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xix

  Preface 

 Concrete is one of the oldest building materials, and is still in use because 
of its special properties. It is also a versatile material, which has evolved 
using new production techniques, new additives and new mixtures, provid-
ing properties tuned to the requirements of the application. 

 The response of concrete under tensile loading is crucial for most appli-
cations, because concrete is much weaker in tension than in compression. 
Understanding the response mechanisms of concrete under tensile condi-
tions is key to understanding and using concrete in structural applications. 
This is the reason why tensile behaviour has been studied so extensively and 
so many books have been written on this subject. Experimental and compu-
tational techniques to analyse and understand the properties and behaviour 
of materials have developed considerably in the last decade. However, even 
with these developments, specifi c features of the response of concrete under 
dynamic tensile loading are still not well known. It is for this reason that 
I invited leading experts to share their knowledge and provide a state-of-
the-art overview on the behaviour of concrete under tensile loading, with a 
special focus on dynamics. The result is this book, which is divided into two 
parts:  Part I  deals with static response, and  Part II  with dynamic response. 

 The book begins with an introduction to concrete, which is described at 
different length scales to give a general background of the response mecha-
nisms and properties that are presented and discussed in the following chap-
ters.  Part I  on static response begins with a summary chapter ( Chapter 2 ) on 
the most important parameters that affect the tensile response of concrete. 
This provides an overview of the complex response mechanisms involved, 
and shows that curing, water saturation level, and moisture transport have 
clear effects on concrete response.  Chapter 3  shows how multi-scale model-
ling is used to relate concrete composition to tensile properties. Multi-scale 
modelling is a powerful technique that is used to understand and analyse 
the response of the heterogeneous concrete. It is also relatively new and still 
at the academic level for discrete fracture processes. The part on the static 
response ends with Chapter 4 on moisture transport through the pore struc-
ture and cracks in concrete. 
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  Part II  on dynamic response begins with an introduction ( Chapter 5 ) to 
the different regimes of dynamic loading, ranging from the low frequency 
loading by wind or earthquakes, up to the extreme dynamic conditions due 
to explosions and ballistic impacts. Concrete exhibits a pronounced rate 
dependency, especially in tension. This introduction provides a reference 
for the observed loading rate and relates it to the structural loading condi-
tions. The next chapter ( Chapter 6 ) reviews dynamic testing techniques and 
devices that deal with the various regimes of dynamic loading. Structural 
and material response is always integrated in dynamic tests. Inertia effects 
play a role at all scale levels and the problem of how to distinguish the true 
material response from the structural response is yet to be solved. There 
is no unique answer, as it depends on the level of detail used to model the 
structure and material. 

  Chapters 7 – 10  highlight the dynamic behaviour of concrete from differ-
ent viewpoints. First, the fundamental response mechanisms are discussed in 
 Chapter 7 , based on the heterogeneity of concrete using the static response 
as a reference.  Chapter 8  provides a broad review of the numerical mod-
elling options to treat concrete as a mesoscopic heterogeneous material. 
The next chapter ( Chapter 9 ) presents the numerical mesoscopic analysis 
of dynamic tensile tests at different rates and different moisture levels. The 
issue of structural inertia at material level in detailed numerical modelling 
is discussed in  Chapter 10 . The mechanisms that drive cracking and damage 
growth are analysed using advanced numerical modelling. The last part of 
this chapter makes a link to the introductory chapter, dealing with the high 
tensile rates that only occur after shock conditions due to explosions or 
impact. The book ends with a chapter ( Chapter 11 ) of practical examples of 
how this ‘detailed knowledge’ is used by engineers. 

 I would like to thank all the authors for their time, kind cooperation and 
their valuable contributions. I also want to thank Woodhead for giving us 
the opportunity to compile and publish this book on concrete. Last, but not 
least, I wish to thank my wife Christien for giving me the time and encourag-
ing me to undertake the book. 

    Jaap   Weerheijm 
   Delft, October 2012        
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     1 
 Introduction to concrete: 

a resilient material system   

    J.   WEERHEIJM     and     K.   VAN BREUGEL   ,   
  TNO and Delft University of Technology, The Netherlands    

   DOI : 10.1533/9780857097538.1 

  Abstract : The strength of concrete is its heterogeneous composition. 
It is a system that is formed by the chemical process of hydration, 
producing crystalline and amorphous reaction products interlocking and 
binding the aggregates together. The material grows in time, resulting 
in a resilient system that is suffi ciently strong to carry loads but can also 
respond to environmental conditions. Crack initiation and crack growth 
at the various scale levels govern the mechanical tensile response of 
the heterogeneous concrete material. Therefore, the fracture mechanics 
principles of strength and energy criteria help in understanding and 
modelling the response mechanisms. The internal stress conditions and 
defect distributions are at (i) meso-level, governed by the aggregate 
grading, mortar and bonding (ITZ) properties, and at (ii) micro-level, 
defi ning the mortar properties (aggregates–cement matrix, ITZ and 
capillary pore system). The structure at micro/nano-level (cement matrix 
and micro-pore system) gives the sub-scale condition for the mortar. 
In this chapter we will describe the concrete system and the material 
structure from the material science point of view at the microscopic 
and mesoscopic levels, respectively. It provides general background 
information for the chapters that follow. 

  Key words : cement clinker, hydration process, porosity, micro-cracking, 
interface transition zone (ITZ), meso-scale, material testing. 

    1.1     Introduction 

 Concrete is the most widely used material in construction, found in houses, 
skyscrapers, bridges, dams, roads, pipes, silos, nuclear-waste containers, etc. 
It is a versatile material which can be moulded to almost any shape, and its 
properties can be modifi ed and controlled by varying its composition and 
using additives. Egyptian pyramids and Roman aqueducts are often men-
tioned as the precursors of modern concrete technology. The application 
and development of modern cement-based materials dates back to the nine-
teenth century. Nowadays, high performance concretes are produced by the 
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use of additives and control of the hardening process, thus making possible 
new structural applications such as the 830 m high Burj Khalifa Tower in 
Dubai. 

 The strength of concrete is due to its heterogeneous composition. The sys-
tem is formed by the chemical process of hydration, producing crystalline 
and amorphous reaction products which interlock and bind the aggregates 
together. The material develops over time, as the Latin word ‘concretum’ 
(growing together) suggests, resulting in a resilient system with suffi cient 
strength to carry loads but which is also capable of responding dynami-
cally to environmental conditions. The pore system, moisture distribution 
and chemical residuals play an important role in the ability of concrete to 
respond to changing conditions. 

 In practical design applications, only the overall behaviour, i.e. the mac-
roscopic properties of concrete, are considered, and most experiments pro-
duce data on its macroscopic response. The dependency of the macroscopic 
behaviour on parameters such as aggregate grading and shape, moisture 
content, load duration and specimen size and shape, has also been studied 
and quantifi ed (see  Chapters 2 ,  6  and  7 ). Since it is now understood that the 
behaviour of concrete is governed by its heterogeneity, research is increas-
ingly being redirected towards studying the response of concrete at smaller 
scales. Experimental techniques and computational modelling are now 
focusing on the meso-scale, even down to the nano-, molecular and atomic 
scales.  1   The current state of mesoscopic modelling of concrete in static and 
dynamic loading conditions and the knowledge gained from these analyses 
is reviewed in  Chapters 3 ,  8  and  9 . 

 This introductory chapter aims to provide general background informa-
tion for the chapters that follow. As will be seen, crack initiation and crack 
growth at the various scale levels govern the mechanical tensile response 
of the heterogeneous concrete material. Therefore, the fracture mechanics 
principles of strength and energy criteria aid in understanding and model-
ling of the response mechanisms. The internal stress conditions and defect 
distributions are at (i) meso-level, governed by the aggregate grading, mor-
tar and bonding ITZ properties, and at (ii) micro-level, defi ned by the mor-
tar properties (aggregates–cement matrix, ITZ and capillary pore system). 
The structure at the micro/nano-level (cement matrix and micro-pore sys-
tem) gives the subscale condition for the mortar. The different length scales, 
with the corresponding characteristic defect sizes, are summarised in  Fig. 
1.1 . In the remainder of this chapter, the concrete system is described from 
the material science point of view at the microscopic and mesoscopic levels, 
respectively. No mechanical response aspects are addressed, as these are 
presented in other chapters.     
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  1.2     Concrete structure at the micro-scale: 
the cement matrix 

 The binder in concrete is cement. The cement matrix is formed during the 
hydration process and binds the aggregates together. The cement fraction, 
about 300 kg/m 3  concrete, is limited but dominates most concrete proper-
ties. Cement is produced in many varieties, but the most common is Portland 
cement (and its modifi ed versions). The basic elements in the production 
of Portland cement are limestone (CaCO 3 ), silica (SiO 2 ), alumina (Al 2 O 3 ), 
iron oxide (Fe 2 O 3 ) and other substances in minor quantities. To produce 
cement clinker, the raw materials are mixed, ground and burned in a rotary 
kiln at about 1450 ° C. The constituents react to form new minerals. The four 
major minerals in cement clinker are tricalcium silicate (C 3 S)  *  , dicalcium sil-
icate (C 2 S)  **  , tricalcium aluminate (C 3 A)  †   and tetracalcium aluminoferrite 
(C 4 AF)  ‡  . In normal cement, the weight percentages of these minerals are 
about: 45–65% C 3 S, 30–10% C 2 S, 15–5% C 3 A and 5–12% C 4 AF. Although 
these are the principal minerals, other constituents may have a considerable 
effect on the hydration process, the properties of the cement matrix, and 
heat production. These aspects are not discussed in this chapter, but infor-
mation may be found in Taylor’s ‘Cement chemistry’.  2   and also in excellent 
summary given by van Mier.  3   

 The minerals in the clinker begin to react when water is added. This series 
of chemical reactions is called the hydration process, and consists of various 
phases. It starts immediately, and the dominant reactions occur on the fi rst 
day. However, the chemical reactions continue for months, or even years, 
slowing down gradually. In engineering practice, the hydration process is 
often supposed to be ‘fi nished’ after around 28 days when the representa-
tive strength is reached. It is presented schematically in  Fig. 1.2  according 
to Locher.  4      

 The three main products formed during hydration are (i) ettringite  §   
(AFt), (ii) calcium silicate hydrates  §§   (CSH), and (iii) calcium hydroxide  ¶   
(CH). It is interesting to observe the manner in which the hydration process 
develops, giving the boundary conditions for practical applications. 

 Ettringite is formed from the reaction of the alumina-phase and gypsum.5     
The latter product is added to the cement in order to avoid false set. This 
reaction is very fast and is followed by a period of low reactivity, which is 

    *     C 3 S = 3CaO.SiO 2   
  **     C 2 S = 2CaO.SiO 2   
  †     C 3 A = 3CaO.Al 2 O 3   
  ‡     C 4 AF = 4CaO.Al 2 O 3 .Fe 2 O 3   
  §     The chemical formula for ettringite is (CaO) 3 (Al 2 O 3 )(CaSO 4 ) 3  · 32H 2 O  
  §§     CSH = C 3 S 2 H 3  with C= CaO, S= SiO 2  and H = H 2 O  
  ¶     CH = Ca(OH) 2   
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known as the dormant phase. The role of ettringite in the dormant stage is 
still the subject of debate. 

 This dormant period, i.e. the period in which the concrete can be trans-
ported and poured, is followed by the acceleration phase, during which a 
large quantity of CSH and CH crystals are formed, resulting in stiffening 
and hardening of the concrete. As indicated in the Locher-scheme, long CSH 
needles are initially formed, followed by shorter, stronger needles which 
produce a more dense structure. The structures of these crystals are illus-
trated in the scanning electron microscopy (SEM) images given in  Fig. 1.3 . 
Stutzman  6   discusses the hydration products and the use of SEM technique.    

 The formation of CH is accompanied by an increase in the pH of the pore 
water up to values in the order of 12 to 13. This alkaline environment pro-
vides reinforcement against corrosion. Another aspect that should be noted 
is heat production in the exothermic hydration reactions. The expansion of 
material causes internal stresses, depending on the stiffness of the harden-
ing material. In practice, the heat production and potential initial defects 
are signifi cant issues. The dimensions of the cast structure or specimen and 
the curing conditions obviously affect the initial damage level. In addition 
to the curing conditions, heat production and timing can be controlled by 
the composition of the cement clinker and its additives. Special expertise is 
needed to control and direct the whole hardening process of cement and 

 

Pore volume

CSH
Long fibres

0

Minutes Hours

Hydration steps

Unstable structure

Plastic After setting

Stable material structure

I II III
Days

30 1 25 6 1 2 7 28 90

CSH
Short fibres

Ca(OH)2

C4(AF)H13

Monosulphate

Trisulphate

Relative abundance

 1.2      Scheme of the hydration process according to Locher.4 (Top) The 

development of the individual components and (bottom) schematic 

sketches of the material structure at 4 corresponding stages in time.      
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concrete. More information may be found in the literature, e.g. Mindess and 
Young  7   and van Breugel,  8   who studied the evolution of heat production and 
its effect on the properties of hardened cement. 

 The fi nal structure of the cement matrix is a complex 3D-framework of 
needles, shells and plates formed by the hydration products at the scale of 
10 –7 –10 –5  m. The internal free surface of the cement is greatly increased by 
the formation of crystals. It grows from about 0.3 m 2 /g of the initial clinker 
to 200 m 2 /g after full hydration. (This free surface is available to bind water 
physically.) 

 The strength of the cement matrix is mainly due to the strong CSH 
‘chains’, which have a geometry of fi bres and/or rolled blades. The strength 
of the CSH fi bres is obtained primarily from the strong ion-binding between 
the molecules, resulting in dense crystals. The secondary bonding is due to 
van der Waals forces between the solid surfaces, and becomes weaker with 
increasing intermediate distance. When water is available, it can penetrate 

 

(a)

(b)

 
 1.3      Typical examples of microstructure of cement-based materials, 

illustrating (a) crystalline and (b) amorphous features (Courtesy of 

MicroLab, M.R. de Rooij).  
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between the CSH crystals, thus increasing the distance between the CSH 
surfaces. The secondary bonding is lost and the matrix strength reduced. 
Several models have been developed to represent the interaction mecha-
nisms between the CSH particles and the absorbed, physically bonded 
water. Well-known models are (i) Powers (1958),  9   (ii) Feldmann and 
Sereda (1968),  10   and (iii) Wittmann (1977).  11   The model of Feldmann and 
Sereda is illustrated in  Fig. 1.4a . They distinguish between the ‘interlayer 
water’ between the rolled-up blades of the CSH particles, and the phys-
ically absorbed water mentioned above. The loss of the secondary bonds 
and the volume change with increasing relative humidity (RH) is given by 
Wittmann and is illustrated in  Fig. 1.4b . More recently, Jennings  12   has pro-
posed ‘globules’ as the basic building blocks of CSH gel. The basic unit of 
CSH is a colloidal particle (globule) having a radius of the order of 1.5 nm. 
These globules condense to form low density CSH clusters with pores which 
are emptied of water only at a relative humidity below 20%. The globules 
probably form fi rst and then condense to form a low density structure dur-
ing a period of between 10 and 24 hours. At later stages, collections of low 
density CSH clusters aggregate to form a higher density microstructure.    

 During the hydration process, it is evident that, whatever the type of 
cement, the amount of water dominates the fi nal structure and properties of 
the cement matrix and is quantifi ed by the water cement (mass) ratio (w/c 
ratio). It was observed that during the hydration process a certain amount of 
water is chemically bonded to the hydration products, while some is physically 
bonded by adhesion to free surfaces. The latter evaporates at temperatures 
beyond 105 ° C, while the chemically bonded water can only be de-bonded 
beyond 1000 ° C. About 40 weight% water is needed for the full hydration 
process, i.e. 25% chemically and 15% physically bonded water. The volume 
of the reaction product is less than the sum of the volumes of the water and 
the cement from which it is formed. This chemical shrinkage is equal to about 
25% of the volume of the chemically bound water and manifests itself by the 

(a) (b)

A

A

C

C

B

A = Interparticle bond B = Interlayer water

0%RH 40%RH 80%RH

Δ |o

Δ |π

O = Physically absorbed
       water

C = CSH

 1.4      Model for hardened cement paste after Feldman and Sereda (a) and 

Wittmann (b).  
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formation of pores. When the w/c is more than 0.4, the surplus water is not 
bonded and the result is a system of capillary pores. However, when the w/c 
is less than 0.4, not all the cement is hydrated and the cores of the cement 
clinker do not react. Because no free water remains, the porosity of the fi nal 
product decreases signifi cantly. Low w/c values are used for the develop-
ment of high-strength concretes. The application of super-plasticisers, which 
reduce the surface tension in the cement paste, compensates for the resultant 
low workability. 

 Ultra-fi ne fi llers, such as silica fume, are added to further reduce poros-
ity in the cement matrix. Silica fume is a hydraulic powder with an average 
particle size of about 0.05–0.1  µ m, which produces a very dense and strong 
cement matrix. 

 From the above summary of cement matrix chemistry, it is obvious 
that this is a complex and fascinating process, which can be infl uenced in 
 several ways. Current practice offers many possibilities making use of spe-
cial chemicals and controls to improve the production process and curing 
conditions. 

 In the following chapters, the mechanical response of concrete is dis-
cussed, taking fracture mechanic principles as the main theme. The complex 
structure of hardened cement will receive only general consideration, but 
the heterogeneity, size and distribution of initial defects will be covered in 
detail. Having regard to this, and to the dominant effect of water, the charac-
teristics of the pore system are given in  Table 1.1  and  Fig. 1.5 , according to the 
overviews of Haynes (1973)  13   and van Breugel (1997),  8   respectively. These 
overviews show that the defi nitions and nomenclature used by researchers 
are not unanimous. However, the numbers give the dimension range for 
pores and voids in hardened cement.  Figure 1.6  gives a characteristic quan-
titative example of pore distribution in mortar using pressurisation depres-
surisation cycling mercury intrusion porosimetry.          

  1.3     Concrete structure at the meso-scale: bond 
cement matrix and aggregates 

 The backbone of concrete is formed by the aggregate skeleton, which is 
capable of carrying high compressive loads. This skeleton is held together 
by the cement matrix. Therefore, the bond between the aggregates and the 
matrix has the dominant effect on the fi nal properties of the concrete. The 
bonding zone is the weakest link in normal concrete. Various researchers 
have made detailed studies of the bonding and have found that there is a 
transition zone between the cement matrix and the aggregate in which three 
layers can be distinguished. The total thickness of this so-called ITZ is in 
the order of 20  µ m. At the aggregate surface, a thin contact layer of CH is 
formed with a thickness of 2–3  µ m. See  Fig. 1.7  a  and  1.7b .       
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 The second stratum is the intermediate layer, which consists of large 
CH crystals and has an open porous structure. This layer is linked to the 
bulk-cement matrix by the transition zone of more dense CH crystals. As 
the hydration process continues, the porosity of the intermediate layer 
reduces but remains less dense than the bulk of the hardened cement. The 
adhesion of water to the aggregates causes a higher w/c ratio and thus a 

 Table 1.1     Classifi cation of pores in cement matrix  13   ,   14   

  Pore type    Diameter    Description    Role of water    Affected properties  

 Capillary 

pores 

 10–0.05  µ m  Large 

capillaries 

 Free, 

unbounded 

water 

 Strength; permeability 

 50–10 nm  Medium sized 

capillaries 

 Moderate 

surface 

tension 

 Static and dynamic 

strength; 

permeability; 

shrinkage at high 

moisture degree 

 Gel pores  10–2.5 nm  Small (gel) 

capillaries 

 High surface 

tension 

 Shrinkage until 

 50% RH. 

 2.5–0.5 nm  Micro-pores  Intensively 

absorbed 

water 

 Creep and shrinkage 

 < 0.5 nm  Micro-pores, 

interlayer 

pores 

 Chemically 

bounded 

water 

 Creep and shrinkage 

Pore diameter φ

Gel pores

Gel pores

Gel pores

Capillary pores
Macro pores Entrained air

Large capillary Large sphercial voids

Technical pores

Macro
inter-granular porosity

Meso
inter-hydrates porosity

Micro
CSH-gel

Hydration pores

Interlayer
spaces

Inter-crys-
tallite/

micro-pores 

Inter gel
particle
pores

Small gel
pores

Capillary pores

Capillary pores Air voids

Macro pores

Micro-pores

Air voids

A

 μm

Meso pores

Meso pores

100 101 102 103 104 105 106 107

10310210110010–1

Author

Keil
(1971)

Wittmann
(1982)
Bazant

Locher
(1976)

Young
(RILEM)

Oberhol-
ster

(1986)

Jambor
(1986)

Parce-
vaux

(1984)

 1.5      Classifi cation of pores – schematic representation.  8    
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lower density in this region. Water tends to concentrate below the aggre-
gates and so called ‘bleeding’ occurs, causing weakened zones or fl aws at 
the lower surface of the aggregate. However, in low water cement ratio mix-
tures, i.e. mixtures for high strength concretes, micro-cracks may also occur. 
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 1.6      Characteristic representation of the pore size distribution and 

cumulative pore volume in cement-based materials.  15    

Cement paste

 Contact layer

Intermediate layer

 Transition layer

 Aggregate

5-10 μm
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2-3 μm

Pure CH
platelets C-S-H gel

particle

CH panel
crystal

‘Bulk’ cement pasteWater-rich zone

Short C-S-H fibres
CH crystals

Ettringite

Aggregate

 1.7      Schematic representation of the ITZ according to Reinhardt (a)  14   and 

de Rooij (b).  16    

 1.8      Illustration of shrinkage cracking; numerical simulation in lattice 

model.  18    
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The width and length of micro-cracks depends, among other factors, on the 
water cement ratio, the aggregate size and texture, and the vibration of the 
concrete after pouring. In fact, micro-cracking may be considered an inher-
ent feature of concrete. Micro-cracks are defi ned as having a width of up to 
0.1 mm and a length up to 5 mm. At higher stress levels, micro-cracks may 
develop into macro-cracks.  17   

 In addition to the adhesion between water and aggregates, the difference 
in stiffness between the aggregates and the cement matrix causes initial 
defects in the bonding zone. During hardening, the cement paste shrinks 
but is restrained by the stiff aggregates. Tensile stresses are induced in the 
cement matrix, which increase with the aggregate size, and radial cracks 
may occur when the local strength is exceeded, as illustrated in Figure 1.8. 
The length of these cracks will depend on many parameters (local material 
strength, aggregate grading and spatial distribution) and is hard to charac-
terise in general terms. Where they occur, the length of the cracks will be in 
the order of the aggregate size, see for example,  Fig. 1.9 , which shows the 
shrinkage cracks in the surface area and illustrates the penetration depth of 
micro-cracks as being limited to the order of the maximum aggregate size.       

  1.4     Concrete structure and mechanical properties 

 A review of the hardening process of cement and the mechanical interac-
tion with different sized aggregates enables the conclusion that a very het-
erogeneous system is produced at all scale levels. There are gel pores in the 
cement paste at a diameter of r < 20 nm, and a system of capillary pores at a 
diameter of 0.02–10  µ m. At the next level, voids are produced at r > 100  µ m, 
due to trapped air and bleeding effects below the aggregates. This is around 
the same scale as the lower scale of the aggregates, which ranges from about 
0.1–20 mm. As observed above, micro-cracks occur around the aggregates 
due to differences in stiffness. The strength of the bonding zone (ITZ thick-
ness about 15–25  µ m) is lower than of the bulk cement paste. 

