love type analysis is written as:
)au3

J.r {(Nu"l +Nppn, )5“? + (N12"1 +Nyn, )5"3 + [(Nu"l +Nipn, E
1

0
+ (lenl + N22n2)3u3 +(8§/I” + aglllz Jnl +(8§412 + aglzz an}ﬁugj
X2 X1 Xo X X2

odu3 d6u?
) (M1z"1 + Mzznz) 3 }ds...
1 Xy

_J. {(aNll +.aN12]&l:]+[aN12 +aN22 J&lg-'-{alel +282M12.“
S

ox, ox, dx;  dx, ox? 0x,0x,

2
I Mn MZZZ 2N, 9 8”3 + Ny, =3 9y, 3 N, 22 ey + Ny, 23 a“3 6u? Lds

(Mu"l +Myn,

0 0
—J. q30u3dS _I (Qléu? + 0,63 +Q30u3 —Cla—éui_cz 00y st...
s r ox, ox,

“J‘S[Pl&‘? + pydul + [P3 +gﬂ+aﬂJ5ug:|dS +J.r(mln1 +myn, \ousds...

ox,

2 2 2
fzo[a“l &0 + 38”2&42 88”3 5u3}zs 0,

0 0
0dus and V%.
ox; 0x,

where ), u) and uj satisfy the relation Véul,Véud,Vdu3,v

Or:

oN,,  ON, 0% 0, oN;, ON,, 0%u) .o
- — = Oy —== 4t py Ly ——= |Ou,;...
J‘s {( axl axz TP lo5 a axl * 8x2 P2 0 atz "

2 2 2
J{a My My My 3 (N oul N, au3}

W2 Axdx,  ox? x| oax ox,

d Ju ous; v d d 0%u
[lea3 sza J+43+P3 Tt m2‘0 3}5"0}

8x2 X, ox; Ox, or?
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+-[r {(Nu"l + Nypn, ‘Ql)é‘“? + (N12”1 +Nyn, -0, )5“(2)---

ou) \0u (oM, oM
(N11"1 +N12"2) 3 (N12"1 +sz"z,' L+ Ly —L In,...
X, ox, ox ox,
oM,, oM 06u)
+(—12-+—22Jn2 -0y +myn, +m2n2}§ug —(Myn + M yn, - C))—=...
ox, ox, ox;

o’
= (Myyn, + Myn, - C,) 3 3 }ds =0,
X2

o6u3 and 06u; .

X1 X2

where u), uj and u satisfy the relation Vdu?,V&ul,Vdu?,

17.4. Global plate equations, boundary edge conditions
17.4.1. Global plate equations

The relation just obtained is satisfied, whatever the values of &u},dud, o,
0ou) 06ud

3 and 3. it is still true if these values are imposed as zero on the perimeter
X X2
I' of the middle surface § of the plate.

From the variational formulation:

oN,, ON 0%u! ON,, ON 9%u?
J‘{[ el °a }&40( 2 4 22+p2—10—at22 Sul...

dx, Ox, ox;  ox,

2 2 2 0
2 Mz“ +2a My +a MZ” 9 Ny=—= Sy leaﬁ

axl axlax2 ax2 axl a ax2

2
aml + am2 I a Us ]6“3 ]dS 0’
ox; ox, or®

ad ouy ou)
it =——| Ny —=+Nypy— [+q;+p3 +
axz[ 12 o, 22 ox, q3 7 P3

0 0 0 . : 0 0 0
where u; ,u, and u3, satisfy the relation Véu,,Vdu, and Vdus...

ol =8u) =ul=0onT,

we obtain, for all the middle surface, the following equations:

Ny, , 0Ny 4 p = 0%u

dx;  Ox,
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2
Ny Ny, 9%uj
P2 =1y 2

ox;  ox, ot

My My, My D ( ud aug’]

+—| Nyy—+Np—|...
ox? 0x,0x, ox2  0x o, 12

ous ou o ) 0?
...+—a Ny, B + Ny a3 T3t p3t ! + e =1 2 .
ox; ox, ox

17.4.2. Boundary edge conditions

Taking the three equations in the variational formulation, we obtain the
following formulation:

L {(Nu"l + Npany — 0 )] +(Npny + Nogny —Q, )uj ...

oud oul (oM oM
ot | (N + N gy ) =2+ (Npny + Nggny )—>+ 712,
ox; ox, ox, ox,

oM, oM odu3
...+(——12—+——21]n2 - Qs +mn + mznz}&g — (M0 + M ppn, —C ) —...

ox; ox, ox,

0
e — (M12n1 + M22n2 - C2 )aa&'l3 }ds = 09
X2

0 0 0 0 0 0\, 083 Ju3
where u), u3 and u) satisfy the relation V&u;,Vduy,Vou;,v——=and V

s

ox, ox,
from which we deduce the edge boundary conditions:
QO =Nyn +Npny,
Qy = Nppny + Nypny,
0
Q3 =(Nyym; + Nypny )aaig"" (Nygny + sz”z)au3 + (aMu + My J"l---
X ox, ox; ox,

ot (—aM” + My

Ny, +myng +mon,,
ox, 0x, J ?

Ci=Myn +Mypn,,

Subsequently in this appendix, the particular case is applied where:
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my=my=0.
On introducing for all M points of the perimeter I" the direct local co-ordinates:
(b)=(n.7.x5),
where n is orthogonal and external to the edge, and where T is tangential to it and:
n=nXx, +n,X,,
T =X3 XN =—Nn,X; +1,X,.
The components of the virtual displacement vector:
MU = 6upx, +Oudx, + oudxy = uln+ 8ult + Sujx,,
are linked by:
8 = 540, - 8un,,
Sud = 6ulny +uln,.

Figure 17.1. Local axes associated with the edge

The partial differential functions of 5u(3) , with respect to x; and x,, and in
relation to n and s, are linked by:
oou)  odu)  ddud
= n - ny,
oxy on os
d6u 0 o)
3 _ 3 + 3 n

ox,  on "2t M

The simple integral in the virtual work of internal forces:

a 0
oW, = J.I.{(Nn”l + Nygny Jouy +(Nony + Noyn, Ju3 + {(Nu”l + N12"2)‘a’;—3---
1

3 o
.t (N12"1 + N22n2)gu3 +(alaw” + 3412 }nl +[818WI2 + M JnZ :|5u§)...
Xy X, X, X, ox,




0du)
‘(Mu"l +M12"2) 3 2

Xy

is written as:

)
'(M12"1 +M22"2) 3 -

du }ds,

Kirchhoff-Love theory variational formulation

0

X2

311

oW, = J.F([Nunl2 +Noyon? +2N,nn, ]&l,(,) +[=(N1y = N Iy

oM,

a 0
o+ Np (n12 —n%)é‘u? +{[N11n12 + N22n22 +2N,nin, au:

oM ,,

+ [— (N11 - N22)n1n2"'

ot N12 (n —ny J as ax
1

oy
2 2
_[Mllnl +Myyn; +2M12n1n2] 8n3

Myl qnz)]aﬁu"]

2\]3“3 _{aMu +

)nl +[E)M12 +
ox,

ox,

0x,

]nzkmgm

_[_ (M11 ‘Mzz)nlnzm

The resultant forces and moments do not have the following components in the

local axes (b):

N, =N11”12 +N22”§ +2Npnin,,
)
N =‘(Nu “sz)nl”z +N12(”1 “nz)’
Mn =M11n12 +M22n22 +2M12n1n2,
22
M =“(Mu‘Mzz)"lnz"'Mlz("l _”2)-

By introducing:

0 0
M M M
Nj = naﬂﬂvsa“a L[ OMy oMy n + My, oMy "
on Os ox| 0x; ox; ox,
The virtual work of internal forces is as written below:
85143 M 85143

— W, = J' {N,,Ju,‘,’ NG+ N& M,
T

1
ox,

e [ By
5|l ox

a1\/12 j&uO

on

ox;

ox,

au3 a
N12 axZ ) ax2

+[azvu LM }sug {a My LM

it

5 9s

]ds...

ox,0x,

s

ox?

au3

+N
o, 22

The virtual work developed by the surface forces applied on the edge of the plate

is given by:
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A
Wy, = J'F EE(F,,&,, +F,0u, + Fyoul ) |ds
2
By introducing the virtual displacements:

0
&ln =5u2 —X3 8&3 )
on
0
(sus = &lg - X3 a&tj N
ds
&13 = &lg N
we obtain:

h 0 0
Wy = IF{EE{F"[&S - X3 aj: J+ F{é‘u? — X3 a(';ih ]
2 N

ot Fy0u] }d@}ds.

Let:

h h h
On =FthdX3, Qs =F;,Fsdx3’ Q3 =F},F3dx3v
2 2 2

h h
Cp= J‘2h an3dX3, = J‘2h Foxydxs,
2 2

thus the virtual work developed by the surface forces applied on the outline of the
plate is written as:

ou bul
5W1"e = J‘F[Qnsur(t) +Qs&l? +Q35ug _Cn an3 - Cs —5;}_\]‘1‘? :

The boundary edge conditions are written as:

Q. =N,
Q;=N,,
Q3 =Nj,
C,=M,,
C,=M,.

In Kirchoff-Love type analysis, the third and fifth conditions are combined into a
single condition that includes the transverse shear effort that we obtain when we
transform the following term:
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which is present in the virtual work of the internal forces. Using the differentiation
formula for a product, we obtain:

_[ -M,—3d 8&3 I %(Mséug)ds+

IF—MS ag‘f ds =J'r agix Sujds — [Msé'uglr.

The last term between the brackets is zero when the edge I" has no angular points,
otherwise there is a transverse force acting at the point being considered.
The virtual work of internal forces is written as:

_Wizjr[Nn&‘2+N56u?+(N3 agw ]&40 agu3 Jd ~[m 58],

—I ———aN”+——aN12 &l + ale+—aN22 Sl + O°My, +282M12...
sl ox, ox, | L | ax ox, | ° ox? 0x,0x,

oM

and the virtual work of effort applied at the edge is written as below:
ddu
5WF = J‘F[Qn&‘r? +Qs‘5u? +Q§ﬁ&‘g “Yn on 2 Jd +2F5u31

The edge boundary conditions are written as;

Qn =N",
Qs =N59
oM
Q;ﬁ=N3+ S’
Os
Cn =Mn’

F=-[Mg]=M5-M;.
The last condition only applies for the rough points.

17.5. Global plate equations in static, vibration and buckling cases

The global plate equations:

Ny , Ny _; 0%}
1~ 40 2

axl ax2 at
ON;,  ON 9°u)
12,752 4 po =, )

ox 1 ox 2
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2 2 2 0 0
9 A4211 29 M, 9 Mzzz 2 N“aﬂ+N12————au3
ox; ox,0x, ox5 ox, ox, ox,
d ou’ ous 0 9%u?
ax [lea3 sza tq3+py =1 at;’
are written as:
— static:
N
Ny, 9N, g,
ox;  Oxy
—_— 0,
axl ax2 p2
*M M M
S +29Mp 9 2 +q3+p3 =0,
axl axla'x2 ax2
- vibration:
2.0
aN“ +8N12 =7 a ul
daxy oxy 0 o2’
aNu +8N22 =7 a2ug
axl ax2 0 at2 '
82M11 82M12 + 82M22 I azu:?
=1y s
ox? Ox;0x;  0x} or?
— buckling:
axl aX2 ’
axl aX2
a2M11 82M12 82M22 a2ug azu:?
3 +2 + 2 +N11 3 +2N12
ox; 0x0x5 dx5 ox{ 0x10x)
N a2ug aNll aN12 \aug aN12 8N22 au30 _0
N N T ok, oy | ox %, |0k,
X1 X2 } *1 *1 X2 ) 0x2

taking into account the first two relations, the third equation is reduced to:
2 2 2 92,0 2 2.0
9 Mz“+2a M‘2+a M;2+N11 u3+2N12 ou +N228u

2
ox;

3= 0.