 The question arises as to whether all scales are relevant in studying the 
mechanical behaviour of concrete. At what scale is it necessary to focus in 
order to understand and control the behaviour of concrete under tension? 
The literature shows research to be focused at the nano-scale for the improve-
ment of density and strength of the cement paste, and at the meso-level of 
larger aggregates in the mortar matrix, which is studied experimentally and 
numerically to relate the macroscopic concrete properties to this scale of 
heterogeneity. To the authors’ knowledge, there is no study available which 
directly links variations in strength of the cement paste to the mechanical 
properties of concrete. 

 Multi-scale modelling is currently very popular and is developing rap-
idly. However, the possibilities in dealing with discrete cracking and real 
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(a)

(b)

(c)

(d)

 
 1.9      Illustration of shrinkage cracks in a special mortar of cement and 

spherical glass aggregate particles with a size of 6 mm. Micro-cracks 

only penetrate to a depth of 8 mm into the material.  19   Panel (a) gives 

the top view of the specimen surface with the pattern of the shrinkage 

cracks; (b) shows the cross section with surface damage, visualized by 

fl uorescent impregnation; (c) shows the cross section with dominant 

cracks (derived from (b)) and panel (d) is a detail of (b).  
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‘embedded’ multi-scale modelling are still limited. Furthermore, the mod-
els need experimental input at the individual scale levels. At the nano/
micro-scale for cement stone, it is possible to use SEM to observe and study 
the structure of the hydration products (see Section 1.2), but mechanical 
tests are not performed at this scale, the mechanical testing of cement paste 
being conducted with much larger samples. At Delft University, small-scale 
deformation controlled compression, tension or torsion tests are performed 
in the MicroLab on specimens with a cross section of 0.5 cm 2 . These are par-
ticularly valuable experiments, because they can be combined with the envi-
ronmental SEM (ESEM) to record the failure process in real time, and are 
suitable for quantifying the macro-response of plain cement stone, though 
not of the individual components. Information on the hardness, Young’s 
modulus, strength and fracture toughness of a material at free surfaces can 
be obtained with a nano-indenter, see Fig. 1.10. The resistance to inden-
tation is measured and the material properties are derived, assuming the 
material is isotropic for the penetration region (order of magnitude  µ m).           

 After reviewing experimental possibilities during 2012, it was concluded 
that it is necessary for a multi-scale approach to focus on the meso-scale 
as the bulk response of the cement paste and mortar at the micro-scale 
and the interfaces with the aggregates can be quantifi ed.  5   See  Fig. 1.11 . 
An attempt to bridge all scale levels, from nano- to macro- in a multi-scale 
approach, remains too ambitious and is not yet feasible. The research issue 
decides which level should be the focus. Obviously the chemical resistance 

Fraction I, w/c = 0.40,  14 days

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Indentation analysis

Distribution map of Young’s modulus

Distribution map of hardnessNote: each spaced at 5 μm

ESEM micrograph

 1.10      Nano-indentation tests on cement paste with unhydrated cement. 

Test results show distribution of E-modulus and Hardness (performed 

at MicroLab DUT).  
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of concrete depends directly on the type of cement and the pore system 
(see also  Chapter 4 ), so for these issues, the nano- and micro-scale are dom-
inant. But as the subject of this book is the mechanical response of con-
crete under tension, the material will be approached from the macro- to 
micro-level, with a focus on the meso-scale.       
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  Abstract : This chapter reviews various infl uences that affect the 
tensile strength of concrete. These infl uences include composition (e.g. 
type of aggregate and water cement ratio), age and curing, as well as 
environmental effects such as sustained loading. The chapter also looks at 
what testing shows about such properties as stress-deformation behavior. 

  Key words : tensile strength of concrete, composition, age, curing, sustained 
loading, fatigue, testing, eigenstresses, stress-displacement curve, fracture 
energy, cracking. 

    2.1     Introduction 

 Tensile strength is a paramount property of concrete. It determines the 
load-bearing behavior of concrete structures because the compressive 
strength, which is usually taken as design parameter, depends also on the 
tensile strength on the meso-scale. Un-reinforced concrete structures rely 
completely on the tensile strength. The same is true for durability aspects. 
For instance, differential shrinkage and thermal strains can cause eigen-
stresses, which can lead to cracking when the tensile strength is reached. 
This is also the case for stresses due to imposed deformations. This chapter 
reviews various infl uences affecting the tensile strength. The infl uences can 
be a consequence of the composition of the concrete, such as the type of 
aggregate and the water cement ratio. They can result from the environment 
which is particularly a function of moisture and temperature. The curing 
and storage conditions play their part and the age of the concrete. There are 
also the effects of load duration, as the bearing strength decreases with the 
duration of load, but fatigue must also be considered. The testing conditions 
are important, since the measured values of a uniaxial test, a splitting test, 
and a fl exural test are quite different. But it is not only the type of test, but 
also the size of the specimen. When no tensile tests are being performed, the 
tensile strength can be assessed from compressive strength with conversion 
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formulas. The chapter deals also with the whole stress-deformation curve 
and the softening in uniaxial tests. It is shown that the behavior depends 
strongly on the control of loading. The crack development on the meso-scale 
is explained.  

  2.2     Effect of composition 

 High strength concrete is characterized by a dense interfacial transition 
zone (ITZ) and behaves differently from low strength concrete. The type 
of aggregate and the size of the aggregate particles can also infl uence the 
tensile strength. 

  2.2.1     Low to high strength concrete 

 Concrete is a composite consisting of matrix and aggregates. The matrix 
contains the hardened cement paste, fi llers which may have been added to 
the mix, the fi ne powder of the aggregates, and air voids. Embedded in the 
matrix are the aggregates, which may be rounded sand and gravel, crushed 
fi ne and coarse rock, or artifi cially produced particles. The tensile strength 
depends on the strength of the matrix and on the adhesion (bond) of the 
matrix to the aggregate grains. A high water cement ratio causes low matrix 
strength and poor adhesion, which results in a low tensile strength of the 
concrete. A low water cement ratio leads to a high matrix strength and 
good adhesion, which can be so large that, in the case of tensile loading, 
the aggregate will fracture. When this happens the limit strength has been 
reached. An increase of tensile strength can be obtained by a larger amount 
of high-strength matrix and with aggregates of higher strength. 

 From a fracture mechanics point of view, it is the number and size of fl aws 
in the matrix that determine the strength. Flaws can be capillary pores, air 
voids, or micro-cracks. The number of capillary pores is a direct function of 
the water cement ratio. The higher the water cement ratio, the more pores 
and the larger the pores. Air voids are accidental, due to incomplete com-
paction, or are intended by use of air-entraining agent. Micro-cracks develop 
during the hydration of cement. The heat of hydration leads to heating of 
the concrete and subsequent cooling. Since the coeffi cient of thermal expan-
sion of hydrated cement paste is larger than that of most aggregates, differ-
ential strains and internal stresses develop, which may cause micro-cracks. 
The same is true for shrinkage of the paste. The bond between matrix and 
aggregates is governed by the development of the interfacial transition zone 
(ITZ), which may be weak due to the precipitation of calcium hydroxide 
crystals on the surface of the grains. In high-strength concrete, silica fume 
is often used, which leads to a densifi cation of the ITZ because of the small 
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size of silica fume particles and of the consumption of calcium hydroxide 
during hydration. 

  Figure 2.1  shows an example how the water cement ratio infl uences the 
tensile strength of mortar. With a water cement ratio of 0.3, the tensile 
strength amounts to 6 MPa, whereas a water cement ratio of 0.7 leads to a 
tensile strength of 1 MPa.     

  2.2.2     Type of aggregate 

 The aggregate has an infl uence on the tensile strength of concrete for three 
reasons: the surface texture, the shape, and the strength. When the surface is 
rough, the bond between aggregate and matrix is stronger. Tests with rough 
river gravel and crushed quartz have resulted in about 20% higher tensile 
strength than with smooth crushed glass (Graf  et al .,  1960 ). This example of 
extremely different strength values is not reported for natural smooth and 
rough aggregate surfaces. Crushed aggregates can lead to 10–20% higher 
tensile strength than rounded aggregates. However, fl aky aggregates are less 
favorable, since they can break under tensile loading. Also, aggregates with 
a low strength, i.e. sandstone, can lead to low tensile strength of concrete. 
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 2.1      Infl uence of water cement ratio on tensile strength of mortar of 
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Between dense natural aggregates, there is no signifi cant infl uence in tensile 
strength. 

 Lightweight aggregates (LWA) have a rough surface and can absorb 
water due to their porosity. This leads to a very good bond. However, the 
strength of LWAs is lower compared to natural aggregates.  Figure 2.2  shows 
the result of a computer simulation whereby the tensile strength of the 
matrix was kept constant, and the stiffness ratio between matrix  E   m   and 
aggregate  E   a   was varied.    

 The splitting tensile strength is plotted as a function of the aggregate tensile 
strength. The result shows typical relationships: with low tensile strength of 
the aggregate, the concrete strength is only governed by the matrix strength; 
when the aggregate strength increases over 1 MPa, the concrete strength 
also increases, depending on the stiffness ratio however. The closer the stiff-
ness ratio approaches unity the higher the concrete strength. But there is a 
limit, which cannot be exceeded. All examples that have been computed in 
Faust ( 2000 ) are similar, and show the complexity of the dependencies of 
the tensile strength of LWA concrete.  

  2.2.3     Aggregate size 

 A literature survey was carried out in Wolinski  et al . ( 1987 ). It appeared that 
the data from various researchers were confl icting and no clear conclusion 
could be found. Therefore, a series of systematic tests have been performed. 
The result is given in  Fig. 2.3 . The water cement ratio was 0.5 for all mixes. 
The maximum aggregate size varied between 2 and 32 mm. The fi gure shows 
that the tensile strength increases from 2.35 MPa with 2 mm aggregate size to 
2.78 MPa with 8 mm, and then stays almost constant at a level of 2.86 MPa.    

6
Em/Ea = 1
Em/Ea = 1.4
Em/Ea = 2.83
Em/Ea = 6.67

S
pl

itt
in

g 
te

ns
ile

 s
tr

en
gt

h 
(M

P
a)

5

4

3

2

1

0
0 1 2 3

Tensile strength of aggregate (MPa)

Em ≥ Ea

Em /Ea =

fmt =4 N/mm2

4 5

6.7
2.8

va/vm = 0.28/0.2

fIct = {fmt,fat}min

1.4

1

6

 2.2      Splitting tensile strength of LWA concrete as function of tensile 
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 The paper concludes that there is a systematic difference between the 
strength of mortar (aggregate size up to 4 mm) and concrete (from 8 mm 
upwards). Whether this conclusion is valid for all types of concrete and 
aggregate sizes should be validated by experiments and numerical simula-
tions, which have not been done so far.   

  2.3     Effect of curing and moisture 

 Moist curing is benefi cial for all mechanical properties. However, one has 
to guarantee that there is no moisture gradient across the cross-section. 
A moisture gradient would cause differential shrinkage and eigenstresses, 
which could reduce the tensile strength. The infl uence of drying on beam 
specimens after moist curing that are tested in fl exure is most severe. A 
beam that has been allowed to dry before testing has 15–50% lower bending 
strength (modulus of rupture) than a similar specimen tested in a wet condi-
tion ( Fig. 2.4a ). This difference is due to the tensile stresses in the extreme 
fi ber by restrained shrinkage as depicted in  Fig. 2.4b .    

 The splitting strength is almost unaffected by a moisture gradient, because 
the splitting stresses act in the middle of the specimen remote from the sur-
face. The uniaxial tensile strength is also affected by drying, as has been 
found in Heilmann  et al . ( 1969 ).  Figure 2.5  shows two relationships of ten-
sile strength vs age: the full line represents the values of specimens that 
were coated at the age of one day, the dashed line corresponds to speci-
mens that could dry after one day at 20 ° C/65% RH until testing. The differ-
ence between the two lines is largest at 28 days. Two effects have infl uenced 
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the strength that cannot be separated, i.e. the moisture gradient over the 
cross-section, and the continuing hydration.    

 It is obvious that both effects were favorable in the case of coated speci-
mens. A moisture gradient in the drying specimens led to lower strength, 
and so do the dry curing conditions. On the other hand, the coating has pre-
vented eigenstresses and has caused continuing curing. 
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 Specimens that dry from the beginning after demolding undergo ten-
sile stress at the surface due to restrained shrinkage, and often show crack-
ing (craquel é  type cracking, crazing), which reduces the measured tensile 
strength. Theoretical considerations show that the tensile zone reaches about 
a tenth of the depth. If it is assumed that this zone is cracked, a cylinder would 
exhibit only 64% of the value that would be measured on a cylinder without 
eigenstresses. Tests reported in Bonzel and Kadlecek ( 1970 ) show reductions 
of the uniaxial tensile strength between 20% and 30% of the strength that 
was obtained after wet curing at 28 days. The strength recovers later and can 
reach higher values than in the case of continuous wet curing.  

  2.4     Effect of temperature 

 Concrete can withstand high and low temperature, however, the infl uence 
on the tensile strength can be large. At 700°C, the strength vanishes almost 
completely whereas, at  − 160°C, the strength is much higher compared to 
ambient temperature. 

  2.4.1     High temperature 

 The ambient temperature of concrete structures ranges between  − 20 ° C and 
+40 ° C. It is common to assume that the tensile strength of concrete does 
not vary in this temperature range. This assumption is justifi ed in a normal 
design approach. However, when the tensile strength plays a prominent role 
one should adjust the strength values.  fi b  (fi b,  2010 ) recommends the follow-
ing temperature relations in the range of 0–80 ° C:  

for the uniaxial tensile strength ( ) (20 ) (1.16c) tmf (ctm ( fcf (20t= f − 0.008 T)

  [2.1]    

for the splitting strength ( ) (20 ) (1.06 0.00, p c( ) , pT(( °(20 − 3 T)

  [2.2]      

for the flexural strength ( ) (20 ) (1.1 0.005 , c) t,fl(f (ct,fl (ff fcf (20t fl= f − T)

  [2.3]   

 with  T  = temperature in  ° C. By evaluating the formulas it appears that, at 
a temperature of 0 ° , the strength increases by 6–16% while higher tem-
perature lead to substantial decrease of the strength values. The basis of 
the formulas was a thorough literature review. Temperatures of 80 ° C can 
occur in storage tanks of warm water, in chimneys, and in cooling towers. 

 In case of fi re, concrete is exposed to much higher temperatures, up to 
1000  ° C and, in a hydrocarbon fi re, even up to 1300 ° C. Results of tensile tests 
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on concrete have been collected.  Figure 2.6  shows that there is considerable 
scatter on the results.    

 Obviously, this kind of aggregate determines the decay of strength with 
temperature. Limestone aggregate suffers more than quartzite or dolerite. 
The upper and lower boundaries converge at 700 ° C to a value which is only 
about 10% of the strength at room temperature. The reason for the decrease 
of strength up to about 300 ° C is mainly the incompatibility of thermal expan-
sion of aggregate and hydrated cement paste. The largest mismatch occurs 
with limestone, which has a coeffi cient of thermal expansion that can be as 
low as one half of hydrated paste. On the other hand, the thermal expansion 
of quartzite and paste are similar. At higher temperatures, the intermolecu-
lar bond of the material gets weaker and causes the decrease. 

 The European organization for standardization (CEN) (EN  1992 ,  2004 ) 
has simplifi ed the relationship between tensile strength and temperature to 
a linear curve, which is plotted in  Fig. 2.7 .    

 It overestimates the thermal infl uence on tensile strength for some aggre-
gates in concrete, but also underestimates the infl uence in many cases when 
one compares the linear line with the experimental results of  Fig. 2.6 .  

  2.4.2     Low temperature 

 At low temperatures, one has to consider that the water in concrete freezes. 
The free water freezes already at zero degrees, and the bound water at lower 
temperatures depending on the pore radius in which the water is encapsu-
lated. The smaller the pores the lower the freezing temperature. At  − 60 ° C 
all water is frozen. The ice in the pores supports the load-bearing resistance 
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of the concrete, which means that a strength increase with lower tempera-
tures can be expected. Numerous tests have been performed on concrete in 
cryogenic circumstances and a strong increase has been found depending on 
its moisture content. The tests were performed in compression, but a conver-
sion formula can be used transforming the compressive strength into tensile 
strength. The mean compressive strength is given by (Rost á sy,  1984 ):  

f f fff ff , cmff( )T = fff ff        [2.4]    

with mcmΔfcΔ = 12 1m −
+170⎛
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       [2.5]   

 with  T  in  ° C and  m  = moisture content in % by mass. The moisture content 
can be assumed to be 2% for general indoor elements, 4% for general out-
door elements, and 6% for elements exposed to rain (fi b,  2010 ). The tensile 
strength can be assessed from    

f fff ckff ith 0.3 at room temperature, 0.2 at 170 C= = −0 2 at °αfckff with αf withf kf with α2 3        [2.6]   

 with  f  ctm  the mean tensile strength, and  f  ck  the characteristic value of the 
compressive strength. The formulas demonstrate a large infl uence of low 
temperatures on strength.   

  2.5     Influence of specimen size 

 The size of the specimen has an infl uence on the test results, for various 
reasons. According to Weibull’s theory, there is a statistical infl uence of the 
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absolute size of the specimen on the result because the probability of the 
presence of fl aws increases with volume. The strength is inversely propor-
tional to a function of the volume (  σ   ~  V   −   α   ). A second infl uence stems from 
fracture mechanics principles, which predict an energetic infl uence of the 
size of the specimen. A third infl uencing factor is the non-linear stress distri-
bution in fl exural specimens, which is not accounted for in the usual theory 
of elasticity. Of course, there is also an infl uence of the heterogeneity of the 
material, i.e. when the specimen is too small compared to the aggregate size, 
that will result in an erroneous measurement. All four infl uencing factors 
affect the tensile strength, which will be shown in the following. 

 Uniaxial tensile tests and splitting tests on specimens with 100 mm  ×  200 
mm resulted in strength values that were about 7.5% higher than the values 
of 150 mm  ×  300 mm specimens (Malhotra,  1970 ). A 9–25% decrease was 
reported in Walker and Bloem ( 1957 ) when the cross-section of the fl exural 
specimens was increased from 77 mm  ×  102 mm to 254 mm  ×  254 mm. When 
the specimen depth was increased from 76 to 203 mm the fl exural strength 
decreased by 40%, which was discussed with the statistical effect according 
to Weibull (Wright and Garwood,  1952 ). Another test series used cylinders 
with 30, 60, and 150 mm but keeping the maximum aggregate size of 20 mm 
the same (Rossi  et al .,  1992 ). The results show a clear dependence on speci-
men size: the 60 mm cylinder has a 6–50% decrease of tensile strength com-
pared to the 30 mm cylinder. The low value relates to high-strength concrete 
(compressive strength 128 MPa) and the high value to a medium strength 
concrete (35 MPa). The author explains the size effect by the heterogeneity 
of concrete with respect to the volume of the specimen. That high-strength 
concrete had the smallest decrease with size is discussed with respect to the 
fact that matrix and aggregates have about the same rigidity and strength. 
The so-called wall effect certainly plays an important part with small spec-
imen size. 

 Fracture mechanics principles have long been applied to explain the size 
effect. Hillerborg was the fi rst, using the fi ctitious crack model of non-linear 
fracture mechanics to explain why the size of a fl exural specimen has a great 
effect on the measured result (Hillerborg,  1986 ). Concrete is modeled as 
a strain-softening material. When the extreme fi ber of a fl exural specimen 
reaches the tensile strength, the material starts to soften. The softening zone 
spreads into the beam with increasing displacement. Taking this effect into 
account, the beam will not fail immediately but remains stable until the max-
imum load has been reached. The contribution of the softening is larger the 
smaller the depth of the beam.  Figure 2.8  shows the theoretical prediction of 
the fl exural strength vs the depth of the beam and the notch based on a bilin-
ear softening curve. The characteristic length is a measure of the brittleness 
of the concrete, which is in the order of decimeters. A very small specimen 
can exhibit a fl exural strength that is more than twice the uniaxial strength.    
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 An unnotched specimen with  L  ch  = 100 mm with a depth of 40 mm shows a 
fl exural strength about 1.5 times the tensile strength that is realistic and has 
been measured in experiments. The fl exural strength of a very large speci-
men approaches the uniaxial tensile strength, which can be deduced from 
the fact that the softening zone is small compared to the dimensions of the 
beam. Other theories predict the size effect for splitting cylinders (Ba ž ant 
et al .,  1991 ; Tang  et al .,  1992 ), which is not as distinct as for bend beams. 

 Uniaxial tensile tests on specimens with a width ranging between 50 and 
1600 mm at a constant thickness of 100 mm showed a clear infl uence of size 
(van Vliet and van Mier,  1999 ). The concrete mixture was always the same 
with 8 mm maximum aggregate size and water cement ratio of 0.5 leading 
to a compressive strength of 50 MPa. The results of the nominal stress (peak 
stress) are shown in  Fig. 2.9 .    

 The results can be approximated with a power law according to the weak-
est link theory of Weibull (Weibull,  1939 ).  

σΝ ∼ −1/6D        [2.7]   

 with   σ    N   = nominal stress and  D  = width of specimen. The size effect is 
explained on statistical grounds (material size effect). The result of the 
smallest specimen does not fi t into the approximation line. That is probably 
due to the wall effect, which is relatively larger in the small specimen, or 
by testing infl uences. Almost the same Equation as [2.7] has already been 
found in 1898 ( a  = 1/6.4) (de Joly,  1898 ). 
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with  E  = Young’s modulus,  G   F   = fracture energy,  f   t   = tensile strength.  
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 The uniaxial tensile strength is a genuine property of concrete. It has to 
be determined on specimens that are large enough in comparison to the 
heterogeneity of the material. The minimum dimension of the cross-section 
has to be at least three times the maximum aggregate size (ASTM,  2007 )
which leads still to large scatter of the results. A ratio of 4 to 5 is advisable. 
Depending on the aim of the test, the length of the specimen can vary.  

  2.6     Effect of age 

 The effect of age on the development of mechanical properties is governed 
by the hydration of cement and the other hydraulic and pozzolanic com-
ponents of the binder. The degree of hydration or, as it is also called, the 
degree of reaction, is a measure of the hardening process. The degree of 
reaction is defi ned as the ratio between the heat of hydration that has liber-
ated at a certain time t and the maximum heat of hydration that can develop 
until the assumed end of reaction (De Schutter,  1996 ). In the very beginning 
of the hydration there is no contribution to strength because the material 
has not stiffened yet. This state fi nishes at the degree of reaction r 0 . r 0  is 
found to be 0.2 for Portland cement, 0.4 for blast furnace slag cement with 
a high amount of slag, and 0.03 for high-strength concrete. When the degree 
of reaction is 1, i.e. the cement has hydrated to the fi nal state, the mechani-
cal properties have developed completely. Between r 0  and 1 the normalized 
mechanical property follows the degree of reaction in a relation which is 
given by [( r  −  r  0 )/(1  −   r  0 )]  a   where a is an empirical parameter that has been 
determined from numerous tests.  Figure 2.10  shows the relationship.    

 It can be seen that the elastic modulus develops the fastest, the compres-
sive strength the slowest, and tensile strength is in between. This means that 
the ratio between the three quantities does not have a constant value, but 
varies with the hydration or varies with time. 
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 For the quantitative calculation of the infl uence of age on concrete 
strength, one is referred to the  fi b  Model Code 2010 (fi b,  2010 ). There, one 
can fi nd a relation between compressive strength and age, and another for 
the conversion of compressive strength into tensile strength.  