Chapter 18

Global plate equations:
Reissner-Mindlin theory
variational formulation

18.1. Introduction

This appendix, which refers to different subjects to the previous one, presents the
Reissner-Mindlin theory of plates taking into account transverse shear.

18.2. Von Karman strains

Including the Reissner-Mindlin displacement field:
u = u? (xl,let)+ X3l (xl,xz |t),
uy = 1 (xy, X, t)+ x5, (x1, 2 ),
uy = u3 (xl,x2|t),
in Von Karman strains:

v l[auf +3‘:1J+1%9£;

E

i 2 E ax,- 2 ax,- axj ’
leads to:
2
ou) oy, 1 oud
£ =t tx, Ly 3|
1 o, s ox;  2{ ox
2
e, 2o v 1(3u
27 0x, “ox, 2|lox, |’
£33 =0,
0 0 0 0
12:_1_ ai_'_auz rxy oy +aw2 N 1 du3 duj ’
2 dxy,  oxg ox, Ox 2 ox; Oxy



316 Analysis of composite structures

With the virtual displacements of Reissner-Mindlin plate theory:
Ouy = 5“?(3‘1 ) |t)+ X360/, (xlaxz ")’
u, = 6u) (xl’xz |’)+ x30, (xl » X2 |’)’
Suy = &‘g(xl’XZ |’)
are associated the virtual strains:

o6u i x, By , oud 3ou

5511 = .

axl axl Bxl axl

0 0 0

5oy, =008, 30wy 0 068

ax2 aX2 8x2 aX2
5533 = 0,

0 0
5512 = l a&ll + 85u2 + X3 aawl + 85{1/2
21 dxp  Ox; ox; ox)

W1 ud 96u3 +aug’ 08ud
21 dx, Ox;  dx dxp |

1 ooul
S5 ==| & 3
€13 2{ v+ o, ]

0
5523 = %[51]/2 + 8&3 J

18.3. Variational formulation

The variational formulation of the elasto-dynamic problem with surface forces
applied is written as:

0%,
[ 0ye,40- LF Fiouds - [ f,6ud0+ J'Qp—atTau,.dQ —o0,

where u; satisfies the relation Vdy;.
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18.3.1. Virtual work of internal forces

The virtual work of internal forces W; is presented by the relationship:
- oW, = j 0;0€;dQ

which can be written as:

h
- W, = j I:j a“&‘“ + 05085, +20,,06), +20306...
2
ot 2030653 )dx, }dS.

Including the virtual strains within the virtual work of the internal forces gives:
oou; 00w, Ou oduy
_ (WV o 1 +x 1 un3 3
-[ -[ H "o, s ax; axl ox,
2
0duy + oy, au3 85143
ox, 3 ox, ax2 ox, |

"a(su?+a5ug (aawl a5w2]+au;’ oou  duf a&ﬂ

ox, ax; ox, ox axl ox,

ane + 0-22

ot O
axz axl

0 0
et O Oy, + a;“ J+023[é‘u/2 905 de;, ]dS,
X, ox

2

and the introduction of the resultant forces and moments allows the following
expression to be written:

0 0 0
— oW, = jN“ 00, p, O0¥L O3 90
ox, ox, ox; ox;
%)

24y, 32 9oy, PNy au3 Qduy 3
0x, 0x, 0x, 0x,

90y , 3o ]+ Ml{aawl L J

ot Ny

o+ Ny =
X,  oOx ox, ox,

0 0 0 0
t+Np, Ou3 9%, +aﬁa&‘3} NB[O‘ +a&‘3J .

ox, dx; ox; ox, ox,

0
vt Nos| Sy + a:‘” HdS.