  2.7     Effect of load duration 

 Concrete, like all other materials, consists of particles that are held together 
by bonds. The rate process theory (Krausz and Krausz,  1988 ) states that 
there are bonds breaking and recombining all the time. When there is no 
external force acting on a body, breaking and recombining bonds are equally 
frequent. With an external force the breaking bonds are in the majority, 
which means that the strength of a material decreases. 

  Figure 2.11  shows test results and the theoretical prediction on the basis 
of the rate process theory. This calculation also takes the aging effect of 
cement into consideration, i.e. the continuing hydration. The dashed lines 
(Wittmann and Zaitsev,  1974 ) belong to the earlier approach, compared to 
the full lines (Mihashi and Wittmann,  1980 ). According to the newer approx-
imation, the strength decreases by about 20% after a loading time of 1000 
min. The strength decrease depends also on the age. When the specimen is 
young at the beginning of the loading (  τ   = 1 day) the decrease amounts to 
20%; when the age is greater (  τ   = 90 days) the decrease is 25%. The differ-
ence is due to the continuing hydration of the cement paste.    

 Tests on concrete cylinders with a mean compressive strength of 45 MPa 
are described in Al-Kubaisy and Young ( 1975 ).  Figure 2.12  shows that the 
strength under sustained loading rapidly decreased in the fi rst fi ve hours and 
stayed constant after nine months The authors suggest that the long-term 
strength (for 30 years) amounts to 55% of the short-term strength.    
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 Other investigations on concrete with strength between 32 and 44 MPa 
have resulted in a good log-linear correlation of stress level and time to 
failure (Reinhardt and Cornelissen,  1985 ). The specimen failed at a stress 
level of 60% of the short-time strength already at day 1; however, all other 
specimens that were loaded longer were run-outs ( Fig. 2.13 ).    

 This led to the conclusion that the long-term strength amounts to 60% 
of the short-term strength of 70% as the level of the long-term strength 
was assumed in Carpinteri  et al . ( 1997 ), 75% of the mean short-term tensile 
strength was concluded from tests on notched specimens (Kordina  et al ., 
 2000 ). The same value was reported from tests on high-strength concrete 
(mean compressive strength 110–120 MPa) by Han and Walraven ( 1993 ). 
Tests on normal strength concrete revealed a value of 0.70–0.75 (Four é , 
 1982 ). 

 Cracked concrete specimens were unloaded and reloaded again to a cer-
tain load level (Barpi  et al .,  1997 ). The reloading level was between 80% and 
90% of the unloading level in deformation controlled tests, and the load was 
kept constant until failure. However, the sustained loading level was only 
in the order of 50% of the maximum load, which means that the long-term 
strength was around 50% of the short-term strength. Creep tests on con-
crete showed that the non-linear creep increased considerably when the 
load was greater than 50% of the short-term strength (Illston,  1965 ). This 
is an indication that the sustained strength is around 50% of the short-term 
strength. 

 An extensive testing program was conducted on high-strength con-
crete with mean compressive strength between 80 and 107 MPa (Rinder 
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 2.13      Normalized stress level vs. time to failure (Reinhardt and 

Cornelissen,  1985 ).  
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and Reinhardt,  2004 ). The load duration amounted to up to two years. The 
conclusion was that the ratio between sustained strength and short-term 
strength is approximately 0.75, which is derived from  Fig. 2.14 .    

 It should be noted that this ratio was found for high-strength concrete. 
By way of conclusion, it seems that normal strength concrete has a lower 
sustained strength in tension than high-strength concrete. This may be due 
to the better bond between aggregate and matrix, and the relatively higher 
elastic limit in the stress strain diagram.  

  2.8     Effect of cyclic loading 

 Most structures are loaded, not by a constant load, but by a fl uctuating load. 
However, when the fl uctuating loads are not dominant, the design takes a 
static loading in consideration. When the fl uctuating load is dominant, for 
instance in concrete roads, the load has to be considered more realistically. 
For assessing the material resistance, loading tests have to be carried out 
under cyclic loads. The fi rst to carry out cyclic tensile tests on mortar was 
de Joly in 1898 (de Joly,  1898 ), who stated that the strength at cyclic loading 
amounts to about 50% of the static strength. The maximum number of load 
cycles was 40 000 and the scatter of results was large. Therefore, the state-
ment can only be regarded as indicative, and more recent results have to be 
presented. 

  Figure 2.15  shows a Smith diagram of the fl exural strength of concrete. On 
the vertical axis the strength is indicated as the upper stress of the loading 
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cycles, and on the horizontal axis the mean value of the loading cycles is 
given. The lines in the upper part of the diagram gives the upper stress of 
the cycles, which is at the same time the fatigue limit for a certain number of 
cycles. One can observe that the fatigue limit is larger for a smaller number 
of cycles.    

 In the diagram, it is assumed that the limit for 10 2  cycles is equal to the 
limit under sustained constant loading, which is 0.8 times the static strength. 
If the number of cycles is equal to 2  ×  10 6  a real fatigue limit is reached, 
which will also be valid for infi nitely many cycles. For a mean value of 0.25 
times the static strength, the maximum stress can be 0.5 times the static 
strength. The diagram of  Fig. 2.15  is used for the design of concrete pave-
ments. It has been experimentally validated for normal strength concrete. 

 Tests under cyclic tensile and alternate tensile compressive loading have 
been reported in Cornelissen ( 1984 ). The tests lead to S-N curves that are 
shown in  Fig. 2.16 . The inclination of the curves is very dependent on the 
lower stress level. When the lower stress is in the compression region the 
inclination is much larger than in the case when the lower stress is in 
the tension region.    

 The inclination of the curves is the same within the two areas. Some tests 
have also been performed at a frequency of 0.06 Hz, which leads to an S-N 
curve that is lower by about 0.08 times the maximum stress. Tests on wet 
specimens exhibited an S-N curve that is about 0.04 times the maximum 
stress below that obtained with dry specimens. 
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 These and other results have been plotted in a Goodman diagram 
( Fig. 2.17 ).    

 The horizontal axis represents the minimum stress, and the vertical axis 
the maximum stress of the cycles with respect to the mean static strength. 
The right hand part of the diagram yields similar results to  Fig. 2.15 . The 
fatigue limit for 10 6  cycles is 0.6, and for 10 3  cycles it is 0.8. It should be 
noted that experiments have been performed on concrete with a compres-
sive strength of 50 MPa. The tensile splitting strength was about 3 MPa. The 
fatigue limit changes signifi cantly in the second quadrant, which represents 
the alternate tensile compressive loading. The fatigue limit for 10 6  cycles 
drops to 0.4 and, when the lower stress reaches about 0.65 times the mean 
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compressive strength, the tensile resistance approaches zero. Obviously, 
the compressive loading introduces cracks in the structure, which reduce the 
tensile capacity. Cyclic tensile tests of up to 10 5  cycles have confi rmed the 
fi ndings (Kessler-Kramer,  2002 ). 

 S-N curves for 10 10  cycles have been extrapolated in Tepfers ( 1979 ). 
 Figure 2.18  shows the results. The parameter of the curves represents the 
stress ratio of the loading cycles. It is obvious that a smaller lower stress 
leads to a steeper S-N curve. This result is in agreement with the fi ndings in 
Cornelissen ( 1984 ).    

 It should be noted that the tests that are the basis for the diagram have 
been performed until 2  ×  10 6  cycles, and that a great part of the diagram 
has been extrapolated on the basis of relations that have been found on 
compressive tests. 

 Tensile fatigue tests on lightweight concrete with mean static strength of 
3.6 MPa was performed in Saito ( 1984 ).  Figure 2.19  show the S-N curves of 
lightweight and normal weight concrete for failure probability of 50%.    

 After 2 ×   10 6  cycles no fatigue limit has been reached. The lightweight con-
crete exhibits a superior cyclic strength compared to normal weight concrete. 
For two million cycles the strength level of lightweight concrete amounts to 
75.4%,whereas for normal weight concrete it is 72.8% or, expressed in another 
way, the average failure cycles at 75% stress level amounts for normal weight 
concrete to 0.575  ×  10 6  and for lightweight concrete to 2.391  ×  10 6 . 

 The residual tensile strength has been investigated after a fi xed number 
of preceding cycles (Meng and Song,  2007 ). The stress level of the preceding 
cycles was 75%, 80%, and 85% under which the specimens did not fail. The 
residual strength   σ    r   after n cycles has been approximated with the function 
(Schaff and Davidson,  1997 ):  
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 2.18      S-N curves for concrete in tension (Tepfers,  1979 ).  
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 with   σ   0  the static strength and b and c empirical constants, which have 
been determined with very good correlation. Evaluating the results it turned 
out that the residual strength after 10 3  cycles on a stress level of 85% was 
97% of the static strength and after 2  ×  10 3  cycles it was 93%.  

  2.9     Effect of type of loading 

 Stress-strain curves are determined by mechanical testing in testing devices 
either load controlled or displacement controlled. Displacement controlled 
testing is more sophisticated than load controlled testing, however, it is inev-
itable if strain-softening behavior is the purpose of the test. How displace-
ment controlled testing can be arranged is discussed in this chapter. 

  2.9.1     Load-controlled tests 

 There are two different methods to perform loading tests; one is load con-
trolled, and the other is displacement controlled. The load-controlled test 
means that the rate of loading is controlled such that the load increment 
per unit of time is constant (d P /d t  = const). A consequence of such a load-
ing regime is that the test is fi nished when the peak load is reached, because 
the specimen cannot carry a higher load. The load-displacement diagram 
can have various shapes. An ideal linear elastic material(for instance glass) 
exhibits a straight line up to failure while a strain-hardening material shows 
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a different shape. One has to notice that the displacement rate in such a test 
is only constant for an elastic material whereas the rate varies for all other 
types of material. 

 Concrete shows a linear response up to about 70% of the ultimate load. 
This means that the material behaves elastically and that the cracks that 
may be present inevitably do not propagate. Unloading during this stage 
does not result in irreversible displacement, except for some creep effects 
that are not discussed here. The situation is sketched in  Fig. 2.20 .    

 The elastic limit of 70% is very approximate. It can be higher for 
high-strength concrete and it is lower for low strength concrete, which is 
caused by the number of cracks in the structure, the bond between aggre-
gate and matrix, and the onset of crack propagation. It is defi nitely higher 
for lightweight concrete, because the bond between the rather porous aggre-
gate and the matrix is stronger and, looking to the distribution of stiffness 
in the structure, it means that the elastic response is mainly governed by the 
matrix behavior. Above the elastic limit, cracks propagate, which reduces 
the stiffness of the specimen. The resultant stiffness of the specimen reduces, 
which makes the load-displacement curve bent up to failure. 

 The elastic energy is represented by the area under the straight line of the 
load-displacement diagram. With stress   σ   equal to load divided by the area 
of the cross-section, and strain equal to displacement divided by the mea-
suring length, and  V  the considered volume the elastic energy reads:  

G =
1

2
σ εV     [2.9]   

 And, with maximum stress  f   t   and strain   ε    u   at maximum stress, the energy 
becomes:  

G =
1

2
f Vff     [2.10]   

ε

σ
P

NC

εu
δ

ε

LC

δ

σ
P

2.20      Load-displacement curve of concrete in tension from 

load-controlled test (NC = normal weight concrete and LC = lightweight 

concrete).  
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 When the energy is related to the cross-section A, we get the specifi c 
energy:  

   G
G
AcG =     [2.11]   

 with the dimension Nm/m 2  or J/m 2 . When Young’s modulus is defi ned as 
 E  =   σ  /  ε   and with  L  =  V / A , we get:  

   G GcG =G
1

2

1

2
f

L
E

E LuGcG
2

E2 2G =G
1L

E     [2.12]   

 The area under the curved part of the load-displacement diagram ( Fig. 2.20 ) 
belongs already to the fracture energy, which will be shown later. 

 A few numbers will show the magnitude of the specifi c elastic energy of 
various concretes ( Table 2.1 ).    

 The quantities are taken as mean values from Eurocode 2 (EN  1992 –1-1). 
They give an indication for various concrete strength classes and for nor-
mal weight and lightweight concretes. They show that the specifi c energy is 
rather small, which justifi es the designation of concrete as brittle.  

  2.9.2     Displacement-controlled tests 

 The second method to perform a tensile test is under displacement control. 
This test method is very challenging because concrete is a brittle material, 
which requires very sensitive displacement measurements and an even more 
sensitive and very fast load control of the testing machine. The machine is 
controlled with certain constant displacement increments per unit of time 
(d  δ  /d t  = const). The result of such a test is a complete loading curve up to 
separation of the specimen, which includes the ascending part of the load 
and the descending part. The descending part starts after the peak load. 

 Table 2.1     Specifi c elastic energy of various concretes 

for a prismatic bar of 1 m length 

 Concrete a   E (GPa)   f   t   (MPa)   G   c   (J/m 2 ) 

 C 20/25  30  2.2  0.081 

 C 50/60  37  4.1  0.227 

 C 90/105  44  5.0  0.284 

 LC 20/27 b   20  1.78  0.079 

 LC 45/50  24  3.38  0.227 

 LC 80/88  28  4.28  0.327 

     a C = normal weight concrete, LC = lightweight concrete, 

 b density of LC = 1800 kg/m 3 .    
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The whole load-displacement diagram can be characterized by the follow-
ing stages. Stage I, elastic which is equal to the diagram received from the 
load-controlled test. Stage II, non-linear loading part which may be different 
from  Fig. 2.20  because the displacement rate is now constant and not vary-
ing. The difference, however, is small. Stage III, softening part which is due to 
the continuous propagation of cracks which concentrate fi nally in a discrete 
crack. This type of material behavior is called strain-softening (as opposed to 
strain-hardening of plastic materials).  Figure 2.21  illustrates the behavior.    

 The shape of the softening part is strongly dependent on the length of the 
specimen and the measuring length. A specimen consists of at least three 
parts: one part containing the discrete crack and two parts adjacent to the 
fi rst that are stressed and later relaxed. The crack opening is dominant for 
short specimens and the bulk displacement is dominant for long specimens. 
However, the longer the specimen the more diffi cult is the control of the 
test. The elastic uncracked parts unload and release the elastic energy into 
the cracking zone. The elastic unloading becomes so large with long speci-
mens that one can observe a snap-back. On the other hand, when the length 
goes hypothetically vs zero there is no elastic strain and one measures only 
the crack opening.  Figure 2.22  is the result of a computer simulation where 
the measuring length varies between 0 and 500 mm (Hordijk,  1989 ).    

 It shows the linear increase of displacement, which increases with mea-
suring length. When the length is 500 mm the displacement rate is too low 
to compensate the elastic recovery of the uncracked parts. The consequence 
is a snap-back. 

 The fracture energy is represented by the area under the total 
load-displacement curve. It consists of two parts; one is under the curved 
part in the ascending branch, and the other is under the softening branch. 
The fi rst part is due to crack propagation before a discrete crack is being 
formed. The cracking is not localized, but distributed over the whole speci-
men. The magnitude of this portion of the fracture energy is often neglected 
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 2.21      Load-displacement diagram of concrete in tension from 

displacement-controlled test (NC = normal weight concrete and 

LC = lightweight concrete).  
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because it is in the order of the stored elastic energy, which is low. Very often, 
the load-displacement curve is represented by a straight line for the ascend-
ing branch and a sharp kink at the peak load (see  Fig. 2.22 ). However, this 
is a simplifi cation, because cracking is a continuous progress, which starts as 
distributed cracking that merges later into a single crack. Therefore, a hori-
zontal tangent at peak load is preferred. 

 The second part of the fracture energy is due to the formation of the dis-
crete crack and the separation of the material. The magnitude of the fracture 
energy G f  is dependent on the type and composition of the material and 
other parameters that govern the mechanical properties, such as loading rate, 
temperature, and humidity. The order of magnitude is 100 N/m (= Nm/m 2 ) 
for plain concrete, and it is related to one crack in a cross-section. The crack 
opening before complete separation is in the order of 150  µ m. Knowing the 
elastic and the fracture energy, the length of a test specimen can be calcu-
lated for a stable test (neglecting the elastic energy of the test equipment) by 
equilibrating both energies, which is in the order of 300 mm. 

 To characterize the brittleness of a material the characteristic length Lch 
has been introduced (Hillerborg  et al .,  1976 ). It is defi ned as  

   L E
G

f
fG

tff
ch 2

    [2.13]   

 It is a measure of the ratio between fracture energy and elastic energy. If the 
fracture energy prevails, the material is called ductile; if the elastic energy 
dominates, the material is called brittle. For the asymptotic case that the 
fracture energy is 0 (for instance glass) the material behaves as very brittle 
whereas, if the material is ideally plastic the elastic energy vanishes and the 
material is called ductile. 
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 2.22      Effect of measuring length on stress-displacement diagram in 

uniaxial tension (Hordijk,  1989 ).  
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 Cyclic loading in the elastic state is often performed in order to get 
S-N curves (see Section 2.8). A typical example is given in  Fig. 2.23  
(Kessler-Kramer,  2002 ).    

 The displacement increases with each loading cycle, and the stiffness 
decreases slightly in the beginning and, more strongly, before failure. The 
loops are very close together. One should note that the upper stress level 
amounted to 0.9 times the static tensile strength, which means that the fail-
ure after a certain numbers of cycles is inevitable. 

 Cyclic loading in the softening stage shows two characteristics; fi rst, the 
irreversible displacement increases and, second, the stiffness of the concrete 
decreases with each cycle.  Figure 2.24  shows a result from uniaxial tensile 
experiments. One can observe the hysteresis loops with decreasing inclina-
tion and with increasing irreversible displacement.      
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 2.23      Load-displacement diagram of concrete in uniaxial tensile cyclic 

loading (Kessler-Kramer,  2002 ).  
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 2.24      Experimental result from uniaxial test (Reinhardt  et al .,  1986 ).  
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  2.10     Crack development at the meso-scale 

 The chapter distinguishes between distributed cracking and discrete crack-
ing. Distributed cracking occurs already during the hydration of concrete 
due to differential temperature and shrinkage. Discrete cracking emanates 
from distributed cracks as a consequence of mechanical loading especially 
during softening of the material. 

  2.10.1     Distributed cracking 

 The meso-scale is situated between macro- and micro-. If concrete is ana-
lyzed at the macro scale, it means that it is regarded as homogeneous iso-
tropic material. This is the typical scale for the analysis of structures. At 
micro-scale, the crystals of hydrated cement paste (hcp) are treated, partic-
ularly how they grow and interact. At meso-scale concrete is considered as 
two-phase material consisting of granular aggregates and matrix. The matrix 
which contains hcp, and additions such as fl y ash, silica fume, limestone pow-
der, etc., is regarded as cementing material and is treated as one component 
of the composite material. The aggregates are rounded or angular grains 
of various shapes. The aggregates are connected to the matrix via the ITZ, 
which has less strength and stiffness than the bulk matrix. This is true for 
normal strength concrete. For high-strength concrete, the transition zone is 
densifi ed with silica fume and has similar properties to the bulk matrix. This 
difference has an important effect on cracking: in normal strength concrete, 
cracks run fi rst through the transition zone and then detach the aggregate 
grain from the matrix whereas, in high-strength concrete, cracks run simul-
taneously through matrix and aggregate. 

 There are numerous fl aws in the concrete in pristine state. They are dis-
tributed more or less randomly in the material. Due to the manufacturing 
process there may be more fl aws under the grains, especially the larger 
grains, due to segregation and accumulation of water from the fresh con-
crete. Cracks due to differential strains are located almost everywhere, 
i.e. in the matrix and in the transition zones, but not in the aggregates. 
 Figure 2.25  shows an example where the micro-cracks are redrawn for 
better visibility.    

 When a tensile load is applied, the existing cracks will open and close at 
unloading if the stresses are lower than about 70% of tensile strength. The 
concrete is considered as linear elastic. Above this limit, cracks will propa-
gate, and close only partly after unloading. This can be observed by irrevers-
ible displacements at complete unloading. 

 There should be a remark on load duration. What has been said so far 
refers to monotonic loading, in the range of minutes. If the load is sustained 
longer, there will be creep effects and cracks will open irreversibly. The 
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elastic limit is often regarded as the limit of sustained strength. The litera-
ture is not consistent for all concretes.  

  2.10.2     Discrete cracking 

 A very illustrative paper (Diamond and Bentur,  1985 ) shows how discrete 
cracking develops in cement paste, mortar and concrete. In hydrated cement 
paste (hcp), the cracks are ‘composed of linked short segments zigzagging 
around a generally forward propagation direction’. A discrete crack in hcp 
has a width of about 30  µ m and tapers at the tip to 1  µ m. There is not much 

 2.25      Micro-cracks at the surface of a section through concrete 
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branching. It is interesting to note that the appearance of cracks in mor-
tar depends largely on the drying regime before loading. Cracks in undried 
specimens avoid the transition zone between grains and matrix while cracks 
in previously dried specimens run in part through it. Branching occurs fre-
quently. This phenomenon is more pronounced in concrete. Cracks subdi-
vide and branch into more than one plane. It is a matter of resolution of the 
experimental device how many cracks are visible. The size of micro-cracks 
can be less than 1  µ m. 

 There are various views on how the experimental fi ndings can be trans-
ferred into a physical model. One view assumes that cracking of concrete 
manifests itself not as a sharp, single crack but rather as a cloud of micro-cracks 
ahead of a discrete crack. This was the reason why the ‘fi ctitious crack model’ 
(Hillerborg  et al .,  1976 ) and the ‘crack band model’ (Ba ž ant and Oh,  1983 ) 
were created. The discrete crack can start in several planes, can branch and 
later coalesce onto one cracking plane. Another view presented evidence 
that the discrete crack develops in several steps (van Mier,  1991 ). It starts as 
isolated debonding near large aggregates, creates interface grain bridges that 
fail fi nally. A microscopic picture is always two-dimensional (2D); however, a 
crack is a three-dimensional (3D) entity. A crack is not a line, but consists of 
one or several planes. The forces that are transmitted over the crack are due 
to bending of intact islands in the cracking planes and to aggregate interlock. 
Aggregate interlock leads to a friction mechanism and shear resistance. That 
is why load can still be transferred over crack openings, up to about 150  µ m 
(softening). 

 On a specimen or a structural member, there is always a surface that is 
oriented to the ambient environment. This means that there are fl uctuations 
in temperature and humidity. The fl uctuations cause strains due to tempera-
ture and shrinkage differences, which cause in turn eigenstresses at the edge. 
These eigenstresses superimpose and facilitate cracking due to mechanical 
load. It is observed that cracking starts most likely from the surface and 
propagates into the interior.   

  2.11     The relationship between tensile strength and 
compressive strength 

 The relation between tensile strength and compressive strength can only 
be empirical, because the effects that infl uence compressive strength are 
not exactly the same as those that infl uence tensile strength, i.e. the type 
of aggregate, the paste content, and the eigenstresses due to shrinkage and 
temperature variations. For a good prediction, one has to establish the rela-
tion between the two every time anew. There are formulas that are average 
ones for a rough estimation. 
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 A relation that was derived in 1969 reads  

f fff ckff 2 3     [2.14]   

 with  f  ctm  = mean tensile strength,  f  ck  = characteristic cylinder compressive 
strength, and 0.3 = empirical constant (Heilmann  et al .,  1969 ). The formula 
is valid for concrete strength classes up to C50. For higher-strength classes, 
another relation has been established that reads  

f
f

ctff m
cmff

2.12 l
10

= +2.12 ln
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

1     [2.15]   

 with =  f  cm  mean compressive strength (fi b,  2010 ). 
 The relation of Equation [2.10] can be generalized into:  

f c fcff cff ube
2 3     [2.16]   

 with  c  a parameter that depends on the type of test and that has a certain 
scatter.  Table 2.2  gives the validity of this parameter and the ranges that 
have been derived from numerous test results (Heilmann,  1969 ).    

 It can be seen that the fl exural strength yields the largest values and the 
uniaxial tensile strength the smallest. The table allows also the conversion 
from fl exural, to splitting, and to uniaxial strength, which leads to conver-
sion factors of the mean values of 2.06:1.88:1.13:1.00. That means that the 
fl exural strength is roughly twice the uniaxial strength, and the splitting 
strength is about 10% larger than the uniaxial strength. The coeffi cients of 
 Table 2.2  have been determined from tests on normal strength concrete. 
The coeffi cient of 0.3 in Equation [2.14] is a lower limit of the empirical 
evaluation  

  2.12     The practical implications of laboratory tests 

 Laboratory testing is being carried out for various purposes: for exploring 
material properties, for validating theories, for establishing design values, 
or for quality control. When practice is addressed, the two last aspects are 
the most important. The tensile strength of concrete is usually not taken 
into account in the design of reinforced concrete structures. The tensile 
forces have to be carried by steel reinforcement. However, shear forces, 
which are inclined tensile forces, have to be covered by the concrete when 
there is no shear reinforcement present. The admissible shear stress is then 
directly proportional to the tensile strength of concrete (fi b,  2010 ). For that 
purpose, the uniaxial tensile strength should be known from laboratory 
experiments or from the conversion of the compressive strength. The same 
is true if the concrete member undergoes torsion. If uniaxial experiments 
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are too diffi cult to perform, the splitting tensile strength can be used and 
reduced by 5–10%. 

 The fl exural strength is taken for design of plain (un-reinforced) con-
crete structures, such as concrete roads and pavements. In this case, the 
size effect should be taken into account by reducing the measured strength 
value from the test geometry to the actual size of the structural member. 
The German guideline for concrete structures for protection of the envi-
ronment (DAfStb,  2010 ) defi nes the fl exural strength as a function of the 
uniaxial tensile strength as follows:  

   f fff fftff h
1 0 13

1⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
.     [2.17]   

 with  h  = depth of structural element in meters. So, the fl exural strength is 
greater than the uniaxial strength, and the depth infl uence follows fracture 
mechanics principles. The formula allows one to convert measurements of a 
certain specimen size to other depths. 

 Not only loading stresses occur in concrete but also eigenstresses and 
stresses due to imposed deformation. Calculating the cracking stress due 
to imposed deformation is possible by using the uniaxial tensile strength as 
a design value. When reinforcement is present the bond between steel and 
concrete and the tensile strength determine the crack distance and the crack 
width (Reinhardt,  1991 ). Eigenstresses due to shrinkage and thermal gradi-
ents cause cracking when the tensile strength at the surface of a structure is 
reached. However, the crack distance and width can be calculated from the 
fracture energy of concrete (Ba ž ant and Cedolin,  1991 ).  

 Table 2.2     Conversion factors for Equation [2.16] for various test methods and 

range of validity of concrete at 28 days age 

 Loading scheme  Tensile strength  Lower bound  Mean  Upper bound 

  
 Flexural strength  0.86  1.07  1.28 

  

 0.76  0.98  1.20 

  

 Splitting strength  0.48  0.59  0.70 

  

 Uniaxial strength  0.36  0.52  0.63 

  Source: Heilmann,  1969 .  
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  Abstract :   This chapter presents the effect of micro-structure on the 
behaviour of plain concrete. Concrete was modelled as a random 
heterogeneous three-phase material. The 2D simulations were 
carried out with the fi nite element method using an isotropic damage 
constitutive model enhanced by a characteristic length of micro-structure 
by means of a non-local theory. The behaviour of notched concrete 
beams subjected to quasi-static three-point bending and concrete 
elements under uniaxial tension was studied. In the calculations with 
concrete beams under bending, the effect of the beam size, aggregate 
distribution, aggregate volume, aggregate roughness, aggregate size, 
aggregate stiffness, bond thickness and characteristic length on the 
material behaviour were numerically investigated. The numerical results 
were compared with our own laboratory test results using the Digital 
Image Correlation (DIC) method (Skar ż y ń ski  et al . 2011), the tests by Le 
Bell ě go  et al . ( 2003 ) and the size effect law by Ba ž ant ( 2004 ). In addition, 
the 2D representative volume element (RVE) for concrete under tension 
was determined. Since the RVE could not be defi ned in quasi-brittle 
materials with a standard averaging approach, due to the occurrence of 
a localized zone, two alternative non-standard averaging methods were 
presented to determine the size of the RVE in concrete subjected to 
uniaxial tension. 

  Key words : concrete, damage mechanics, micro-structure, meso-scale, 
representative volume element (RVE). 

    3.1     Introduction 

 The cracking process is a fundamental phenomenon in cementitious materi-
als (Ba ž ant and Planas  1998 ; Lilliu and van Mier  2003 ). It is a major cause 
of damage in concrete material under mechanical loading, contributing to 
a signifi cant degradation of material strength. A realistic description of the 
fracture mechanism is very important to ensure safety of the structure. This 
mechanism is very complex, since it consists of main cracks with various 
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branches, secondary cracks and micro-cracks. Moreover, it strongly depends 
upon a heterogeneous composition of materials over many different length 
scales, changing e.g. in concrete from a few nanometres (hydrated cement) 
to millimetres (aggregate particles). Cracks are always preceded by the 
formation of localized zones of a certain width (called fracture process 
zones (FPZ)). The width of localized zones is (commonly) not negligible 
to cross-section dimensions of a concrete specimen and is large enough to 
cause signifi cant energy release and accompanying stress redistribution in 
the structure (Ba ž ant and Planas  1998 ). Thus, to describe strain localiza-
tion, the material micro-structure has to be taken into account (Nielsen  et al . 
 1995 ; Ba ž ant and Planas  1998 ; Sengul  et al .  2002 ; Lilliu and van Mier  2003 ; 
Kozicki and Tejchman  2008 ; He  et al .  2009 ). In particular, the presence of 
aggregate is important, since its volume fraction can be as high as 70–75% 
in concrete. 

 A mesoscopic description of strain localization is always connected with 
a huge number of fi nite or discrete elements and a related large compu-
tational effort. To solve this problem in practice (by decreasing the num-
ber of elements in large concrete elements), some homogenization-based 
multi-scale models are used, where each macroscopic point at the coarse 
(large) scale is connected with a microscopic cell at the fi ne (small) scale. 
Thus, the most important issue in multi-scale analyses is determination of 
an appropriate size for a micro-structural model, the so-called RVE. The 
size of the RVE should fulfi l two conditions: that homogenized properties 
become independent of micro-structural variations, and a micro-structural 
domain is small enough that separation of scales is guaranteed. Many 
researchers attempted to defi ne the size of RVE in heterogeneous materi-
als with a softening response in a post-peak regime (Hill  1963 ; Ba ž ant and 
Pijauder-Cabot  1989 ; Drugan and Willis  1996 ; Evesque  2000 ; van Mier  2000 ; 
Ba ž ant and Novak  2003 ; Kanit  et al .  2003 ; Kouznetsova  et al .  2004 ; Gitman 
 et al .  2007 ; Skar ż y ń ski and Tejchman 2009). The last outcomes in this topic 
show, however, that the RVE cannot be defi ned in softening quasi-brittle 
materials due to strain localization, since the material then loses its statisti-
cal homogeneity (Gitman  et al .  2007 ; Skar ż y ń ski and Tejchman 2009, 2010). 
Thus, each multi-scale approach always suffers from non-objectivity of the 
results with respect to a cell size (Gitman  et al .  2008 ). The RVE exists solely 
for linear and hardening regimes. 

 The intention of our calculations is to describe the concrete at meso-scale 
by taking into account its heterogeneous and non-uniform composition 
(micro-structure). Concrete was assumed at meso-scale as a random mate-
rial composed of three main phases: aggregate, cement matrix and bond 
(interface). Quasi-static FE calculations were carried out with concrete 
elements subjected to three-point bending and uniaxial tension. The simu-
lations were carried out with an isotropic continuum constitutive damage 
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model (Marzec  et al . 2007; Skar ż y ń ski  et al . 2011) enhanced by a characteris-
tic length of micro-structure by means of a non-local theory (Pijauder-Cabot 
and Ba ž ant  1987 ; Ba ž ant and Jirasek  2002 ; Bobi ń ski  et al .  2009 ). 

 The FE analyses are divided into two parts. In the fi rst part (FE calcula-
tions with notched concrete beams), attention was paid to the width and 
shape of a localized zone appearing above the beam notch. The effect of the 
aggregate distribution, aggregate packing, aggregate size, aggregate rough-
ness, aggregate stiffness, bond thickness, characteristic length and beam 
size on the beam behaviour was investigated. The numerical results were 
directly compared with corresponding laboratory test results with notched 
concrete beams (Skar ż ynski  et al . 2009a), where the width and shape of a 
localized zone on the surface of notched concrete beams was determined 
with DIC technique. In addition, our results were compared with corre-
sponding laboratory size effect tests by Le Bell ě go  et al . ( 2003 ) with the 
same beam geometry, and the size effect law by Ba ž ant (Ba ž ant and Planas 
 1998 ; Ba ž ant  2004 ) for notched concrete structures, where a crack grows in 
a stable manner prior to the maximum load. In the second part, an RVE in 
the concrete specimen under uniaxial tension was determined using two 
non-standard averaging methods.  

  3.2     Modelling damage in concrete 

 A simple isotropic damage continuum model was used, describing the mate-
rial degradation with the aid of only a single scalar damage parameter  D  
growing monotonically from 0 (undamaged material) to 1 (completely dam-
aged material) (Katchanov  1986 ; Simo and Ju  1987 ). The stress–strain func-
tion is represented by the relationship  

   σ εijσσ ( ) ,C) ijkl
e

kl     [3.1]   

 where Cijkl
e     is the linear elastic material stiffness matrix and   ε  kl   is the strain 

tensor (‘ e ’ – elastic). The loading function of damage is  

   f k( , ) max ,k)k) { }k k,k        [3.2]   

 where  k  0  denotes the initial value of   κ   when damage begins. If the loading 
function  f  is negative, damage does not develop. During monotonic load-
ing, the parameter   κ   grows (it coincides with ε    ) and during unloading and 
reloading it remains constant. A Rankine failure type criterion was assumed 
to defi ne the equivalent strain measure ε     (Jirasek and Marfi a  2005 )  

   ε =
{ }σmax

,
E

       [3.3]   
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 where  E  denotes the modulus of elasticity and σ i
effff     are the principal values 

of the effective stress tensor  

   σ εi
effff

ijkl
e

klC .        [3.4]   

 If all principal stresses are negative, the loading function  f  is negative and 
no damage occurs. 

 To describe the evolution of the damage parameter  D  (determining the 
shape of a softening curve under tension), the exponential softening law 
was used (Peerlings  et al .  1998 )  

   D
k
k

e= − +( )−1 1
k

− (0 α α+ β( )k kk 0 ,        [3.5]   

 where   α   and   β   are the material constants. 
 The constitutive isotropic damage model for concrete requires the follow-

ing fi ve material constants:  E ,   ν ,  κ       o,  α   and   β  . The model is suitable for tensile 
failure (Marzec  et al . 2007; Skar ż y ń ski  et al . 2011) and mixed tensile-shear 
failure (Bobi ń ski and Tejchman  2010 ). However, it cannot realistically 
describe irreversible deformations, volume changes or shear failure (Simone 
and Sluys  2004 ). 

 To properly describe strain localization, to preserve the well-posedness 
of the boundary value problem, to obtain mesh-independent results and, 
fi nally, to include a characteristic length of micro-structure  l   c   in simula-
tions (which sets the width of a localized zone), an integral-type non-local 
theory was used as a regularization technique (Ba ž ant and Jirasek  2002 ; 
Bobi ń ski and Tejchman  2004 ). The equivalent strain measure ε  was 
replaced by its non-local value ε     (Pijauder-Cabot and Ba ž ant  1987 ) to 
evaluate the  loading function (Equation [3.2]) and to calculate the dam-
age threshold parameter   κ    

ε
ω ξ ε ξ ξ

ω ξ ξ
=

( )
( )

∫
∫

V

V

|| || ( )ε ξ)ξξ

|| ||
,

dε)ξ || )ε ξε ξ

d)ξ ||
    [3.6]   

 where  V  is the body volume,  x  the coordinates of the considered (actual) 
point,   ξ   the coordinates of surrounding points and   ω   the weighting function. 
As a weighting function   ω  , a Gauss distribution function was used  

   ω
π

( ) ,
l

e
cl

r
lcl=

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠1

2

       [3.7]   

 where  l   c   denotes a characteristic length of micro-structure and the parameter 
r  is a distance between two material points. The averaging in Equation [3.7] 
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is restricted to a small representative area around each material point (the 
infl uence of points at the distance of  r  = 3 ×  l  c  is only 0.01%). A characteristic 
length is usually related to material micro-structure and is determined with an 
inverse identifi cation process of experimental data (Le Bell ě go  et al .  2003 ).  

  3.3     Behaviour of concrete beams under 
three-point bending conditions 

 Simplifi ed two-dimensional numerical simulations were performed with 
notched concrete beams  D × L  ( D  = beam height,  L =  4  × D  – beam length) 
with free ends subjected to quasi-static three-point bending. The fol-
lowing concrete beams were used: (a) small-size beams 80 × 320 mm 2 , (b) 
medium-size beams 160 × 640 mm 2 , and (c) large-size beams 320 × 1280 mm 2  
( Fig.3.1a ). The beams’ span was equal to 3  × D . A notch with a height of  D/ 10 
mm was located at the mid-span of the beam bottom. The dimensions were 
exactly the same as in the laboratory tests by Le Bell ě go  et al . ( 2003 ) and 
Skar ż y ń ski  et al . (2011). The beams were subjected to a vertical displace-
ment in the top mid-point at a very slow rate.    

  3.3.1     Numerical implementation 

 Concrete at meso-scale was considered as a three-phase material encom-
passing the cement matrix, aggregate and interfacial transition zones ITZ 
between the cement matrix and aggregate. Aggregate was randomly dis-
tributed in cement matrix according to experimental sieve curves. Two 
different concrete mixes were analysed (used in experiments, Skar ż y ń ski 
and Tejchman 2011): sand (with a mean aggregate diameter  d   50   = 0.5 mm 
and maximum aggregate diameter  d  max  = 3.0 mm) and gravel concrete 
( d   50   = 2.0 mm,  d  max  = 8.0 mm) ( Fig. 3.1b ). To reduce the number of aggregate 
particles in calculations, the size of assumed inclusions varied from  a   min   = 
0.5 mm up to  a   max   = 3 mm in sand concrete and from  a   min   = 2 mm up to  a  max  
= 8 mm in gravel concrete. Aggregate had mainly a circular shape for the 
sake of simplicity. The ITZ thickness was assumed to be  t   b   = 0.05–0.75 mm. 
Aggregate was generated according to the method given by Eckardt and 
Konke ( 2006 ). The circles simulating aggregate were randomly placed 
starting with the largest ones and preserving a certain mutual distance (van 
Mier  et al .  1995 )  

   D
D D

pD > 1 1
2

1 2D
. ,1

2
       [3.8]   

 where  D   p   is the distance between two neighbouring particle centres and  D   1  , 
and  D   2   are the diameters of two particles, respectively. The aggregate volume 
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 3.1      Concrete beams subjected to three-point bending: (a) geometry 

(Le Belle ̌  go  et al .,  2003 ; Skarż  yń  ski  et al ., 2011), (b) grading curve for 

sand (continuous line) and gravel (dashed line) used for concrete 

(Skarż  yn ́  ski  et al ., 2011).  

was   ρ   = 30%,   ρ   = 45% or 60%. The calculations were carried out with the set 
of material parameters for usual concrete only, which was prescribed to fi nite 
elements corresponding to a specifi ed concrete phase ( Table 3.1 ). The meso-
scopic characteristic length of micro-structure was  l   c   = 1.5 mm (see Section 
3.3.7). ITZs were assumed to be the weakest components (Lilliu and van 
Mier,  2003 ; Kozicki and Tejchman,  2008 ). We have assumed that ITZs have 
the reduced stiffness and strength as compared to the cement matrix, and 
that their properties do not depend on the aggregate size and shape. The 
FE-meshes including 12 000–1 600 000 triangular elements were assumed, 
where the size of triangular fi nite elements was:  s   a   = 0.5 mm (aggregate), 
 s   cm   = 0.5 mm (cement matrix) and  s   b   = 0.1 mm =  t   b   / 5 (bond). In general, 
the material constants should be determined with laboratory tensile tests for 
each phase (that is certainly possible for aggregate and cement matrix but 
not feasible for ITZs). The mesoscopic characteristic length  l   c   = 1.5 mm was 
simply imposed such that the numerical results agreed with the experimental 
observations. In our future numerical investigations, it will be directly related 
to concrete micro-structure (aggregate size or aggregate spacing).    
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 First, a small-size beam (80 × 320 mm 2 ) of gravel concrete was modelled: 
as partially homogeneous and partially heterogeneous with a meso-section 
in the notch neighbourhood and as an entirely heterogeneous beam at 
meso-scale. The width of a heterogeneous meso-scale section  b   ms   varied 
between  D/ 2 (40 mm) and  D  (80 mm). These preliminary analyses allowed 
us to determine a representative width of a required heterogeneous region 
close to the notch to capture a localized zone. Next, the effect of different 
parameters was studied in a small-size beam. Finally, calculations were car-
ried out with partially heterogeneous beams of a different size to determine 
a deterministic size effect. Three to fi ve different stochastic realizations 
were usually performed for the same case. The width of a localized zone 
above the notch in the beams was determined at the defl ection of  u  = 0.15 
mm on the basis of a non-local softening strain measure ε     (Equation [3.6]). 
As the cut-off value, εmiε n .= 0 025  was always assumed to be at the maximum 
mid-point value of εmax .= 0 0.0 08 0− 13 . 

 The preliminary results showed that the effect of the width of the 
meso-scale region on the results was insignifi cant if  b   ms     ≥  D /2 (Skar ż y ń ski 
and Tejchman 2010). In further calculations, to save computational time, a 
representative meso-scale section was assumed to be always equal to the 
beam height  b   ms    = D  (i.e. 80 mm for a small-size beam ( Fig. 3.2 ), 160 mm for 
a medium-size beam and 320 mm for a large-size beam).    

 Below the effect of different parameters, such as the beam size, aggre-
gate distribution, aggregate volume, aggregate roughness, aggregate size, 
aggregate stiffness, bond thickness and characteristic length, on the material 
behaviour (load-defl ection curve and strain localization) is demonstrated. 
The parameters were varied independently.  

  3.3.2     Effect of aggregate distribution 

  Figures 3.3 – 3.6  demonstrate the effect of a stochastic distribution of the 
round shaped aggregate particles on the load-defl ection diagram ( Figs 3.3  
and  3.5 ) and strain localization ( Figs 3.4  and  3.6 ) in the beam 80 × 320 mm 2 . 

 Table 3.1     Material parameters assumed FE calculations of concrete notched 

beams under bending at meso-scale 

 Material parameters  Inclusions  Cement matrix  Bond 

 Modulus of elasticity  E  (GPa)  40  35  30 

 Poisson’s ratio  ν  (–)  0.2  0.2  0.2 

 Crack initiation strain   κ    o   (–)  0.5  1 × 10– 4   7 × 10– 5  

 Residual stress level  α  (–)  0.95  0.95  0.95 

 Slope of softening  β  (–)  200  200  200 
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The aggregate volume was   ρ   = 30% ( Figs 3.3  and  3.4 ) or   ρ   = 45% ( Figs 3.5  
and  3.6 ) for sand concrete ( d   50   = 0.5 mm and  d   max  = 3 mm) and for gravel 
concrete ( d   50   = 2 mm,  d  max  = 8 mm), respectively. The bond thickness was 
 t   b   = 0.25 mm.             

 The load-displacement curves are the same in the entire elastic regime, 
independently of the distribution of inclusions. However, they are signif-
icantly different after the peak is reached ( Figs 3.3A  and  3.5A ) due to a 
localized zone propagating between aggregate distributed at random, which 
is always non-symmetric and curved. The width of the calculated localized 
zone is approximately  w   c   = 6 mm = 4 ×  l   c   = 12 ×  s   cm   (  ρ   = 30%) and  w   c   = 4.5 mm = 
3 ×  l   c   = 9 ×  s   cm   (  ρ   = 45%) independently of  d   50  . The calculated localized zone is 
created at  u/D  = 0.14 and its width increases linearly during deformation.  

  3.3.3     Effect of aggregate size and aggregate volume 

  Figures 3.7 – 3.9  demonstrate the effect of aggregate size and aggregate  volume 
in sand concrete ( d   50   = 0.5 mm and  d   ma x  = 3 mm) and gravel concrete ( d   50   = 
2 mm and  d  max  = 8 mm) for a small-size beam (80 × 320 mm 2 ) using circular 
aggregate volume   ρ   = 30%,   ρ   = 45% and   ρ   = 60% ( l   c   = 1.5 mm,  t   b   = 0.25 mm).    

 With increasing maximum aggregate and aggregate volume, the beam 
strength slightly increases (by 10–25%,  Figs 3.8A  and  3.8B ). The width of 
the localized zone does not depend on the maximum aggregate size  d  max . 
However, this outcome is in contrast to statements by Pijauder-Cabot and 
Ba ž ant ( 1987 ), and Ba ž ant and Oh ( 1983 ), wherein the width of a localized 
zone was estimated to be about 3 ×  d  max . It is also in contrast to experimental 
results by Mihashi and Nomura ( 1996 ), which have shown that the width of a 
localized zone in normal concrete increases with increasing aggregate size.       

 3.2      FE-mesh used for calculations of meso-scale region equal to beam 

height (small-size beam 80 × 320 mm 2 , volume of circular aggregate 

  ρ   = 30%).  
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 The width of a localized zone is infl uenced by the aggregate volume; a local-
ized zone becomes narrower with increasing aggregate volume:  w   c    =  6 mm at 
  ρ   = 30%,  w   c    =  4.5 mm at   ρ   = 45%,  w   c    =  3 mm at   ρ   = 60%. The shape of a local-
ized zone is affected by  d   50   ( d  max ) and   ρ   (in particular for   ρ  =  60%).  

  3.3.4     Effect of aggregate roughness 

 The effect of the different aggregate roughness ( Fig. 3.10 ) in a small-size 
beam (80 × 320 mm 2 ) of gravel concrete ( d   50   = 2 mm and  d  max  = 8 mm) is 
shown in  Figs 3.11 – 3.14  (  ρ   = 30% and   ρ   = 45%,  l   c   = 1.5 mm,  t   b   = 0.25 mm). 
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 3.3      Calculated load-defl ection curves for two concrete mixes and 

three random distributions of circular aggregate (curves ‘a’, ‘b’, ‘c’) in 

small-size beam 80 × 320 mm 2  ( l   c   = 1.5 mm,   ρ   = 30%,  t   b   = 0.25 mm): 

(A) sand concrete ( d  50  = 0.5 mm,  d  max  = 3 mm), (B) gravel concrete 

( d  50  = 2 mm,  d  max  = 8 mm).  
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The results with the different aggregate roughness are compared using the 
same stochastic distribution.       

 The beam strength is lowest for beams with circular-shaped aggregate 
and increases with increasing aggregate roughness by 10–20% ( Figs 3.11  
and  3.13 ). The width of a localized zone changes between  w   c    =  6 mm for 
  ρ   = 30% and  w   c    =  4.5 mm for   ρ   = 45%. It is not infl uenced by the aggregate 
roughness. In turn, the form of a localized zone is affected by the aggregate 
roughness ( Figs 3.12  and  3.14 ).             