X2
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With the following relationships:

o0& 9 o) ONy -0
=—|\Ny,0uj |- —=87,
11 o, axl( 11 1) o, 1
by, _ 0 M)
M 6 6 ’
11 3, e 1( 11 '/’1) ox, 4]
ul 3% 9 ou ) aud .o
Ni =— —=du N —= |ous,
1 ox| ox; axl[ Mo, ox; 3} axl[ H ox; 3
& _ 0 0)_N22 <0
=——{Noyrduj; |- Sus,
22 ox, axz( 22 2) * 2
d6 d oM
Moy, a'l’z =a—(M225'//2)- 2 5y,,
XZ XZ 8x2

8u3 6&3 a 8u3 6 au3 0
Ny —=du3 |-—| Ny 3,
2 9x, oxy axz[ 22 9xy 3] axz( 2 0%, | 2

odul osud) 9 Ny g0, 3 Ny
N —=dug N,0u
12{ ox + o, J axz( 125u1) 3%, a 1( 12 2) ox, —1263,

sy, 851//2 0 oM, 0
M, M. 6 o —{(M 5
( o, o, axz( 12 '//1) ox, v +ax1( 12 '//2)
axl

au3 85143 au3 8&43 8 au3 d au3 0
N; &) |-—|N Ou3 ...
(axz ox; axl 0x axl Mg o, | | Coxy |

a 8u3 a 8u3 0
O lN &0 -2 N 6l
+ax2[ 125, 3] axz[ uaxl] 3

0

0du3 d oN
+ xl] N135'//1+a (N135“3) 1

ox;

N13[51//1 6143,
ooul ) ON

Noa| Wy + =2 | = N0y + —— Nyl |- 223 5,9,

23[ 4] o, ] 230¥2 axz( 23 3) 3%, 3

we obtain:
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5 ol
_5w,.=j LI N 6wl + Nypdud + M, Sy, + M, 0w, +| Ny =2
s |ox ox;

au3

—2 4Ny —...
ox,

] )
+N13] 5143:|+EC—[N12&4? + Noyuud + M 1,60, + M 5,0, + [Nu aua

2

0
2

_J‘ {[%+ oN 1, ]5“? +(aN_12+alzlJ5ug +(%+%_N13J§V/lm
N

X1

ax 1 ax b) ax 1 ax 2 ax 1 ax 2
aMlz aM22 a aug aug
—=+—= Ny |0y, +|—| Njy,—+ N, —+ N3 |-

+[ ox, | ax, B Vet g gy TGy, T

0
N leaﬁ+N22 uy + Ny |6 tds.
axZ axl a Xy

The relation:
J-S gj’]dS = J-rgjnjds .

allows the virtual work of the internal forces to be written as:

- oW, = J-r{(Nu"l +Nypn, )5“? + (N12”1 + N22n2)5ug + (M11"1 + M12”2)5V’1~--

au" ou®
+ (M12"1 +Myn, )5'/’2 + [(Nu'h + N12"2) I (Nu"l + sz”z) 823
1 2

+ (N13n1 + N23n2 ):l&lg}ds...

—J- {(%—+M—12]&? +[8N12 + W )éhg +(%+%—N13]6u/1."
s

dx,  oOx, ox;,  ox, ox, ox,
aMu aM 2 a au3 aug
— L+ —= —N,, |6 N —+Nyp,—+Ng |
+( o, + o, 1 OV Bxl 15, + Ny o, + N3

0 ou? ou’
...+E[Nu = ? + Ny —= ™ —2 +N23H(5u3 ]ds
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18.3.2. Virtual work of transverse surface forces

The virtual work developed by the surface forces g5 (xl,xz |z)5c'3 operating on the
top surface of the plate is equal to:
oW, = Is, q;0u;dS

or:

JWF, = Isq3&¢gdS .

18.3.3. Virtual work of external lateral surface forces

This virtual work is given by the expression:

Wy, = LF F6u,dS ,

or:
Wy =Ir Iiﬂ&z,-d@ ds,
N 2
Wy, =Ir I_%E[Fl(&‘? +x35'/’1)+ F2(5“g +x35'//2)+ F35u§’]dx3 ds.
With: 2

0; (v, x2)t)= |2, Filx, 20 xpft)dxs  (1=1,2,3),

Ci(xl’XZIt)= Fi(xl’x2’x3|t)x3dx3 (i=12),

| NTH" |
o N|:~N=~

we obtain the relation:
Wy, = [ (01640 + 0,643 + Qs + €80, + Coow, Jis.

18.3.4. Virtual work of body forces

The virtual work is obtained from:
Wy = IQ fi6u;dQ
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or:
h
Wf = J.S _zﬁ f,-&t,—dx3 dS N
2
or:
h
5Wf = J.s _zh [fl (&‘P + x50, )+ f2 (5“3 + x50, )+ f35ug]dx3 }"S .
2
Let:
h
pi(xl’let)z fﬁfi (xl,x2=xalt)dx3 ((=1,2,3),
2
h
m; (xl,xz lt)= J'_zﬁ filepxg, x5 lt)xadxa (i=12),
2

thus we obtain:
W, = J.s (PI&‘? + pyduy + P3&‘g +m 0y, + mydy, )dS

18.3.5. Virtual work done by inertial forces

The virtual work done by inertial forces is:

2
OUi 50dS2,
or?

or:
oW, J' r p—au dxs |dS |
ou° Y
ow, J.{'r H aL;l + x5 a:’;l (é'u?+x361,1/1)...
az 82'//2 0 %u3 < g
+ Ous + x:00, 4+ ——=8u; | dx, +dS.
(at X3 %) ( 2 T X3 U/z) 32 3 3
With:

h h h
2 2
10=P,,de3, 11=thx3dx3, 12=J.2hﬂx3dx3,
2 2 2

2

321
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we obtain:
ul %y 82u 0%y
W, = I,—+1,—=L |6l + —2+1 Z 6l
Jllr[ 0 Yoo ot ! a2 2
9%u? 9w 0%ul %y
I —L+1,—L 165 —241,—2% 5y, ...
(1 ar? a2 ] /1 ( a2 IV
2
ot a “s &O}ds

18.3.6. Variational formulation

The variational formulation of the Reissner-Mindlin theory of plates is given by:
(Nying + Nygng )oud +(Niang + Noygny )8ud + (Myyny + Myany )8
r 117 + NVqanp JOUy 127] 22711 JOU7 1M 1212 JOYq ..

oud oud
-+ (M pny + Moyny )y, + [(Nu"l +Nipny )—a +(Nygny + Nogny )—>
xl aX2

+ (N13n1 + N23n2)}5u2}ds...
_J‘ Ny, +8N]2 &l + aN_12+aN_22 Sud + M, +%_N13 oyy...
5|l ox ox, ox, dx, ox, 0x;

oM,, OM,, 0 8u3 aug
— +—22 N, (O N +N,,—+ Ny |...
+( o, + ox, 23 |O¥, + a ny % 12 o, + N3

d ouy ous
+E(N12 a 3 +N22 a %, +N23]]5A2}ds

- J'S asulds - | (01660 + 0,648 + 0,80 + C, 8y, + C,0, Jds

_J.S (pl(su{) +P25ug +p35u:(;) +m15u/1 +"125U/2 )dS
0%u? 9%y, 9%u? 9%y

+ I Lir Sul +| I, —2+1 2 | &l

J.SI:( 0 32 "o J ! ( or? b a2 2

0%u? 0%y 82u0 0%y 0%uld
L—-+1,—=L |6 —2 47 25 +1 3&4°ds 0,
( 1 T || e th e Vet T
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where u),ud, 4, y, and , satisfy the relation V&ul,Vdu),Vdud, v Sy, and VSy,.

Therefore:
2.0 2
_f aNnJraleJr 1*1061;1—1au;1 5’
sii dx,  ox, o ot
+ oN, +8N22 - 9%u3 _ 3%, &l
ax,  ox, 2 Vg Tl [T
oM, oM, 9%uy %y
+ -Np+m—1I -1 o
o, | am, L mrmThTa TR |
oMy, My azug 3%y,
+ —Nyy+my, -1 -1 S
ox, dx, BT T2 2 o V2
) ous ouy ) ous ouy
+ N N +Nj; |+ N +N +N
axl[ 13 1 12 ox, 13 o, 12735 1 2 o, 7

'"+J.r {(N”nl +Npjn, —Q, )Sulo + (N12”1 +Nyyn, -Qz)(Sug...

ou’ oul
ot (Nu"l + le"z)‘a_3+ (N12”1 +Nyny )_8_3
X1 X2

ot N13n1 +N23n2 _Q3}&lg}ds =0,

whereu;,u3, ul, w; and yr, satisfy the relation V&ul, V&,V dul, ¥y, and Vy,.