  3.3.5     Effect of aggregate stiffness 

  Figure 3.15  shows the effect of the aggregate stiffness in a small-size beam 
(80 × 320 mm 2 ,  d   50   = 2 mm and  d  max  = 8 mm). The calculations were carried 
out with the weak aggregate (which had the same properties as the bond of 
 Table 3.1 ).    

 For the weak aggregate, a localized zone can propagate through weak 
grains. The vertical force is obviously smaller and the width of a localized 
zone is higher than the usual aggregate.  
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 3.4      Calculated distribution of non-local strain measure for various 

concrete mixes and three random distributions of circular aggregate 

(‘a’, ’b’, ‘c’) in small-size beam corresponding to load-defl ection curves 

of  Fig. 3.3  ( l   c   = 1.5 mm,   ρ   = 30%,  t   b   = 0.25 mm): (A) sand concrete ( d  50  = 

0.5 mm,  d  max  = 3 mm), (B) gravel concrete ( d  50  = 2 mm,  d  max  = 8 mm).  
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  3.3.6     Effect of ITZ thickness 

  Figures 3.16  and  3.17  demonstrate the effect of the ITZ thickness in a 
small-size beam (80 × 320 mm 2 ) of gravel concrete ( d   50   = 2 mm and  d  max  = 
8 mm). The thickness  t   b   was 0.05 mm, 0.25 mm and 0.75 mm, respectively 
(  ρ   = 45%,  l   c   = 1.5 mm).       

 Since ITZ is the weakest phase, the beam strength obviously decreases 
with increasing ITZ thickness. The width of a localized zone is not affected 
by  t   b  .  
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 3.5      Calculated load-defl ection curves for two concrete mixes and 

three random distribution of circular aggregate (curves ‘a’, ‘b’, ‘c’) in 

a small-size beam 80 × 320 mm 2  ( l   c   =1.5 mm,   ρ   = 45%,  t   b   = 0.25 mm): 

(A) sand concrete ( d  50  = 0.5 mm,  d  max  = 3 mm), (B) gravel concrete 

( d  50  = 2 mm,  d  max  = 8 mm).  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



 Modelling the effect of material composition 63

© Woodhead Publishing Limited, 2013

  3.3.7     Effect of mesoscopic characteristic length 

 The effect of a characteristic length of micro-structure on the load-defl ection 
diagram and strain localization is shown in  Figs 3.18 – 3.21 , using the same 
stochastic distribution of aggregate.  Figures 3.18  and  3.20  demonstrate the 
infl uence of  l   c   on the evolution of load-defl ection curves for two different 
mixes: sand concrete ( d   50   = 0.5 mm and  d  max  = 3 mm) with aggregate volume 
  ρ   = 30% and gravel concrete ( d   50   = 2 mm and  d  max  = 8 mm) with aggregate 
volume   ρ   = 45%, respectively. In turn,  Figs 3.19  and  3.21  present the distri-
bution of a non-local softening strain measure above the notch for various 
 l   c   changing between 0.1 mm and 5.0 mm.             

 With increasing characteristic length, both beam strength and width of 
a localized zone obviously increase. The material softening decreases and 
material becomes more ductile. A pronounced deterministic size effect 
occurs. A localized zone propagating in a cement matrix between aggregate 
grains is strongly curved at  l   c   = 0.1–2.5 mm, whereas it becomes straighter at 

 (a)(A)  (a)(B)

(b)(A)
 

(b)(B)

(c)(A)  (c)(B)  

 3.6      Calculated distribution of non-local strain measure for various 

concrete mixes and random distributions of circular aggregate (‘a’, ’b’, 

‘c’) in small-size beam 80 × 320 mm 2  ( l   c   = 1.5 mm,   ρ   = 45%,  t   b   = 0.25 mm) 

corresponding to load-defl ection curves of Fig. 3.5: (A) sand concrete 

( d  50  = 0.5 mm,  d  max  = 3 mm), (B) gravel concrete ( d  50  = 2 mm, 

 d  max  = 8 mm).  
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 3.7      Calculated load-defl ection curves for different circular aggregate 

densities (small-size beam 80 × 320 mm 2 ,  l   c   = 1.5 mm,  t   b   = 0.25 mm): 

(A)   ρ   = 30%, (B)   ρ   =45%, (C)   ρ   = 60%, (a) sand concrete ( d  50  = 0.5 mm, 

 d  max  = 3 mm), (b) gravel concrete ( d  50  = 2 mm,  d  max  = 8 mm).  
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l   c   > 2.5 mm. The width of a localized zone is:  w   c   = 4.5–6.0 mm = (3–4) ×  l   c   with 
l   c   = 1.5 mm and   ρ   = 30–45% ( l   c   = 0.5 ×  d  max  for sand concrete and  l   c   = 0.2 ×  d  max  
for gravel concrete).  

  3.3.8     Effect of beam size 

 The effect of the beam size is presented in  Figs 3.22  and 3 .23 .  Figure 3.22  
shows the numerical results of the nominal strength σ n l= 1 5. /Pl5 ( )bD2     ver-
sus the normalized defl ection  u/D  for three different concrete beams com-
pared to tests by Le Bell ě go  et al . ( 2003 ). The following number of triangular 
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3.8      Calculated load-defl ection curves for different circular aggregate 

density: (a)   ρ   = 30%, (b)   ρ   = 45%, (c)   ρ   = 60% (small-size beam 80 × 320 mm 2 , 

l   c   = 1.5 mm,  t   b   = 0.25 mm): (A) sand concrete ( d  50  = 0.5 mm,  d  max  = 3 mm), 

(B) gravel concrete ( d  50  = 2 mm,  d  max  = 8 mm).  
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fi nite elements was used: 110 000 (small beam), 420 000 medium beam and 
1 600 000 (large beam). In turn,  Fig. 3.23  presents the distribution of a 
non-local softening strain measure in beams. The calculations were carried 
out with gravel concrete ( d  max  = 8 mm), circular aggregate volume of   ρ   = 
30%, bond thickness  t   b   = 0.25 mm, and characteristic length of  l   c   = 1.5 mm.       

 The numerical results of  Figs 3.22  and  3.23  are in suffi cient agreement 
with tests by Le Bell ě go  et al . ( 2003 ). The deterministic size effect is realisti-
cally modelled in calculations. The width of a localized zone above the notch 
at  u/D  = 0.5 is 6 mm (  ρ   = 30%) for all beam sizes. A localized zone propagat-
ing between aggregate particles is always strongly curved. 

  Figure 3.24  shows a comparison between the measured and calculated 
size effect for concrete beams. In addition, the results of a deterministic size 
effect law by Ba ž ant (Ba ž ant and Planas  1998 ; Ba ž ant  2004 ) are enclosed 
(which is valid for structures with pre-existing notches) wherein the nomi-
nal strength is calculated as     

   σ n
tBft

D D
=

+ ( )1 0/
,        [3.9]   
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 3.9      Calculated distribution of non-local strain measure for different 

circular aggregate densities (small-size beam 80 × 320 mm 2 ,  l   c   = 1.5 mm, 

 t   b   = 0.25 mm): (a)   ρ   = 30%, (b)   ρ   = 45%, (c)   ρ   = 60%, (A) sand concrete 

( d  50  = 0.5 mm,  d  max  = 3 mm), (B) gravel concrete ( d  50  = 2 mm,  d  max  = 

8 mm).  
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 3.10      Aggregate shape assumed in calculations: (a) circular, (b) octagonal, 

(c) irregular (angular), (d) rhomboidal.  
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 3.11      Calculated load-defl ection curves for different aggregate shape 

of Fig. 3.10: (a) circular, (b) octagonal, (c) irregular (angular), 

(d) rhomboidal (small-size beam 80 × 320 mm 2 ,  l   c   = 1.5 mm,   ρ   = 45%, 

 t   b   = 0.25 mm, gravel concrete with  d  50  = 2 mm and  d  max  = 8 mm).  

 where  f   t   = tensile strength of concrete,  B =  dimensionless parameter 
depending upon the structure geometry and crack,  D  = characteristic beam 
size (beam height) and  D   0   = size dependent parameter (called transitional 
size). To determine the parameters  B  and  D   0  , a non-linear least-square 
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 3.12      Calculated distribution of non-local strain measure for different 

aggregate shape of Fig. 3.10: (a) circular, (b) octagonal, (c) irregular 

(angular), (d) rhomboidal (small-size beam 80 × 320 mm 2 ,  l   c   = 1.5 mm, 

  ρ   = 30%,  t   b   = 0.25 mm, gravel concrete with  d  50  = 2 mm and  d  max  = 8 mm).  
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 3.13      Calculated load-defl ection curves for different aggregate 

shape of Fig. 3.10: (a) circular, (b) octagonal, (c) irregular (angular), 

(d) rhomboidal (small- size beam 80 × 320 mm 2 ,  l   c   = 1.5 mm,   ρ   = 30%, 

 t   b   = 0.25 mm, gravel concrete with  d  50  = 2 mm and  d  max  = 8 mm).  

Marquardt-Lavenberg’s algorithm was used. The experimental and theo-
retical beam strength show strong size dependence. The experimental and 
numerical results match well the size effect law by Ba ž ant (Ba ž ant and 
Planas  1998 ). 

 The width and shape of a calculated localized zone is in accordance 
with our experiments using a DIC (Skar ż y ń ski  et al . 2011), which is a way 

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



 Modelling the effect of material composition 69

© Woodhead Publishing Limited, 2013

to visualize surface deformations by successive post-processing of digital 
images taken at constant time increments with a professional digital cam-
era (White  et al .  2003 ).  Figure 3.25  shows the formation of a localized zone 
on the surface of concrete beams above the notch using different concrete 
mixes from laboratory test. A localized zone occurred before the peak on the 
load-defl ection diagram and was strongly curved. In some cases, it branched. 
The width of a localized zone increased during deformation due to concrete 
dilatancy ( Fig. 3.26 ). The maximum measured width of a localized zone was 
equal to 3.5–5.5 mm. It did not depend upon the mix type and beam size for 
the assumed aggregate size distributions.       

 To summarize, the calculated width of a localized zone increases with 
decreasing aggregate volume and increasing characteristic length. It is not 
affected by the aggregate size, aggregate roughness, bond thickness and 
beam height.   

  3.4     Behaviour of concrete elements under 
uniaxial tension 

 To analyse the existence of RVE under tension, a plane strain uniaxial ten-
sion test was carried out (Skar ż y ń ski and Tejchman 2012) ( Fig. 3.27 ). The 
material constants for each phase are given in  Table 3.2 . The bond was 
assumed again to be the weakest component (Lilliu and van Mier  2003 ) 
and its width was 0.25 mm (Gitman  et al .  2007 ). For the sake of simplicity, 
the aggregate was assumed to be circular. The number of triangular fi nite 
elements changed between 4000 (the smallest specimen) and 100 000 (the 
largest specimen). The size of the triangular elements was:  s   a   = 0.5 mm 
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 3.14      Calculated distribution of non-local strain measure for different 

aggregate shape of Fig. 3.10: (a) circular, (b) octagonal, (c) irregular 

(angular), (d) rhomboidal (small-size beam 80 × 320 mm 2 ,  l   c   = 1.5 mm, 

  ρ   = 45%,  t   b   = 0.25 mm, gravel concrete with  d  50  = 2 mm and  d  max  = 8 mm).  
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 3.15      Effect of different aggregate stiffness in FE calculations: 

load-defl ection curve and distribution of non-local strain measure 

close to notch: (a) usual circular aggregate, (b) weak circular aggregate 

(small-size beam 80 × 320 mm2,  l   c   = 1.5 mm,   ρ   = 45%, aggregate with 

 d  50  = 2 mm and  d  max  = 8 mm).  

(aggregate),  s   cm   = 0.25 mm (cement matrix) and  s   itz   = 0.1 mm (interface). 
The test was performed with a quadratic concrete specimen representing 
a unit cell with periodicity of boundary conditions and material periodicity 
(Gitman  et al .  2007 ; Skar ż y ń ski and Tejchman 2010).       
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  3.4.1     Numerical implementation 

 The unit cells of six different sizes were investigated  b  ×  h : 5 × 5 mm 2 , 10 × 10 
mm 2 , 15 × 15 mm 2 , 20 × 20 mm 2 , 25 × 25 mm 2  and 30 × 30 mm 2 , respectively. 
For each specimen, three different stochastic realizations were performed 
( Fig. 3.28 ) with the aggregate volume of   ρ   = 30% (the results for   ρ   = 45% and 
ρ   = 60% showed the same trend). A characteristic length of micro-structure 
was again  l   c   = 1.5 mm (see Section 3.3.6). Thus, the maximum fi nite element 
size in three different concrete phases was not greater than 3 ×  l   c   to obtain 
mesh-objective results (Bobi ń ski and Tejchman  2004 ; Marzec  et al . 2007).     

  3.4.2     Standard averaging approach 

 The standard averaging is performed over the entire specimen domain. The 
homogenized stress and strain are defi ned in two dimensions as  

< > > = < =σ σ> = < ε
f

b

f

b
y y< >σ<

ff ffint if nt

,and
u
h

    [3.10]   

(a)

(b)

(c)

 

 3.16      FE-meshes with different bond thickness  t   b   assumed in 

calculations: (a)  t   b   = 0.05 mm, (b)  t   b   = 0.25 mm and (c)  t   b   = 0.75 mm 

(aggregate volume   ρ   = 45%).  
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 3.17      Effect of different bond thickness  t   b   in FE calculations: 

load-defl ection curve and distribution of non-local strain measure 

close to notch: (a)  t   b   = 0.05 mm, (b)  t   b   = 0.25 mm, (c)  t   b   = 0.75 mm 

(small-size beam 80 × 320 mm 2 ,  l   c   = 1.5 mm,   ρ   = 45%, gravel concrete 

with  d  50  = 2 mm and  d  max  = 8 mm).  
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 where fyff int     denotes the sum of all vertical nodal forces in the ‘ y’  direction along 
the top edge of the specimen ( Fig. 3.27 ),  u  is the prescribed vertical displace-
ment in the ‘ y’  direction and  b  and  h  are the width and height of the specimen. 

  Figure 3.29  presents the stress–strain relationships for various cell sizes 
and two random aggregate distributions. In the fi rst case, the aggregate dis-
tribution was similar, and in the second case it was random in different unit 
cells. The results show that the stress–strain curves are only the same in an 
elastic regime independently of the specimen size, aggregate volume and 
aggregate distribution. However, they are completely different at the peak 
and in a softening regime. An increase of the specimen size causes a strength 
decrease and an increase of material brittleness (softening rate) ( Fig. 3.29 ). 
The differences in the evolution of stress–strain curves in a softening regime 
are caused by strain localization (in the form of a curved localized zone 
propagating between aggregate particles ( Figs 3.30  and  3.31 ), contributing 
to a loss of material homogeneity (due to the fact that strain localization is 
not scaled with increasing specimen size). The width of a calculated local-
ized zone is approximately  w   c   = 3 mm = 2 ×  l   c   = 12 ×  s   cm   (unit cell 5 × 5 mm 2 ), 
w   c   = 5 mm = 3.33 ×  l   c   = 20 ×  s   cm   (unit cell 10 × 10 mm 2 ) and  w   c   = 6 mm = 4 ×  l   c   = 
24 ×  s   cm   (unit cells larger than 10 × 10 mm 2 ).          

  Figure 3.32  presents the expectation value and standard deviation of the 
tensile fracture energy  G   f   versus the specimen height  h  for three different 
realizations. The fracture energy  G   f   was calculated as the area under the 
stress–strain curves  g   f   multiplied by the width of a localized zone  w   c       
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3.18      Calculated load-defl ection curves for different characteristic 

lengths: (a)  l   c   = 0.1 mm, (b)  l   c   = 0.5 mm, (c)  l   c   = 1.5 mm, (d)  l   c   = 2.5 mm, 

(e)  l   c   = 5.0 mm (small-size beam 80 × 320 mm 2 , sand concrete  d  50  = 

0.5 mm,  d  max  = 3 mm, circular aggregate volume   ρ   = 30%, bond width 

t   b   = 0.25 mm).  
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 3.19      Calculated distribution of non-local strain measure for different 

characteristic lengths: (a)  l   c   = 0.1 mm, (b)  l   c   = 0.5 mm, (c)  l   c   = 1.5 mm, 

(d)  l   c   = 2.5 mm, (e)  l   c   = 5.0 mm (small-size beam 80 × 320 mm 2 , sand 

concrete  d  50  = 0.5 mm,  d  max  = 3 mm, circular aggregate volume   ρ   = 30%, 

bond width  t   b   = 0.25 mm).  
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 3.20      Calculated load-defl ection curves for different characteristic 

lengths: (a)  l   c   = 0.5 mm, (b)  l   c   = 1.5 mm, (c)  l   c   = 2.5 mm, (d)  l   c   = 5.0 mm 

(small-size beam 80 × 320 mm 2 , gravel concrete  d  50  = 2 mm,  d  max  = 8 mm, 

circular aggregate volume   ρ   = 45%, bond width  t   b   = 0.25 mm).  
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G g w wf fG g c

a

a

c×gfg ×∫ )< > < >((∫∫ .> <
1

2

    [3.11]   

 The integration limits ‘ a   1   ’  and ‘ a   2   ’  are 0 and 0.001, respectively ( Fig. 3.29 ). The 
fracture energy decreases with increasing specimen size without reaching 
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3.21      Calculated distribution of non-local strain measure for different 

characteristic lengths: (a)  l   c   = 0.5 mm, (b)  l   c   = 1.5 mm, (c)  l   c   = 2.5 mm, 

(d)  l   c   = 5.0 mm (small-size beam 80 × 320 mm 2 , gravel concrete  d  50  = 

2 mm,  d  max  = 8 mm, circular aggregate volume   ρ   = 45%, bond width 

t   b   = 0.25 mm).  
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3.22      Calculated nominal strength 1.5Pl/(bD 2 ) vs normalized beam 

defl ection  u / D  ( u , beam defl ection,  D , beam height): (A) FE-results, 

(B) experiments by Le Bell  go  et al . ( 2003 ): (1) small-size beam, 

(2) medium-size beam, (3) large-size beam (three-phase random 

heterogeneous material close to notch,   ρ   = 30%,  l   c   = 1.5 mm,  t   b   = 0.25 mm).  
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 3.23      Calculated distribution of non-local strain measure above 

notch from numerical calculations (at  u / D  = 0.5): (a) small-size beam, 

(b) medium-size beam, (c) large-size beam (random heterogeneous 

three-phase material close to notch,   ρ   = 30%,  l   c   = 1.5 mm,  t   b   = 0.25 mm).  
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 3.24      Calculated and measured size effect in nominal strength 

1.5Pl/(bD 2 ) versus beam height  D  for concrete beams of a 

similar geometry (small-, medium- and large-size beam): (a) our 

FE-calculations (heterogeneous material close to notch), (b) size effect 

law by Baz ̌  ant ( 2004 ), (c) experiments by Le Bellě  go  et al . ( 2003 ).  
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an asymptote, i.e. the size dependence of RVE exists (since a localized zone 
does not scale with the specimen size). Thus, RVE cannot be found for 
softening materials and a standard averaging approach cannot be used in 
homogenization-based multi-scale models.  

  3.4.3     Localized zone averaging approach 

 Recently, the existence of RVE for softening materials was proved (based 
on Hill’s averaging principle) for cohesive and adhesive failure by deriving 
a traction-separation law (for a macro crack) instead of a stress–strain rela-
tion from microscopic stresses and strains (Verhoosel  et al .  2010a ,  2010b ). 
This was indicated by the uniqueness (regardless of a micro-sample size) of 
a macro-traction separation law, which was obtained by averaging responses 
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 3.25      Formation of localized zone directly above notch in experiments 

using DIC: (a) gravel concrete medium-size beam 160 × 640 mm 2 , 

(b) sand concrete medium-size beam 160 × 640 mm 2  (vertical and 

horizontal axes denote coordinates in (mm), colour scales denote strain 

intensity) (Skarz ̇  yń   ski  et al ., 2011).  
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along propagating micro-discrete cracks. Prompted by this approach and 
the fact that a localized zone does not scale with the micro-specimen size, 
Nguyen  et al . ( 2010 ) proposed an approach whereby homogenized stress and 
strain were averaged over a localized strain domain in softening materials 
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 3.26      Evolution of width of localized zone in experiments using DIC 

vs normalized beam defl ection  u / D  ( u , beam defl ection and  D , beam 

height): (A) gravel concrete, (B) sand concrete, (a) small-size beam 

80 × 320 mm 2 , (b) medium-size beam 160 × 640 mm 2 , (c) large-size beam 

320 × 1280 mm 2  (Skar  y  ski  et al ., 2011).  
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 3.27      Uniaxial tension test (schematically).  

Table 3.2     Material parameters assumed FE calculations of concrete elements 

under uniaxial tension at meso-scale 

 Material parameters  Inclusions  Cement matrix  Bond 

 Modulus of elasticity  E  (GPa)  30  25  20 

 Poisson’s ratio  ν  (–)  0.2  0.2  0.2 

 Crack initiation strain   κ    o   (–)  0.5  8 × 10– 5   5 × 10– 5  

 Residual stress level  α  (–)  0.95  0.95  0.95 

 Slope of softening  β  (–)  200  200  200 

(which is small compared with the specimen size) rather than over the 
entire specimen. We have used this method in this paper. In this approach, 
the homogenized stress and strain are  

< > ∫ ∫σ > = ∫
1 1

∫A Az A z
m z

Az zz A

,∫< > ε∫> = dAm zdA     [3.12]   

 where  A   z   is the localized zone area and   σ    m   and   ε    m   are the meso-stress 
and meso-strain, respectively. The localized zone area  A   z   is determined 
on the basis of a distribution of the non-local equivalent strain measure 
ε     (Equation [3.6]). As the cut-off value εmin .= 0 005    is always assumed at 
the maximum mid-point value, usually equal to εmax . .= −0 007 0 011. Thus, a 
linear material behaviour is simply swept out (which causes the standard 
stress–strain diagrams to be specimen-size dependent), and an active mate-
rial plastic response is solely taken into account. 