18.4. Global equations, boundary edge conditions

18.4.1. Global plate equations

Taking the variational formulation previously presented:
u) =0 and Sy, =0 on T,

we obtain:
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2 2
ox,  Ox, t

+ Ny, +_8N22 +p —azug -1 Oy, J&;g...

ox, ox,
oM, oM, ‘u) 3%y,

| 1L ~Np+m -1, —L-1,=2L1|§
ox, Ak, | BTMThTGaT R |
aM12 aM22 azug 82]//2

| —=+—=-Nyy+tm, -1, —=-1 oy,...
ox, ok, | BTMThTE TR |V

ox

[ 0 0 0
. i[N aﬁ+N12 Z;u3 +N13]+aa [NIZ%Z+N22%+N23)...
. X, X X

aZ
ot gy + py— Iy —=2|8uf tdS =0,
or?
where u® and y; satisfy the relation Véu. and V&, /du’ =0 and Sy; =0 on T.

Thus, the global equations of plates can be written:

Ny | 0N ip =1 0u) ol 0%y,
ox;  Ox, PO 52 Dot
Ny, , Ny epy =1 0%u ol 0%y,
ox;  ox, 20
2.0 2
My My N em, = 113_“21_+12_£’_V2’_1,
ox,  ox, t ot
2.0 2
oM |, +8M22 SNy +my =102 0 u, I, d 1/;2 ’
ox, ox, or* ot
ON 5 LNy 8N23 ad N au3 N au3
ox, o, om| Mok 2
0 au3 oud ul
N +N +g,+p;=1 .
axz[ 23 X 25 ox, a3+ p3 =1 or

In the following part of this appendix, we take m; =m, =0.
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18.4.2. Boundary edge conditions

Substituting the five global equations of plate analysis in the variational
formulation, we obtain:

jr{(Nllnl +Npn, -0 )&‘10 + (N12"1 +Nypn, —Q, )&‘g---
R (Mllnl + M12n2 - Cl )61/,1 + (M12nl + M22n2 - C2 )61//2 wes

oud oud
et (N“nl + N1, )—a—3 + (N12n1 + Nypn, )3—3
X1 X2

. N13n1 +N23n2 had Q3:]&lg}ds = O,

From which we get the boundary edge conditions:
Q1 = Nyjiny + Nygny,

@y = Nypny + Nypny,

ou) ou
Q3 = Nysmy + Npsny +(Nyyny + N12"2)3x—+ (N1gny + szﬂz)g;“’
1 2

Cy =Myin +Myny,

Cy =Mpn +Mqn,.
Introducing the local axes (b)= (n, 1.',x3), where n and t are respectively
orthogonal and tangential to I", enables us to write:

&up) = gy ~Sulny,

8ud = 8ulny + 6uln,,

Figure 18.1. Local axes attached to an edge

In addition:
o)  o&ud A&l
= n - n,,
ax; on os
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o8  Ooul . 96u3
ox,  on M2y
and:
Sy =0y un) — Oy ny,
Oy, =Sy ,ny + 0 ny.

The following integral in the virtual work of the internal forces:

—W, = .[r {(Nu”l + Nypny Ju) + (Njgny + Nopny Joug + (M in, + M ;n, 1o, ..

Jul ouy
ot (M ony + Mpny oy, +| (N 0y + Npgn, )—a +(Nypny + Nypny )—2...
X, ox,

ot Npng + Nyn, :}5112 }ds,
becomes:

2 2 0
- oW, =Jr([N11"1 +Noypm) +2N12n1n2]&‘n +{‘(Nu —Nyp)mmy...