  Figure 3.33  presents the stress–strain relationships for various specimen 
sizes and two random aggregate distributions for the calculated localized 
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 3.28      Concrete specimens of different size: (a) 5 × 5 mm 2 , (b) 10 × 10 

mm 2 , (c) 15 × 15 mm 2 , (d) 20 × 20 mm 2 , (e) 25 × 25 mm 2 , (f) 30 × 30 mm 2  

(aggregate volume   ρ   = 30%).  

zones of  Figs 3.30  and  3.31 . These stress–strain curves in a softening regime 
(for the unit cells larger than 10 × 10 mm 2 ) are in very good accordance with 
respect to their shape. In this case, the statistically representative volume 
element exists and is equal to 15 × 15 mm 2 .    
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  Figure 3.34  presents the expectation value and standard deviation of the 
tensile fracture energy  G   f   versus the specimen height  h  for three different 
realizations. The integration limits were  a   1   = 0 and  a   2   = 0.004 (Equation [3.11]). 
The fracture energy decreases with increasing specimen size, approaching an 
asymptote when the cell size is 15 × 15 mm 2 . Thus, the obtained homogenized 
stress–strain relationships are objective with respect to the micro-sample 
size. RVE does not represent the entire material in its classical meaning, but 
the material in a localized zone (an important observation/conclusion).     
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 3.29      Stress–strain curves for various sizes of concrete specimens 

and two different random distributions of aggregate (a) and (b) using 

standard averaging procedure (characteristic length  l   c   = 1.5 mm, 

aggregate volume   ρ   = 30%).  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



82 Understanding the tensile properties of concrete

© Woodhead Publishing Limited, 2013

 

(a)

 

(b)

(c)

 

(d)

(e)

 
 3.30      Distribution of non-local softening strain measure for various 

specimen sizes and stress–strain curves of Fig. 3.29a using standard 

averaging procedure (characteristic length  l   c   = 1.5 mm, aggregate 

volume   ρ   = 30%).  
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 (a)  (b)

(c)  (d)
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 3.31      Distribution of non-local softening strain measure for various 

specimen sizes and stress–strain curves of Fig. 3.29b using standard 

averaging procedure (characteristic length  l   c   = 1.5 mm, aggregate 

volume   ρ   = 30%).  
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  3.4.4     Varying characteristic length approach 

 With increasing characteristic length, both the specimen strength and width 
of a localized zone increase. On the other hand, softening decreases them, 
and material behaviour is more ductile (Skar ż y ń ski and Tejchman 2009). 
Taking these two facts into account, a varying characteristic length related 
to the reference specimen size (assumed as 15 × 15 mm 2  or 30 × 30 mm 2 ) is 
introduced (to scale the width of a localized zone with varying specimen 
height) according to the formula:  

   l l
h

c cl ×lcl ×15 15

15

(mm)

(mm)
    [3.13]   

 or  

   l l
h

c cl ×lcl ×30 30

30

(
,

mm)

(mm)
    [3.14]   

 where  l   c    15    ×    15   =  l   c    30    ×    30   = 1.5 mm is a characteristic length for the reference unit 
cell 15 × 15 mm 2  or 30 × 30 mm 2  and  h  is the unit cell height. A unit cell larger 
than 30 × 30 mm 2  can also be used (the width of a localized zone in the refer-
ence unit cell cannot be too strongly infl uenced by boundary conditions, as 
e.g. the cell size is smaller than 10 × 10 mm 2 ). The characteristic length  l   v    c   is no 
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 3.32      Expected value and standard deviation of tensile fracture energy 

Gf vs specimen height h using standard averaging (aggregate volume 

  ρ   = 30%).  
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longer a physical parameter related to non-local interactions in the damag-
ing material, but an artifi cial parameter adjusted to the specimen size. 

 The stress–strain relationships for various specimen sizes and various 
characteristic lengths are shown in  Figs 3.35  and  3.36 . A characteristic length 
varies between  l   c   = 0.5 mm for the unit cell 5 × 5 mm 2  and  l   c   = 3.0 mm for the 
unit cell 30 × 30 mm 2  according to Equation [3.13], and between  l   c   = 0.25 mm 
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for the unit cell 5 × 5 mm 2  and  l   c   = 1.5 mm for the unit cell 30 × 30 mm 2  accord-
ing to Equation [3.14]. The width of a calculated localized zone (for the ref-
erence unit cell 15 × 15 mm 2 ) is approximately  w   c   = 2 mm = 4 ×  l   c   = 8 ×  s   cm   (cell 
5 × 5 mm 2 ),  w   c   = 4 mm = 4 ×  l   c   = 16 ×  s   cm   (cell 10 × 10 mm 2 ),  w   c   = 6 mm = 4 ×  l   c   = 
24 ×  s   cm   (cell 15 × 15 mm 2 ),  w   c   = 8 mm = 4 ×  l   c   = 32 ×  s   cm   (cell 20 × 20 mm 2 ),  w   c   = 
10 mm = 4 ×  l   c   = 40 ×  s   cm   (cell 25 × 25 mm 2 ) and  w   c   = 12 mm = 4 ×  l   c   = 48 ×  s   cm   (cell 
30 × 30 mm 2 ) ( Figs 3.37  and  3.38 ). The width of a calculated localized zone 
(for the reference unit cell 30 × 30 mm 2 ) is approximately  w   c   = 1 mm = 4 ×  l   c   = 
4 ×  s   cm   (cell 5 × 5 mm 2 ),  w   c   = 2 mm = 4 ×  l   c   = 8 ×  s   cm   (cell 10 × 10 mm 2 ),  w   c   = 3 mm = 
4 ×  l   c   = 12 ×  s   cm   (cell 15 × 15 mm 2 ),  w   c   = 4 mm = 4 ×  l   c   = 16 ×  s   cm   (cell 20 × 20 mm 2 ), 
 w   c   = 5 mm = 4 ×  l   c   = 20 ×  s   cm   (cell 25 × 25 mm 2 ) and  w   c   = 6 mm = 4 ×  l   c   = 24 ×  s   cm   
(cell 30 × 30 mm 2 ) ( Figs 3.39  and  3.40 ). A localized zone is scaled with the 
specimen size, and therefore the material does not lose its homogeneity and 
its response during softening is similar for the cell 15 × 15 mm 2  and larger. 
Thus, the size of the RVE is again equal to 15 × 15 mm 2 .                       

 The expectation value and standard deviation of the unit fracture energy 
 g   f   =  G   f    /w   c   versus the specimen height  h  are demonstrated in  Fig.3.41 . With 
increasing cell size, the value of  g   f   stabilizes for the unit cell of 15 × 15 mm 2 .      

  3.5     Conclusions 

 A meso-scale numerical model was used in this study to analyse strain 
localization in concrete. The FE calculations revealed that an isotropic 
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 3.34      Expected value and standard deviation of tensile fracture energy 

Gf vs specimen height h using localized zone averaging (aggregate 

volume   ρ   = 30%).  
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 damage-continuum model enhanced by a characteristic length of 
micro-structure is able to capture the evolution of strain localization in con-
crete elements, where concrete was treated as a heterogeneous three-phase 
material composed of aggregate, cement matrix and bond. 
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 3.35      Stress–strain curves for various sizes of concrete specimens 

and two different random distributions of aggregate (a) and (b) using 

varying characteristic length approach (reference unit size 15 × 15 mm 2 , 

characteristic length according to Equation [3.13], aggregate volume 

  ρ   = 30%).  
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 The following conclusions can be drawn from calculations with notched 
concrete beams under quasi-static three-point bending (by neglecting small 
aggregate grains):

   material micro-structure at meso-scale has to be taken into account in • 
calculations of strain localization to obtain a proper shape of a localized 
zone,  
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 3.36      Stress–strain curves for various sizes of concrete specimens 

and two different random distributions of aggregate (a) and (b) using 

varying characteristic length approach (reference unit size 30 × 30 mm 2 , 

characteristic length according to Equation [3.14], aggregate density 

  ρ   = 30%).  
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 3.37      Distribution of non-local softening strain measure for various 

specimen sizes and stress–strain curves from Fig. 3.35a using varying 

characteristic length approach (reference unit size 15 × 15 mm 2 , 

characteristic length according to Equation [3.13], aggregate volume 

  ρ   = 30%).  
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 3.38      Distribution of non-local softening strain measure for various 

specimen sizes and stress–strain curves from Fig. 3.35b using varying 

characteristic length approach (reference unit size 15 × 15 mm 2 , 

characteristic length according to Equation [3.13], aggregate volume 

  ρ   = 30%).  
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 3.39      Distribution of non-local softening strain measure for various 

specimen sizes and stress–strain curves from Fig. 3.36a using varying 

characteristic length approach (reference unit size 30 × 30 mm 2 , 

characteristic length according to Equation [3.14], aggregate volume 

  ρ   = 30%).  
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 3.40      Distribution of non-local softening strain measure for various 

specimen sizes and stress–strain curves from Fig. 3.36b using varying 

characteristic length approach (reference unit size 30 × 30 mm 2 , 

characteristic length according to Equation [3.14], aggregate volume 

  ρ   = 30%).  
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  the calculated strength, width and geometry of a localized zone are in • 
satisfactory agreement with experimental measurements when the char-
acteristic length at meso-scale is about 1.5 mm,  
  the width of a localized zone above the notch is about (2–4) ×  • l   c  . It 
increases with decreasing aggregate volume from 2 ×  l   c   (  ρ   = 60%) up to 
4 ×  l   c   (  ρ   = 30%). It increases also with increasing characteristic length. It 
is not affected by the aggregate size, aggregate roughness, bond thick-
ness and beam height,  
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 3.41      Expected value and standard deviation of unit fracture energy gf 

versus specimen height h using varying characteristic length approach: 

(a) reference cell size 15 × 15 mm 2 , (b) reference cell size 30 × 30 mm 2  

(aggregate volume   ρ   = 30%).  
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  beam strength increases with increasing characteristic length, aggregate • 
volume, aggregate roughness, aggregate stiffness and decreasing bond 
thickness and beam height. It depends also on a stochastic aggregate 
distribution,  
  concrete softening is strongly infl uenced by the characteristic length, • 
aggregate volume, aggregate roughness and beam height and  
  the localized zone above the notch is strongly curved with  • l   c   = 0.1–2.5 mm,    

 The following conclusions can be drawn from calculations with concrete 
elements under uniaxial tension:

   The RVE cannot be defi ned in quasi-brittle materials with a standard • 
averaging approach (over the entire material domain) due to the occur-
rence of a localized zone whose width is not scaled with the specimen 
size. The shape of the stress–strain curve depends on the specimen size 
beyond the elastic region.  
  The 2D RVE can be determined in quasi-brittle materials using both a • 
localized zone averaging approach and a varying characteristic length 
approach. In the fi rst case, averaging is performed over the localized 
domain rather than over the entire domain, by which the material con-
tribution is swept out. In the second case, averaging is performed over 
the entire domain with a characteristic length being scaled with the 
specimen size ( l   c   is no longer an objective physical parameter). In both 
cases, convergence of the stress–strain diagrams for different RVE sizes 
is obtained for tensile loading. The size of a two-dimensional statistically 
representative volume element is approximately equal to 15 × 15 mm 2 .     
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  Abstract : Material degradation results from the complex interaction 
between physical, chemical and biological degradation processes. 
Moisture transport plays a crucial role in many of these processes and is 
therefore of particular interest. This chapter starts by reviewing the state-
of-the-art in the modelling of moisture transport, both in intact and in 
fractured materials. It is shown that the quality of the model predictions 
crucially depends on two material properties, namely the capacity and the 
permeability, and that the experimental determination of these properties 
remains challenging. Next, the theory of poromechanics is introduced, 
describing the dependency of the stress state in the material on the 
amount and the distribution of moisture in the pore space. Degradation 
occurs when these stresses exceed the material’s strength. A fi nal case 
study illustrates how modelling can be used as a means to (i) gain insight, 
(ii) predict potential problems and (iii) propose and evaluate solutions to 
arrive at more sustainable structures. 

  Key words : material degradation, modelling, unsaturated moisture 
transport, retention, permeability, diffusivity, poromechanics, stress, 
fracture. 

    4.1     Introduction 

 During their lifetime, concrete structures are exposed to various types of 
degradation. We distinguish physical (e.g. frost damage), chemical (e.g. 
leaching) and biological causes (e.g. fungi). Water plays a central role in 
many of these degradation processes. Two illustrative examples of particu-
lar relevance to concrete are the alkali–silica reaction (ASR) and the corro-
sion of steel reinforcement. 

 ASR is caused by a reaction between the hydroxyl ions in the alkaline 
cement paste and reactive non-crystalline forms of silica in the aggregate. 
A gel of calcium silicate hydrate (CSH) is produced, which increases in vol-
ume by taking up water and so exerts an expansive pressure resulting in 
cracking and fi nally leading to failure of the concrete ( Fig. 4.1a ). ASR will 
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not occur if there is no available water in the concrete, since alkali–silica gel 
formation involves water.    

 Corrosion of steel reinforcement takes place when the alkalinity of the 
protective layer around the reinforcement bar is reduced, e.g. by neutraliza-
tion with atmospheric carbon dioxide, or when depassivating anions such 
as chloride are able to reach the steel. The conversion of iron to iron oxide 
involves a volumetric expansion, which in turn causes expansive stresses 
that may lead to damage ( Fig. 4.1b ). Again, the presence of water is a nec-
essary condition for corrosion to occur. The permeability of the concrete 
is important in determining the extent to which aggressive external sub-
stances can attack the steel. 

 From the above examples, it is clear that a discussion on durability is in 
the fi rst place a discussion on moisture transport. The presence of moisture 
triggers other physical, chemical and biological degradation processes. As 
a result of the active degradation processes, the material properties in the 

 

(a)

(b)

 
 4.1      Degradation of concrete induced by (a) the ASR and (b) the 

corrosion of steel reinforcement.  
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wetted region are altered and stresses of various origins develop. In combi-
nation with mechanical loading, initial micro-defects may grow and coalesce 
into macro-cracks, thereby not only reducing the structural strength and 
stiffness, but also creating new pathways for preferential moisture transport, 
both leading to an acceleration of the degradation process. 

 In this chapter we present the state-of-the-art in the modelling of 
 moisture transport, both in intact and in fractured material. Furthermore, 
we discuss the interaction between hygric and mechanical material behav-
iour. A fi nal case study illustrates that modelling can be used as a means to 
(i) gain insight, (ii) predict potential problems and (iii) propose and evaluate 
solutions.  

  4.2     Modelling moisture transport in intact concrete 

 Our current understanding of moisture transport in porous materials such 
as concrete crucially relies on a number of key-developments during the 
twentieth century. After shortly reviewing these in  Section 4.2.1 , the gov-
erning equation underlying state-of-the-art transport modelling of intact 
porous materials is presented in  Section 4.2.2 . The equation expresses the 
delicate balance between two distinct processes taking place in the mate-
rial’s pore space, namely retention and transport. An in-depth discussion on 
these processes and the way in which they can be determined experimen-
tally is provided in  Sections 4.2.3  and  4.2.4 , respectively. 

  4.2.1     A century of research in transport modelling 

 The most widely used approach to model unsaturated moisture transport 
in porous materials emerged from the work of Lorenzo Adolph Richards 
(1904–93). He elaborated on the work of Buckingham in the fi eld of soil-water 
physics (Buckingham  1907 ), and was the fi rst to present a partial differential 
equation governing water transport in unsaturated, non-deformable soils 
(Richards  1931 ). In vector format, and in SI units, his equation reads:  

   
∂
∂

∂
∂

+ ∇⋅( ) =
θ
ψ

ψ
t

K g( )+ ∇g 0     [4.1]   

 with   θ   (m 3 /m 3 ) the volumetric moisture content, i.e. the volume of liquid 
water per unit volume of dry material,   ψ   (m 2 /s 2 ) the capillary potential, 
 t  (s) the time,  K  (s) the hydraulic permeability and  g  (m/s 2 ) the gravitational 
acceleration. Equation [4.1] states that the volumetric moisture content 
can change over time as a result of fl ow, induced by the combined effect of 
gravity and a pressure gradient. Richards expressed the pressure gradient in 
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terms of the capillary potential   ψ  , as this simplifi ed the experimental deter-
mination of the hydraulic permeability  K . 

 Various authors have proposed modifi cations to Equation [4.1]. Klute 
( 1952 ) suggested using the moisture content  X  (kg/kg) as driving potential:  

∂
∂

+ ∇⋅ =
X
t

( )+ ∇g 0     [4.2]   

 with  D  (m 2 /s) the diffusivity, a concept introduced a few years earlier by 
Childs and George ( 1948 ):  

D K
∂
∂

ψ
X

    [4.3]   

 Later, it was realized that a distinction needs to be made between the trans-
port of liquid water and water vapour (Philip  1954 ), and the theory has been 
extended to non-isothermal situations (Philip and De Vries  1957 ). Over 
the years, several variables were proposed as driving potential for mois-
ture transport, such as matric head (Milly  1980 ), extended relative humidity 
(Kiessl  1983 ) and capillary suction (Pedersen  1990 ). A comparative study 
pointed out that relative humidity and generalized suction are both true 
potentials in the physical sense (Hens  1996 ). The specifi c choice is not of 
importance, since true potentials can be transformed into one another. 
Recently, the effect of deformation of the porous medium was incorporated 
in the theory (Jiang and Rajapakse  1994 ; Thomas and He  1995 ). 

 It is essential to note that the transport equations (such as Equations [4.1] 
and [4.2]) were mainly derived following a phenomenological approach, 
i.e. based on observations at the macroscopic scale. They rely on a num-
ber of important assumptions, such as (i) air transport can be neglected, 
(ii) validity of Darcy’s law and (iii) incompressibility of the fl uid. Other, 
more general, approaches exist, e.g. based on volume-averaging of micro-
scopic conservation equations (Whitaker  1967 ; Hassanizadeh and Gray 
 1979 ). Such derivations offer more insight, but inevitably lead to a more 
complex framework. Nevertheless, if appropriate assumptions are made, 
the equations of the phenomenological approach are recovered (de Boer 
et al .  1991 ).  

  4.2.2     State-of-the-art modelling of unsaturated 
moisture transport 

 Nowadays, unsaturated moisture transport in intact porous materials is 
commonly modelled based on a continuum theory. Herein, it is assumed that 
a representative elementary volume (REV) can be defi ned, i.e. the smallest 
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sample volume which is still representative for the bulk material (Bachmat 
and Bear  1986 ). Under the additional assumption that the material can be 
considered undeformable, mass conservation for a representative material 
sample is given by:  

   
∂
∂

+ ∇⋅( )+ =
w
t

GmG++     [4.4]   

 where  w  (kg/m 3 ) is the moisture content,  g  l  and  g  v  (kg/(m 2 s)) are the liquid 
and vapour fl uxes, respectively and  G  m  (kg/(m 3 s) is a mass source term. This 
is schematically illustrated in  Fig. 4.2 .    

 The open pore space of the material is assumed to be partially fi lled with 
liquid water and partially with a gaseous mixture of water vapour and dry 
air. The moisture content  w  (kg/m 3 ), i.e. the total mass of water per unit vol-
ume of material, is given by:  

   w w Ssat ( )pc     [4.5]   

 where  w  sat  (kg/m 3 ) is the moisture content at saturation, 0  ≤   S   ≤  1 is the 
degree of saturation of the porous medium and  p  c  (Pa) is the capillary pres-
sure, defi ned as the pressure difference over the meniscus between the liq-
uid and the gaseous phase. This quantity is theoretically minus infi nity for 
dry materials and zero for saturated materials. However, a range of eight 
orders of magnitude ( − 10 9  <  p  c  <  − 10 Pa) is usually suffi cient to describe the 
saturation levels that are found in reality. The relation between  S  and  p  c  is 
called the moisture-retention curve. The moisture-retention curve plays a 
crucial role in predicting transient hygric behaviour and its determination is 
the subject of the next section ( Section 4.2.3 ). 

 Under isothermal conditions, the driving force for liquid-water trans-
fer is a gradient in liquid pressure  p  l , while a gradient in vapour pressure 
 p  v  involves vapour fl ow. Gravitational forces are usually small and can be 
neglected in the absence of macro-cracks or holes. The liquid and vapour 
fl uxes can therefore be described with Darcy’s law:  

g

g
w

Gm

g  + dg

g  + dg

 4.2      Schematic representation of mass conservation in an elementary 

volume.  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



 Modelling moisture transport in intact and fractured concrete 103

© Woodhead Publishing Limited, 2013

g KlKK ∇p∇ l     [4.6a]    

gv v= − ∇dv p∇ v     [4.6b]   

 where  K  l  (s) and   δ   v  (s) are the liquid and vapour permeability, respectively. 
Remark that  K  l  and   δ   v  are matrices, not scalar quantities. This allows taking 
material anisotropy into account. 

 Assuming a constant total gas pressure, a gradient in liquid pressure 
equals a gradient in capillary pressure. Equation [4.6a] can therefore be 
expressed as:  

   g KlKK ∇p∇ c     [4.7]   

 Under equilibrium conditions, vapour pressure can be converted into capil-
lary pressure by means of Kelvin’s law (Thomson  1871 ):  

   RH
p

p
p
R T

v

v sat

c

l vR
= =

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠,

exp
ρ

       [4.8]   

 where  RH  is the relative humidity and  p  v,sat  (Pa) the saturation vapour 
 pressure above the meniscus between liquid and vapour phase,   ρ   l  (kg/m 3 ) 
the mass density of liquid water,  R  v  = 462 J/(kgK) the gas constant for 
water vapour and T (K) the absolute temperature. Based on Kelvin’s law 
(Equation [4.8]), Equation [4.6b] can be transformed into:  

   g KvKK v∇ =KvKp∇
p
R Tc vvKvKK v

i vR
d v ρ

    [4.9]   

 The total mass fl ux  g  (kg/(m 2 s) is given by:  

   g g g Kl g= +gl = ∇K p∇ c     [4.10]   

 where  K  (s) is the total moisture permeability, given by the sum of the liquid 
and the vapour permeabilities  K  =  K  l  +  K  v . The moisture permeability  K  is 
a key parameter in transport simulations and its description is the subject 
of  Section 4.2.4 . 

 The combination of Equations [4.4] and [4.10] yields the governing equa-
tion for unsaturated moisture transfer in porous media, like concrete:  

c
p
t

p Gc
mGG

∂pp
∂

+ ∇ ∇p⋅ ( )     [4.11]   

 with c w pc= ∂ ∂pp    , the moisture capacity. The mass source term  G  m  is usually 
zero. The fi nal mass-balance equation is similar to the Richards Equation 
[4.1], where  p  c  takes the function of capillary potential.  
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  4.2.3     Moisture retention 

 When oven-dry porous material is exposed to a moist environment, moisture 
is adsorbed at the pore surface as a result of two distinct sorption processes, 
namely molecular adsorption and capillary condensation, and an increase 
in weight is observed. A plot of the mass gain as a function of the rela-
tive humidity of the environment is called the hygroscopic curve ( Fig. 4.3a ). 
Based on Kelvin’s law (Equation [4.8]), relative humidity can be converted 
into capillary pressure. The corresponding graph essentially contains the 
same information, but is termed the moisture-retention curve ( Fig. 4.3b ).    

 In practice, the relationship  w ( p  c ) is obtained from a combination of 
experimental tests, such as isothermal ad- or de-sorption measurements, 
pressure-membrane or pressure-plate apparatus (PMA or PPA) experi-
ments and mercury intrusion porosimetry (MIP). A combination of tests is 
required, since single tests are not able to accurately cover the entire range 
of capillary pressures. Isothermal ad- or desorption measurements are for 
instance good for the low relative humidity range, i.e. large | p  c |. MIP, on 
the other hand, can cover a larger range in  p  c , but tends to overestimate 
the retention in the low-| p  c | region and underestimate the retention in the 
high-| p  c | region due to the so-called ink-bottle effect. The magnitude of the 
ink-bottle effect can be assessed by performing one or more intrusion–
withdrawal cycles (Wardlaw and McKellar  1981 ). A further complication 
is the occurrence of hysteresis between wetting and drainage, as a result of 
the complex pore structure. Roels  et al . ( 2001 ) proposed a simple hysteresis 
model to obtain the main drainage curve (PMA, MIP) from the main wet-
ting curve, the latter based on quantitative image analysis. From this concise 
overview, it is clear that the accurate determination of  w ( p  c ) is not an easy 
task, and may take several weeks depending on the type of material and the 
sample size. 