22 2 2
-t N12(”1 —-n ﬂ&‘? +[Mu"l +Mn) +2M12"1”2]51//n +[— (M — Moy )myny ..

0
2_ 2 2 2 ou
s Mlz(nl —hny ):'5‘/“. + { [Nllnl +N22n2 +2N12n1n2]—a’;3-+{— (Nll —N22)n1n2...

P 0
...+N12(n12—n%):}—g}—+N13n1+N23n2 } (5ug ds.
s
The introduction of:

Nn =N11n12 +N22n% +2N12n1n2,

2 2
Ny =—(N11-N22)+N12(n1 —"2),
Mn =M11n12 +M22n% +2M12n1n2,
2 2

Mg =—(M —My)nn, +M12(n1 —"2)’

allows us to write:



Reissner-Mindlin theory variational formulation 327
~ oW, = J‘F{Nné'uf,’ +N,oul + M, by, + M ,Sy,...

0 o 0
+£ n—aéui'i-Ns£+N13ﬂl +N23n2]§u§):|ds.
n ds

The virtual work developed by the surface forces, which are applied to the plate
edge, is:

I3

W = "‘Fli fﬁ (Fné'u,, + F.0u, + F30u3 )}ds,

2

with:
Su, =8ul +x300,,
5us = 5“? + X35¥/5 .
Suz = 3,
from which:
h
W, = J'l_ J’ 2 [Fn (&3 + %300, )+ F, (&42 + X300 )
2
ot F3bu) ]d x3 }ds.
Let:

h h h
Op = Ph Fodxs, Qg = Ph Fedxz, Q3= Ph Fydxs,
2 2 2

h h
Cn = J.zh FnX3dX3, Cs = J.zh FSX3dX3,

2 2
thus we obtain:

Wy = J;_ (Q,,&u,? + Qséu? + Q35u39 +C, 0w, + CSJyIJ)ds :

The boundary conditions are written as:
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Qn=Nn,
Q.Y:NS’

ou? ou’
=N3+N,—>=+N,—,
Qs =N, on s
C,=M,,
C,=M,,

with:
N3 =Npn +Nyn,.

18.5. Global static, vibration and buckling equations

The global plate theory equations‘

Ny , 9 12 4 p = Ia +Ila'/2/1,

ox;  dx, ot? ot

Ny, . ON 2 2
Ny Ny ) = Ioﬂ_z,”li’_*"z_,

ox;  Ox, or2 or?

M M 2.0 2

0 11_’_a 12__1\]13_11a g +128 ‘/2/1’

ox; ox, or? ot

M 2.0 2

oM, +8M22 ~Ny = 118 Uz +128 kgz’

axl axz a 2 ot

0
aN13 aN23 Ny , 9 a Nll au3 le aU3
dx 8 ox, 0x, ox, |
) oud oud 9%u?
+—| Ny—=+Nyp—> |+g; + p3 =1 —,
8x2( 12 ax, 22 ox, q3 t p3 =1y E%:
are written as:
~ static:

W N,

ox, ox,

ON;, ON

2, M2, , —o,

ox;  Ox,



Reissner-Mindlin theory variational formulation 329

-N; =0,
ox; ox, B
—Ny =0,
ox, ox, 3
N
aNl3+a 23+q3+p3_0,
ox;  ox,
— vibration:
ONy; . ON %)  9?
TR AL 3 V/1’
ox;  Oxy or? or?
Ny, + ON -7 3%uy iy 3%,
ax] axz 0 612 ! at2 ’
%+M—H—N =7 _(’ﬁu_?_*.l azwl
x,  ax, 0l P2
oM, M, o%uy 9%y,
—2 B N = —ry], 22
ox, ox, B 2 o
Ny , Ny _ I, azug,
ox, ox, or?
— buckling:
aN—ll + alv—lz = O’
ox;  Ox,
ox;  Ox,
oM, oMy,
—+—==-N;3=0,
ox; ox, 1
oM,, JM,,
—=+—=2—N,; =0,
ox, ox, 2
ON;;  ON 0%ul 9%ud 0uj
axl ax2 ax] axla 2 ax2
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