 Based on the experimentally determined main wetting and drying curves, 
any intermediate or secondary curve can be obtained using a suitable 
hysteresis model. It was to the credit of Poulovassilis ( 1962 ) to apply the 
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 4.3      Moisture-retention capacity of concrete: (a) hygroscopic curve 

w(RH ) and (b) moisture-retention curve w(pc).  
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general independent-domain theory of hysteresis (Everett and Whitton 
 1952 ) to describe capillary hysteresis. Later, Mualem and Dagan ( 1975 ) 
presented a dependent-domain theory of hysteresis. In contrast to the 
independent-domain theory, the dependent-domain theory can capture 
processes such as pore blockage against air entry upon pore drainage. In 
later publications, these modelling concepts were further elaborated. 

 Another approach consists in trying to approximate, e.g. the main wetting 
curve, by means of an analytical expression. Carmeliet and Roels ( 2002 ) give 
an overview of several possible uni-modal and bi-modal functions, and pres-
ent a method to estimate the unknown parameters objectively. They confi rm 
the observation of Durner ( 1992 ,  1994 ), that the observed relation between 
the degree of saturation and the capillary pressure is well-approximated by 
means of a superposition of van Genuchten type functions ( Fig. 4.5b ):  

S l pil
i

nps

cp n ni i( )pc ( |ci |)ll= (( )
−

− −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠∑∑

1

1
1

       [4.12]   

 where  nps  is the modality of the function, which can be related to the num-
ber of pore systems in the porous medium, 0  ≤   l  i   ≤  1 is the weight factor of 
subsystem  i  of the multimodal function ( ∑  l  i  = 1), and  c  i  > 0 and  n  i  > 0 are 
shape parameters of the  i th subsystem. Once the parameters  l  i ,  c  i  and  n  i  
are determined, Equation [4.12] can be used in numerical simulations of 
moisture transport. Other closed-form expressions were e.g. proposed by 
Gardner ( 1958 ) and Brooks and Corey ( 1964 ). 

 There is a strong link between the pore-size distribution of the material 
and  S ( p  c ). In a cylindrical pore ( Fig. 4.4a ), the relation between the pore 
radius  r  and the capillary pressure  p  c  is given by the (Young-)Laplace 
equation:        

   p p p
rlp g

gl
sl−plp = −

2γ
θcos( )     [4.13]   

 with   γ   gl  the surface tension along the meniscus between the liquid and gas-
eous phase and   θ   sl  the contact angle. Equation [4.13] is named after Thomas 
Young (1773–1829), who developed the qualitative theory of surface ten-
sion, and Pierre-Simon Laplace (1749–1827), who completed the math-
ematical description. If we consider the porous medium as a bundle of 
non-intersecting capillary tubes, the  apparent  pore volume distribution is 
given by:  

   f
S

ff ( )r
g

= −
∂ ( )pc ( )r

∂ log ( )r(p )
Ψ0ΨΨ     [4.14]   

 with   Ψ   0  the open porosity. The term apparent indicates that a real porous 
medium is geometrically much more complex, as illustrated in  Fig. 4.4b . 
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  Figure 4.5  shows (a) the apparent pore volume distribution for a specimen 
of concrete and (b) the degree of saturation as a function of the capillary 
pressure. The material exhibits a broad range of pore radii, from 10 –10  to 10 –5  
m ( Fig. 4.5a ). Two subsystems can be clearly identifi ed, as they form a narrow 
distribution around certain characteristic pore radii (dotted distributions in 
 Fig. 4.5a ). At the corresponding capillary pressure (Equation [4.13]), that 
entire pore system will wet or drain, resulting in a sudden change of the over-
all degree of saturation ( Fig. 4.5b ). Since the saturation level can be converted 
into moisture content by means of Equation [4.5], the moisture-retention 
curve exhibits a similar degree of non-linearity ( Fig. 4.3b ).  

  4.2.4     Moisture transport 

 Like the moisture-retention curve, the accurate determination of moisture 
permeability remains challenging and the reliability of hygric simulations 
crucially depends on that knowledge. Basically three strategies exist. The 
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 4.4      Illustration of (a) an idealized cylindrical pore and (b) a real pore 

network.  
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moisture permeability can be obtained (i) from the diffusivity, or (ii) as the 
sum of a liquid and a vapour permeability, or (iii) by means of a network 
approach. In this section, a concise overview is given of the pros and cons of 
each of these approaches. 

  Diffusivity approach 

 Several simple analytical relationships between diffusivity and moisture 
content have been proposed in literature. Gardner and Mayhugh ( 1958 ) 
proposed the exponential diffusivity relation:  

D DwDDwD
capa

( )ww exp=
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠0

0

0

β θ θ−
θ θcapa −

    [4.15]   

 with  D  w0  (m 2 /s) the diffusivity at a reference moisture content   θ   0 ,   θ   cap  (m 3 /m 3 ) 
the moisture content at capillary saturation and   β   (-) a fi tting parameter. The 
work of Brutsaert ( 1979 ) led to the following expression for  D  w0 :  

D
A

w
capa

0

0

2

=
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
γ

θ θcapa −
    [4.16]   

 with  A  (m/s 1/2 ) the sorptivity of the material and   γ   (-) a fi tting parameter. 
 The unknown parameters in these expressions are determined by com-

parison with experimental data, usually a one-dimensional water absorp-
tion test in which both the mass gain and the moisture content profi les are 
monitored as a function of time. Descamps ( 1997 ) compares three possible 
techniques, namely the Boltzmann transform method, the fl ow-gradient 
method and the optimization method. He concludes that the spline-function 
optimization method outperforms the other two methods. The most fre-
quently used method is, however, the Boltzmann transform method. The 
latter can only be applied if the Boltzmann conditions are fulfi lled. 

 As can be expected, analytic expressions have a limited validity. The 
unsaturated moisture permeability can, for example, be anisotropic (Bear 
et al .  1987 ), while most analytic relations are only valid for homogeneous 
isotropic media.  

  Determination of liquid permeability 

 Van Genuchten  et al . ( 1999 ) distinguish three classes of methods to deter-
mine the hydraulic properties of soils, namely pore-size distribution meth-
ods, inverse methods and methods based on pedotransfer functions. The 
same methods can be applied to porous materials such as concrete. 

 In pore-size distribution models the unsaturated hydraulic conductivity 
is estimated from the distribution, connectivity and tortuosity of the pores. 
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One popular model of this type was developed by Mualem ( 1976 ) by assum-
ing water fl ow through cylindrical pores and incorporating the equations of 
Darcy and Poiseuille. In this model the relative hydraulic conductivity func-
tion is linked to the moisture-retention curve:  

   K K K K S
p S

p S
sK r rK

S

( )pc = K K K
⎡
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⎢
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d
    [4.17]   

 with  K  s  (s) the saturated conductivity,  K  r  (-) the relative conductivity and 
  τ   an empirical shape factor which takes into account the tortuosity of the 
pore space. 

 In inverse methods, the unknown parameters of closed-form expressions 
such as Equations [4.12] and [4.17] are estimated from observed time series 
of infi ltration, water content and/or pressure head (e.g.  Š im ů nek and van 
Genuchten  1996 ; Abbaspour  et al .  1997 ). Inverse methods often suffer from 
non-uniqueness of the results. This problem can be overcome by perform-
ing the optimization on two or more independent data sets (Hopmans and 
 Š im ů nek  1999 ). 

 Pedotranfer functions utilize various regression analysis and data mining 
techniques to extract rules, associating basic soil properties (e.g. the particle 
size distribution, bulk density, organic matter content) with more diffi cult 
to measure properties. To the authors’ knowledge, this method has not yet 
been applied to porous materials such as concrete. This method is therefore 
not further discussed.  

  Determination of vapour permeability 

 The vapour resistance of a material is expressed using a vapour resistance 
factor   μ   (-), indicating how many times less vapour can diffuse through the 
material than through stagnant air, per unit of time. The vapour resistance 
factor can be obtained from dry and wet cup measurements.  

   δ δ
μv

a=        [4.18]   

 with   δ   a  (s) the vapour permeability of air, determined from:  

   δa
v

v

D
R Tv

=        [4.19]   

 with  D  v  (m 2 /s) the diffusion coeffi cient of water vapour in dry air at temper-
ature  T  (K) and  R  v  the gas constant of water vapour. According to Schirmer 
( 1938 ), the dependency of the diffusion coeffi cient of water vapour in air on 
pressure and temperature is given by:  
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       [4.20]   

 with  p  0  (Pa) and  T  0  (K) the reference pressure (1 01 323 Pa) and temperature 
(273.15 K), respectively, and  p  v  (Pa) the vapour pressure. A good overview 
on relations found by other authors is given by Galbraith ( 1992 ).  

  Network approach 

 Conceptually, porous media are often considered as bundles of non-
 intersecting cylindrical tubes. This is, for instance, the underlying assumption 
of Equation [4.14] for the determination of the apparent pore-size distribu-
tion. In contrast, network models consider porous media as an intercon-
nected network of capillary tubes, with tube diameters based on the real 
pore-size distribution. Network models emerged from the work of Fatt 
( 1956 ) in petroleum engineering. About 20 years later, Chatzis and Dullien 
( 1977 ) combined network models with percolation concepts. Multiscale 
percolation systems were introduced by Neimark ( 1989 ). In the multiscale 
approach the pore space is described as a superposition of several pore sub-
systems situated in different pore-size ranges. A crucial point is the mod-
elling of the interconnection between the different scales. Xu  et al . ( 1997 ) 
used hierarchic lattices, in which networks of lower pore-size range were 
connected to larger scales using rescaling and normalization techniques. 
Alternatively, Carmeliet  et al . ( 1999 ) proposed a multiscale approach based 
on the concept of examining the porous space at different levels of magni-
fi cation  (Fig. 4.6) .    

 At each level of magnifi cation an isotropic non-planar 2D cross-squared 
network of capillary tubes is created. The pore radii of the tubes are ran-
domly obtained from a normalized pore radius distribution, dependent 
on the level of magnifi cation. Given the fl uid distribution in the network 
corresponding to a known capillary pressure  p  c , the permeability can be 
calculated by imposing a unit pressure gradient over the network. This 

(a) (b) (c) (d)

4.6      Schematic representation of (a) the pore system in a porous 

material and (b–d) the same pore system at different levels of 

magnifi cation.  
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process is repeated for different capillary pressures and the relationship 
between capillary pressure and permeability is determined. 

 The strength of network models is that they can predict the highly 
non-linear relationship over the total moisture content range by combin-
ing the liquid and vapour transfer. Carmeliet  et al . ( 1999 ) proved that the 
multiscale approach effi ciently and accurately simulates the enhancement 
of the water vapour permeability due to capillary condensation as well 
as the steep increase of the moisture permeability at the critical moisture 
saturation.    

  4.3     Modelling moisture transport in 
degraded concrete 

 Several paradigms exist regarding the modelling of moisture transfer in 
fractured porous media. The most important are (i) dual porosity, (ii) dual 
permeability and (iii) discrete fracture models ( Fig. 4.7 ). The key principles, 
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 4.7      Different conceptual models for modelling transport in fractured 

porous media : (a) dual-porosity models, (b) dual-permeability models, 

and (c) discrete fracture models.  
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as well as the main advantages and disadvantages, of each of these model-
ling concepts are explained below.    

  4.3.1 Dual-porosity models 

 The underlying idea of a dual-porosity model is that a fractured porous 
medium contains two regions with opposite characteristics, namely the frac-
tures and the material itself. The former contributes largely to the porosity, 
but negligibly to the capacity, while the latter makes a minor contribution 
to the porosity, but determines the capacity. Since the permeability of the 
material is much smaller than that of the fractures, fl ow inside the matrix 
is not considered. Flow through the fracture network and fl ow exchange 
between the matrix and the fracture are nevertheless included in an aver-
aged sense ( Fig. 4.7a ). Warren and Root ( 1963 ) were among the fi rst to 
use a dual-porosity model in their study of naturally fractured reservoir 
fl ow. Since that time, numerical modelling using dual-porosity models has 
been the subject of numerous investigations. A concise overview is given in 
 Š im ů nek  et al . ( 2003 ). The main advantage is the simplicity of the method. 
The main disadvantage is that the application of the method is restricted to 
situations where the matrix has a negligible effect on the permeability.  

  4.3.2 Dual-permeability models 

 More complicated models consider transport in both the fracture and the 
matrix region ( Fig. 4.7b ). Therefore, these models are generally termed 
dual-permeability models. Nevertheless, since dual-permeability models 
are also based on the assumption that two regions with distinct porosity 
exist in the material, some authors classify them as dual-porosity models. 
Most dual-permeability models employ two water-retention functions – one 
for the matrix and one for the fracture – but three permeability functions, 
namely one for the fracture, one for the matrix, and one for the fracture–
matrix interface. The latter describes the exchange of moisture between the 
two pore systems. Dual-permeability models date back to a seminal paper 
by Barenblatt  et al . ( 1960 ), who presented the basic concepts of the motion 
of liquids in fi ssured rocks. It is assumed that the fractures are much smaller 
than the domain under study, as such that the fractured porous medium can 
be considered as a superposition of the fracture continuum and the (unfrac-
tured) material matrix. At each point in space, two pressure fi elds exist, i.e. 
the pressures in the fractures and the pressures in the pores of the matrix. 
The pressure difference between them is the driving force behind the mass 
exchange between both regions. Similar to the dual-porosity models, the 
geometry and connectivity of the fractures are not explicitly taken into 
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account. Available dual-permeability models (e.g. Jarvis  et al .  1991 ; Gerke 
and van Genuchten  1993 ) differ mainly in how they implement water fl ow 
in and between the two pore regions. The interested reader is referred to 
 Š im ů nek  et al . ( 2003 ) for a more extensive overview.  

  4.3.3 Discrete fracture models 

 In contrast to the two approaches mentioned above, discrete network mod-
els explicitly take into account the geometry and the hydraulic properties 
of each fracture ( Fig. 4.7c ). Castillo  et al . ( 1972 ) presented one of the fi rst 
studies examining fl ow in a (simplifi ed) fracture network, but without con-
sidering matrix diffusion. The numerical model proposed by Berkowitz  et al . 
( 1988 ) incorporates matrix diffusion by using the principle of superposition 
of one-dimensional fracture elements onto two-dimensional porous matrix 
elements. More recent models (e.g. Shikaze  et al .  1994 ; Therrien and Sudicky 
 1996 ; Moonen  et al .  2010 ) consider moisture transfer in discrete fractures 
embedded in the material matrix. These fully coupled models assume con-
tinuity in the pressure head at the fracture–matrix interface, which allows 
a simultaneous solution of the transport equations in the fracture network 
and in the porous matrix. The special feature of the model proposed by 
Moonen  et al . ( 2010 ) is that it allows the combination of discrete fracture 
modelling for the large fractures with dual-permeability modelling for the 
microscopic cracks in the porous material matrix. In this way, the advan-
tages of both techniques are combined. The excellent performance of this 
method was verifi ed by Alfaiate  et al . ( 2010 ).   

  4.4     Interaction between moisture transport and 
material behaviour 

 The presence of moisture highly infl uences the mechanical behaviour of 
porous materials. Upon wetting, the material starts swelling and its stiff-
ness and strength both decrease. When the free swelling is hindered, hygric 
eigenstresses develop and damage in the form of cracks may appear. These 
cracks often act as preferential pathways for liquid-water transfer, leading 
to an accelerated wetting of the porous material surrounding the crack. The 
preferential wetting/drying and swelling/shrinking of the area next to the 
fracture may, in turn, result in an additional loading of the crack and lead to 
an acceleration of the damage process. 

 The infl uence of moisture on the mechanical behaviour of the material 
can be described successfully by means of the effective-stress principle. 
This principle was fi rst formulated by Terzaghi (1936) for saturated porous 
media, and later by Bishop ( 1959 ) for the unsaturated case. Both formula-
tions were rather empirical. A very similar expression was rigorously derived 
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by Hassanizadeh and Gray ( 1980 ) using averaging theory and a systematic 
exploration of the entropy inequality using the Colemann–Noll procedure 
(Coleman and Noll  1963 ). In the derivation, interfacial phenomena were not 
explicitly included. Interface thermodynamics was taken into account in the 
work of Gray and Schrefl er ( 2001 ), providing a similar expression to that of 
Bishop ( 1959 ), but including additional terms that e.g. account for the cur-
vature of the solid–fl uid interface. Although such studies are theoretically 
valuable, their practical use is rather limited, since crucial information, such 
as the average interface curvature, is usually unavailable in reality. But inter-
face thermodynamics can also be taken into account indirectly, using the the-
ory of poromechanics (Coussy  1995 ). This is a macroscopic thermodynamic 
approach, and therefore no information on the geometry of the microstruc-
ture is required. 

 The poromechanical effective-stress principle for a macroscopically 
homogeneous material reads:  

s ss s sb ps−ss I     [4.21]   

 where I is the second order unit tensor,   s     s   is the partial stress tensor of the 
solid material,   s   is the effective-stress tensor,  b   s   is the Biot coeffi cient intro-
duced to account for the deformability of the matrix, and  p   s   the solid pres-
sure, defi ned as (Coussy 2004):  
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    [4.22]   

 The term  U  is the macroscopic contribution of the interfaces to the solid 
pressure. 

 Several material models have been developed to describe the dependency 
of the effective-stress tensor on material deformation. The simplest model 
assumes an isotropic linear elastic material and is given by:  

s eD     [4.23]   

 with D 2⊗λ μIμ  the elasticity tensor,  I  and   I   the second and fourth 
order unit tensors, and   λ   and   μ   the Lam é  constants.   ε   is the second order 
strain tensor. Linear elasticity is suitable for modelling the mechanical 
behaviour of many quasi-brittle materials under moderate loading condi-
tions. For higher load levels, more advanced models incorporating material 
damage must be used, such as the stress-based continuum damage model by 
Simo and Ju ( 1987 ).  

  4.5     Case study: application of outside render to 
masonry walls 

 In this section we illustrate how the theory described in this chapter can 
be employed to analyse problems of practical importance. As an example, 
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we investigate the application of a mineral mortar to a masonry wall. It is 
shown that the application method determines the quality of the render. 

  4.5.1     Numerical model 

 We consider a two-dimensional, periodic cell in a vertical cross section of a 
double-wythe masonry wall ( Fig. 4.8 ). Three-dimensional effects are not 
accounted for. The wall is composed of bricks (L  ×  W  ×  H = 0.21  ×  0.1  ×  0.05 m) 
with a 0.01 m mortar joint between them. The wall is not pointed. At the out-
side, a mineral-based plaster of 0.01 m thickness is applied. The inside surface 
is left unfi nished. Insulation material is not present.    

 At the symmetry axes of the model, the displacements are restricted in the 
y-direction ( uy = 0    ) and no-fl ux boundary conditions are imposed ( g = 0   ). 
In order to prevent rigid body motion, the displacement in horizontal 
direction of the bottom-left node of the computational model is restricted 
( ux = 0    ). Gravitational effects are neglected. This implies that the com-
pressive load of the brickwork above the investigated periodic cell is not 
taken into account. Plane strain conditions are assumed. The in- and out-side 
 surfaces are exposed to climatic boundary conditions, expressed by:  

   g p pv vp−p( )β        [4.24]   

 Equation [4.24] describes the exchange of mass with the environment by 
means of evaporation or condensation. The coeffi cient   β   is a mass trans-
fer coeffi cient taken equal to 18.5  ×  10 –9  s/m for exchange with an indoor 
environment and 140.0  ×  10 –9  s/m for exchange with the outdoor climate. 
Rain is not considered. The indoor environment is assumed to have a con-
stant temperature of 293.15 K and a relative humidity of 50%. The temper-
ature and relative humidity of the outdoor climate are 283.15 K and 85%, 
respectively. 

 All materials are considered linear elastic and isotropic (Equation [4.23]). 
Lam é  constants   λ   = 3.09 GPa and   μ   = 7.22 GPa are assumed for brick, 
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 4.8      Periodic cell of the double-wythe masonry wall used in this study.  
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0.66 and 0.99 GPa for mortar and 1.86 and 4.35 GPa for render, respectively. 
Hygric effects are taken into account by means of the effective-stress prin-
ciple (Equations [4.21] and [4.22]). A Biot coeffi cient of 0.6 is assumed for 
all materials. The moisture capacity is modelled as a linear superposition 
of van Genuchten type functions, according to Durner (Equation [4.12]). 
The liquid permeability is obtained using the model of Mualem (Equation 
[4.17]). The hygric material properties of the three materials are depicted in 
 Fig. 4.9 . The mechanical strength of the render is assumed to develop gradu-
ally towards its fi nal value of 4 MPa. This is a simplifi ed way to describe 
the hardening during hydration. In practice all properties will gradually 
change during hardening, but insuffi cient experimental data were found 
to include this in the simulation. Following Moonen  et al . ( 2008 ), discrete 
cracks are introduced in the mortar when the effective stress exceeds the 
tensile strength. The crack orientation is orthogonal to the principal stress 
direction.     

  4.5.2     Render applied to a saturated masonry wall 

 To simulate the behaviour of a wet render, applied to a saturated wall, we 
assume an initial capillary pressure of  − 10 4  Pa for both components ( S   ≈  
99%). The initial temperature of the structure is assumed to be equal to the 
inside temperature (293.15 K). We solve for capillary pressures and displace-
ments.  Plate I  (see colour section between pages 208 and 209) illustrates 
the resulting failure pattern after one day of drying (top fi gure) and the 
near-equilibrium state after 100 days (bottom fi gure).   

 In the fi rst hours of drying, the saturation in the surface layer of the ren-
der decreases rapidly. Thereby, hygric stresses develop, exceeding the tensile 
strength of the young material. As a result, a distributed network of fi ne 
surface cracks is formed (see arrows in  Plate Ia ). 
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 Additionally, moisture diffuses from the brick via the render towards the 
surface. Because of the difference in moisture properties, the degree of sat-
uration at the brick–render interface will decrease faster in the brick than in 
the render. The brick deforms during the drying process, and subjects the ren-
der to tensile loading and bending. Because the joints were not fully pointed, 
a small cavity exists. This cavity locally hinders the supply of moisture from 
the bulk of the wall towards the surface. Therefore, drying of the render is not 
uniform, and a shrinkage-induced stress concentration arises at the position 
of the joint. These effects combine to cause crack initiation ( Plate Ia ). 

 Moisture also diffuses from the brick towards the indoor environment. 
Nevertheless, less drying is observed at this side. This results from a combi-
nation of factors: (i) The indoor mass transfer coeffi cient (  β  ) is lower than 
the outdoor one, therefore the corresponding mass fl ux towards the indoor 
environment is smaller as well. Moreover, since both the degree of satura-
tion and the liquid permeability of the mortar remain approximately con-
stant until the capillary pressure drops below  ≈  –10 6.4  Pa, the large mass 
fl ux towards the outdoor climate can take place for a long period of time. 
(ii) Despite the low relative humidity, the indoor vapour pressure is higher 
than the outdoor vapour pressure at the given temperatures, which results 
in a net mass fl ux from inside to outside. (iii) The capillary moisture content 
of the brick material is higher than that of mortar, which implies that more 
water needs to be removed from the brick to decrease its degree of satu-
ration. The combination of these three factors explains the higher drying 
rate to the outside climate under the given combination of initial conditions, 
boundary conditions and material properties. 

 As drying proceeds, the stresses in the render resulting from the restrained 
shrinkage increase, and one of the existing cracks propagates further. The 
crack in the render creates a pathway between the cavity and the outside 
environment ( Plate Ib ). In a later stage, moisture might enter via this chan-
nel, expose the brick-render interface to wetting, and trigger an acceleration 
of the degradation process.  

  4.5.3     Render applied on a dry masonry wall 

 A dry masonry wall is modelled by assuming an initial capillary pressure of 
–10 8  Pa ( S   ≈  1%). The render is wet when applied, and therefore an initial capil-
lary pressure of  − 10 4  Pa ( S   ≈  99%) is chosen. The boundary conditions towards 
the outside environment are similar to those in the previous example, but we 
assume a higher outdoor wind speed, resulting in a higher surface transfer coef-
fi cient (  β   = 280.0  ×  10 –9  s/m).  Plate II  (see colour section between pages 208 and 
209) shows the failure pattern after 1 min, 20 min, 3 h and 12 h of drying.   

 The difference in vapour pressure between the surface of the saturated 
render and the surrounding air controls the drying process. The high wind 
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speed (modelled by the high value for   β  ) leads to a high drying rate. The 
degree of saturation in the surface layer of the render decreases rapidly. 
Already after one minute, the drying-induced hygric stress reaches the ten-
sile strength of the fresh material and small surface cracks appear ( Plate IIa ). 
Furthermore, the large difference in capillary pressure between brick and 
render causes drying at the reverse side of the render. The drying-induced 
shrinkage of the render is hindered by the stiffer brick material. As a result, 
a series of parallel cracks is initiated orthogonal to the brick–render material 
interface ( Plate IIa ). 

 As the drying proceeds many surface cracks appear ( Plate IIb ). After 
three hours of drying, the crack pattern at the surface is fully formed (com-
pare  Plate IIc  and II d ). As the drying proceeds, the bending in the render 
vanishes and the cracks close (not shown).   

  4.6     Summary and future trends 

 Degradation of materials usually does not have a single identifi able cause, 
but results from the complex interaction between different types of degra-
dation mechanisms. Moisture transport plays a crucial role in many of these 
processes and is therefore of particular interest. 

 Degradation should only occur after a long period of time. For study-
ing such slow processes, modelling approaches are very well suited. This 
chapter gives a short overview on modelling unsaturated moisture trans-
fer in porous materials such as concrete, and the underlying assumptions. 
It has been shown that the quality of the simulations crucially depends on 
two material properties, namely the capacity and the permeability. The 
experimental determination of these properties remains challenging. A 
possible way out is to measure the pore-size distribution of the material 
by means of quantitative imaging techniques. The capacity is proportional 
to the pore-size distribution. The permeability can be obtained from the 
pore-size distribution using a network approach. Once the properties 
are determined at the macro-scale, moisture-transfer simulations can be 
performed. 

 It has been shown that the presence of moisture inside the pore system 
generates hygric stresses, as described by the theory of poromechanics. In 
combination with stresses induced by other processes, these might lead to 
cracking. Cracks alter the permeability of the porous material. Moisture 
transfer in the bulk is diffusion-dominated. Moisture transfer in cracks is, 
however, driven by capillary suction. Several modelling techniques have 
been mentioned to incorporate the change in permeability due to crack for-
mation in the moisture-transfer simulations. The most promising tool is a 
continuous–discontinuous framework. Therein, the crack pattern is explicitly 
modelled. 
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 A coupled hygro-mechanical model including fracture processes is the 
basis for any sustainability analysis. These models need to be tested, based 
on experimental data. Validation is crucial to put trust in these models. Only 
then can the model be applied to study e.g. the infl uence of the design of a 
structural component on its lifetime, the remaining service lifetime of a com-
ponent, critical crack opening (e.g. nuclear plants, underground storage of 
waste), etc.  
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(a)

(b) 

Degree of saturation: % 100%

 Plate I (Chapter 4)      Deformed confi guration of a wet render, applied 

to a wet masonry wall (a) after 1 day of drying, and (b) at equilibrium. 

Deformations are magnifi ed by a factor 1000. Colours correspond to 

the degree of saturation. Arrows indicate the positions where cracks 

initiate.  

1 min
Degree of saturation:

(a) (b) (c) (d)

20 min 3 h 12 h

100 %0%

 Plate II (Chapter 4)      Deformed confi guration of a wet render, applied 

to a dry masonry wall after (a) 1 min, (b) 20 min, (c) 3 h and (d) 12 

h of drying. Deformations are magnifi ed by a factor 1000. Colours 

correspond to the degree of saturation. Dashed lines indicate material 

boundaries. Cracks are overlaid with black lines to increase visibility.  
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 Modelling the response of concrete 

structures to dynamic loading   

    W.   RIEDEL   ,    Ernst Mach Institut, Germany     and   
   P.   FORQUIN   ,    University of Lorraine, France    

   DOI : 10.1533/9780857097538.2.125 

 Abstract: Chapters 5–10 will deal with the rate dependent to shock 
induced dynamic behaviour and modelling of concrete in tension. It 
can be caused in practical applications by structural dynamic response, 
stress wave superposition or a mixture of both. In every case the type 
of loading mechanism has very strong implication on the occuring and 
achievable peak strain rates. The current chapter will therefore introduce 
dynamic tensile loading states on the basis of practical applications. They 
range from moderate rate earthquake loading, across blast response 
to high and hypervelocity impact. The discrimination of structural and 
wave dynamic response mechanisms is a necessary basis to understand 
the description of dynamic material response regimes of concrete in 
Chapters 6 to 10. 

  Key words: bending and shear failure, compression, shock, release waves, 
lateral dispersion, earthquake, blast, impact, contact detonation.  

    5.1     Introduction: dynamic loading regimes 
affecting concrete structures 

 Dynamic tensile response of concrete structures, its consequences on the 
material level and modelling approaches are the topics of  Chapters 5 to 11   . 
Across the dynamic regime both inertia forces on structural and local level, 
and dynamic material response, have to be described appropriately and sep-
arately. The latter is usually characterized by rates of loading in terms of 
‘strain rate’ or ‘stress rate’ (Equation [5.1a,b], with strain ε or stress σ chang-
ing over time t).  

 ε ε σ σ
=

∂
∂

=
∂
∂t t∂

    [5.1a,b]   
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 The mechanical properties of concrete are rate dependent, especially in 
tension. Two regimes can be distinguished, which will be described here-
under and, fi nally, compared in  Fig. 5.4 . The regime depends on the type of 
dynamic loading and the structure. Both will play a decisive role in which 
stress or strain rates will occur. 

 The basic macroscopic deformation mechanisms which can lead to 
dynamic tension are:

   1.     Strong oscillations, as, for example, excited by an earthquake. Selected 
global deformation modes of low frequencies (3–30 Hz) and strain rates 
(  ∂ε  /  ∂ t  < 10 –1 /s) activate  inertia forces , but only an insignifi cant or very 
low strength increase.  

  2.      Rate effects  on concrete strength (10 –1 <   ∂ε / ∂ t  < 10 2 /s) occur  during struc-
tural response  to impulsive aerial loading, such as air blast (>100 Hz) 
or soft impact of a deformable airframe (10–100 Hz). A broad band of 
frequencies and deformation modes are excited.  

  3.      Stress waves and dynamic strain fi elds  of high frequencies (>>100 Hz) 
and strain rates   ∂ε / ∂ t  < 10 3 /s are generated by localized impact loading 
i.e. by a rigid penetrator at velocities well below 1000 m/s. They lead 
to  high triaxial compressions , shear and dynamic membrane tension 
loading. Release wave superposition resulting in dynamic tensile states 
(‘spallation’) starts to occur.  

  4.     Contact detonation or hypervelocity impacts generate  shock waves  with 
 shock heating  of the material. Highest rate tensile states from  superpo-
sition of release waves  (‘spallation’) become a dominant failure mecha-
nism on the opposite free surface.    

 Dynamic phenomena accumulate from low to very high rates, so that 
a complex mix of structural and material dynamic infl uences governs 
regimes 2 and 3. At the highest stress levels with shock waves, however, 
structural dynamic response becomes insignifi cant to the extent of con-
crete cracking and failure, since it comes into play at much later timescales 
(see  Fig. 5.4 ). 

 In the following, the above dynamic loading regimes are highlighted 
with one example each for fi nal comparison in  Fig. 5.4 . Validated and pre-
dictive numerical simulations based on hydrocodes and plasticity models 
(see Chapter 10) are mainly used to demonstrate and investigate them. The 
examples will serve as an introduction to detailed descriptions of experi-
mental, engineering and computational techniques in  Chapters 6  to 11. Only 
a limited number of exemplary references, rather than complete surveys, for 
each application area are given for the sake of a compact comparison of the 
different regimes.  
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  5.2     Earthquake loading and impact deflection: 
inertia effects 

 Serving as a fi rst example is the earthquake response of the ‘security scraper’ 
concept designed with an ultra-high performance concrete core against aircraft 
impact (N ö ldgen,  2011 ,  2012 ). The high-rise building, designed for an altitude 
of 500 m (or more), bears a gravity load of 6000 MN on a ground cross-section 
of 60  ×  60 m with an overall bending stiffness of 33 MN/m. The well-known 
ground motion of the ‘El Centro’ earthquake is exercised to excite the fi rst 
global deformation mode increasingly over a time of 207 s. At this point, the 
building’s peak tip defl ection is 1.83 m, which exceeded the design wind case 
of 1.06 m (N ö ldgen,  2011 ) and the recommended maximum value  x  <  h /500 
for high-rise buildings (K ö nig and Liphardt,  2003 ). The oscillation period is 
T ~14 s,  Plate III  (see colour section between pages 208 and 209). 

 At close to the limit of bending strength, it is assumed that 90% of the ten-
sile strength  f  t  = 9 MPa of the ultra-high performance concrete is activated. 
This corresponds to a loading rate of 2.3 MPa/s, according to Equation [5.2], 
in a quarter oscillation from zero to peak defl ection within 3.5 s. Using a typ-
ical Young’s modulus of 53 GPA in Equation [5.3], this shows a gross strain 
rate of 4  ×  10 –5 /s for the global deformation portion.  

σ
σ

max

max,

/ /
≈ = = =t t

T
ft

4

0 9.

14 4

0 9. 9

3 5.
2 3.

s

MPa

s
MPa/s        [5.2]    

ε σ
max

max .= = −

E
4 1. 0 5 /s        [5.3]   

 Higher modes, and smaller and stiffer buildings, will provide eigenfre-
quencies and loading rates that are higher by one or two orders of magni-
tude. On the local scale, i.e. the connections of structural elements to storey 
plates, higher strain rates of up to 1/s can be reached. For global structural 
integrity, however, it already becomes apparent here that rate-increased 
material strength is not a major infl uence. Appropriate damping and yield-
ing (plasticity demand) properties are more important. The same obser-
vation is valid also for the global structural response following an aircraft 
impact ( Plate III , lower left, red line, (N ö ldgen,  2011 )). But in the local 
impact zone, much higher loading rates occur on a local scale, as described 
in  Section 5.4 .  

  5.3     Blast response: rate-dependent strength 

 The second example investigates the six-storey, wall-stiffened concrete 
frame building in  Plate IV  (see colour section between pages 208 and 209). 
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It is subjected to an external blast load of 500 kg trinitrotoluene (TNT) 
equivalent, at a distance of 10 m. The redundant load-bearing R/C struc-
ture can easily withstand this loading on a global scale. Single wall sec-
tions close to the charge respond by bending. Their deformation is most 
commonly and effi ciently assessed using engineering approaches such as 
single-degree-of-freedom (SDOF) models, as described in comprehen-
sive detail in the US tri-service manuals (TM5–1300  1990 ) and the later 
release of Unifi ed Facilities Criteria 3–340–02 (UFC,  2008 ) and  Chapter 
11 . Alternatively, fi nite element simulations can be used to analyse the 
dynamic tensile states induced by the air-shock loading (Riedel  et al. ,  2010a ). 
Moreover, it makes sense to validate fi nite element method (FEM) tools 
and their rate-dependent material descriptions under such simple compo-
nent geometries, in order to have confi dence with more complex surface 
shapes, i.e. with curvature and openings. 

 In the example, the wall slab is mainly challenged by dynamic bending, since 
the refl ected blast overpressure of 4.2 MPa does not exceed the compressive 
strength and direct shear capacity of the conventional concrete member. This 
is observed consistently in shock-tube tests and numerical simulations.  Plate 
IV (see colour section between pages 208 and 209)  shows computed peak 
strain rates of   ∂ε / ∂ t  ~30/s in the tensile zone of the mid-section after damage 
evolution. In this regime, dynamic strength increase becomes signifi cant and 
has to be included in modelling approaches, irrespective of whether fi nite 
element methods or simplifi ed single- or two-degree-of-freedom models are 
used, as in Chapter 11.        

  5.4     Projectile impact loading: 
compressibility and high triaxial stresses 

 Several damage modes under triaxial compression and extension in con-
crete structures are activated by impact of rigid projectiles (Li  et al. ,  2005 ; 
Forquin  et al. ,  2008 ; Forquin and Hild,  2010 ). They spread into the target 
during projectile penetration, leading to fracture modes such as ‘scabbing’ 
(also called ‘cratering’) on the front face, ‘spalling’ on the rear face and 
radial cracking around the tunnel. These fracturing processes strongly infl u-
ence the ballistic resistance of concrete targets, particularly in the case of 
slabs that are thin compared to the projectile diameter. 

 The fi rst example investigates a ballistic impact experiment with an ogival 
pointed penetrator on a concrete slab, performed by Cargile ( Plate V (see 
colour section between pages 208 and 209) , (Cargile,  1999 )). The penetrator 
hits a concrete target 127 mm thick at 316 m/s. The cratering on the front 
face and spalling on the rear face can be clearly observed, see  Plate Va . 
Moreover, several radial cracks have propagated from the tunnel through 
the whole target, as visible on the lower left view. Recently Erzar ( 2010 ) 
numerically analysed the confi guration in order to identify tensile and shear 
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loading which induced these fracture processes. As shown in  Plate Vb , axial 
and hoop tensile loading explain the cratering on the front face and radial 
cracking inside the target. Related axial and radial strains are plotted as 
functions of time in  Plate Vc , with typical strain rates of 50 <   ∂ε / ∂ t  < 300/s. 

 Dynamic tensile states mainly occur due to a radial-strain fi eld imposed 
by the intruding penetrator. In this regime, compaction and triaxial strength 
properties of the concrete in the range of several hundred MPa, derived 
from specialized triaxial machines at the University of Grenoble (Gabet 
 et al. ,  2008 ; Vu,  2009 ) or at ERDC-WES (Williams  et al. ,  2010 ), are of key 
importance, see  Plate VI  (see colour section between pages 208 and 209). 
Stress waves do occur, but only exceeding the concrete strength close to the 
penetrator nose because of limited velocity and the pointed contact surface. 

 Deep penetration of a blunt, hard steel projectile (diameter 5.3 mm, 
length 8 mm and mass 1.2 g) at 750 m/s (Forquin  et al. ,  2006 ) serves as a 
second example. Targets made of a cementitious matrix, with and without 
alumina aggregates, are placed in an aluminium casing to keep the con-
crete fragments in place. Each target has been infi ltrated after impact with a 
hyper-fl uid coloured resin, cut and polished for subsequent analysis. Several 
distinct damage types are clearly observable on the cross-sectional views in 
 Figs 5.1a  and  5.1b . In the vicinity of the tunnel, the mortar matrix is totally 
pulverized and rearranged, due to the level of confi ning pressure and crush-
ing of concrete pores. Moreover, several long cracks radiating from the 
tunnel region are observable. On the front surface, the penetration of the 
projectile induced a ‘saucer-shaped cratering’ as the result of heavy com-
pression in the direction normal to the tunnel axis, leading to a cone-like 
expulsion of material on the front surface. 

(a) Mortar without aggregates, impact
velocity: 756 m/s, depth of penetration:

15 mm, straight tunnel  

(b) Mortar reinforced with alumina aggregates,
impact velocity: 759 m/s, depth of penetration:

7.7 mm, unbalanced projectile

 5.1      (a, b) Ballistic impact of a steel projectile (mass: 1.3 g ,  ϕ  = 5.3 mm, 

hardness: 65 HV) against a cementitious matrix reinforced with (right) 

and without (left) ceramic particles saucer-shaped cratering on the 

front face (‘scabbing’), compaction, collapse of pores close to the 

penetration channel and radial cracks initiated from pores, hampered 

by particles (reprinted from Forquin et al., 2006 with permission from 

EDP Sciences).  
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 Numerical simulations are again used to investigate the transient states 
in the targets. The commercial fi nite element code Abaqus/Explicit and the 
Krieg, Swenson Taylor plasticity model for the cementitious matrix (Forquin 
 et al. ,  2009 ) are the basis (see Chapter 10). In the model, limit states are defi ned 
in terms of principle stress difference versus mean stress, and mean stress ver-
sus volumetric strain (see  Chapter 10 ).  Plate VII  (see colour section between 
pages 208 and 209) shows on the one hand a fi eld of pressure of about 650 MPa 
in front of the projectile. On the other hand, a tensile hoop stress fi eld propa-
gates through the target, which explains the radial cracks visible in subsequent 
study. The analysis in  Fig. 5.2  shows strain rates, associated with tensile hoop 
stresses for the initial wave propagation from below, to several hundred 1/s. At 
later stages the progressing penetrator forces the material under longitudinal 
compression and hoop tension to rates from 600 to 30 000/s.   

 The simulations highlight that, for increased impact velocities below and 
above 1000 m/s, tensile damage is also induced by the initial, preceding 
stress waves before the strain fi elds are imposed on later penetration stages. 
As highlighted in  Fig. 5.3 , the tensile cracking occurs as a result of diverg-
ing stress waves, leading to lateral expansion of the material while axial 
compressions are still present. Riou et al. (1998) and Riedel  et al.  ( 2010 ) 

Radial loading
hydrostatic stress state

Expansion Tension-compression
stress state

 5.3      Dynamic triaxial compression leading to hoop tension states, 

described by Riou (1998) and Riedel ( 2010 ); reprinted with permission 

from Elsevier.  
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 5.2      Addition numerical analysis of ballistic impact in Forquin  et al.  

( 2006 ) and Plate VII hoop tensile rates of several 100/s are reached in 

the initial stress wave, up to 30 000/s during compressive longitudinal/

hoop extension loading of the later penetration process.  
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investigated and described this effect for ceramics and Forquin and Hild 
( 2008 ) for ultra-high performance concretes on the basis of ‘Edge-on 
Impact Experiments’ and numerical studies. This experiment type is later 
modifi ed and applied to concrete in Section 6.6 and Plate X (see colour sec-
tion between pages 208 and 209).    

 In summary, the impact of a hard projectile on a concrete target at an 
impact velocity of several tens to hundreds metres per second induces dam-
age modes, such as scabbing, on the front face, spalling on the rear face, and 
radial cracking, pore collapse and confi ned shearing around the penetration 
channel. These result from a complex multi-axial stress loading (confi ned 
compression and dynamic extension) with typical hoop strain rates rang-
ing from 50/s to ∂ε/∂t < 500/s in the initial spherical stress wave and up to 
∂ε/∂t ≈ 10 000/s in the compressive extension fi eld in front of the penetrator. 
The dynamic behaviour of concrete under such loading rates, as well as the 
whole fracturing process of the target, has to be described in the modelling 
to perform predictive numerical simulations of the impact of a rigid projec-
tile against a concrete structure.  

  5.5     Contact detonations and explosive formed 
projectiles (EFPs): shock and release properties 

 Stress-wave induced failure mechanisms gain increasing importance, com-
pared to penetration-imposed strain fi elds, with increasing penetrator veloc-
ity. Such ‘hypervelocity impacts’ can result from very fast ammunition (up 
to 1600 m/s), explosive formed projectiles (EFPs) (4000–7000 m/s), shaped 
charges (up to 10 000 m/s), or meteoroid impact (3000–70 000 m/s). 

 These highest strain rates are also reached by contact detonation, where 
very high pressure detonation products locally penetrate the concrete ele-
ment. The example in  Plate VIII  (see colour section between pages 208 and 
209) shows a strong shock wave of more than 6 GPa generated by a con-
tact detonation of the high explosive pentaerythritol tetranitrate (PETN 
– often also referred to as ‘nitropenta’) in the kg range onto concrete plate 
of 23.5 cm thickness. It is reinforced by two layers of 6 mm diameter rein-
forcement bars with 10 cm spacing. In the zone directly under the contact 
charge, extreme compression rates of 10 5 /s occur in the shock wave in the 
concrete (see  Fig. 5.4  ‘compression’). Here the shock properties of concrete 
dominate. 

  Plate IX  (see colour section between pages 208 and 209) shows the dif-
ference between static and dynamic compression of concrete grout under 
uniaxial strain (Riedel  et al. , 2008). The lower line with the unloading states 
is reached in a slow isothermal oedometer test with heavy confi nement, forc-
ing a 1D strain state. The shock states are generated by inverse plate impact 
experiments with dynamic 1D self-confi nement in the centre of the plate. 
The fi gure shows that, for example at a compressive strain level of 0.3, a 
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difference from 1 to 5 GPa can be observed between static, isothermal load-
ing and dynamic shock compression under the same strain state. Thus, cor-
rect shock properties are a precondition for correct stress-wave amplitudes 
before refl ection into dynamic tension. Quasi-static triaxial compression tests 
are questionable for measuring the shock response of concrete, even if they 
reach hundreds of MPa of well-defi ned and controllable confi nement stress. 

 Due to the short pulse length and dissipation processes, such as pore com-
paction and shock heating, the pressure waves rapidly decay in  Plate VIII 
(see colour section between pages 208 and 209) . Note that two different 
scales are necessary to show the pressures on the front and rear surfaces in 
one diagram. 

 At the free rear surface the shock is refl ected as release wave ( Fig. 5.5 ). 
In contrast to the incident shock, the release wave is of dispersive nature. 
Stronger unloading portions propagate slower than smaller amplitudes, thus 
a release fan rather than a sharp wave front propagates back into the con-
crete. For the two reasons, the damping on the incident compression wave 
and the dispersive nature of the release wave, the tensile states resulting 
from release wave superposition are of much lower strain rates compared to 
the compression rates on the loaded surface. The resulting strain rates of sev-
eral 100/s, up to a maximum of 1000/s in the ‘tension/spall’ zone are shown 
in  Fig. 5.4 . It is important to note that the dynamic tension is not reached in 
one release (or decompression) fan, but only upon superposition of two or 
more release fans, i.e. following after the initial shock into the material. 

 Further intensifying the loading would not lead to increased strain rates, 
but to the destruction of the concrete by the incident compression waves. 
Thus, this type of loading indicates clearly an upper limit of purely tensile 
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 5.4      The range of dynamic loading scenarios in terms of strain rate 

vs time.  
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strain rates around some 1000/s (for concrete), which cannot be physically 
exceeded in practical applications. This limitation is defi ned by the compres-
sive strength and the dispersive nature of release waves. Higher (hoop) ten-
sile rates are only observed under impact, as in  Section 5.4 , but then always 
in combination with longitudinal compression.  

  5.6     Concluding remarks 

 Summing up, the observed domains of strain rates and load durations 
across the dynamic application range can be displayed with the help of 
double-logarithmic scaling in  Fig. 5.4.         

   Earthquake loading has typical durations of some tens to hundreds of • 
seconds. Inertia forces dominate, and rate effects on material response 
are negligible or at least very small.  
  Air-blast loading and aerial low velocity impact (<100 m/s) act in tens • 
to hundreds of milliseconds, with active strain rate-dependent material 
behaviour in the range of  ∂ε / ∂ t < 10/s. Support conditions play an impor-
tant role in the structural response.  
  Localized impact and penetration problems of some 100 m/s provide • 
dynamic straining around the penetrator which leads to hoop extension. 
Compression/compaction properties and triaxial strength at several 100 
MPa and strain rates of several hundred 1/s are dominant. Stress-wave 
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 5.5      Initial shock (1,a), dispersive release waves (2,b) and superposition 

in the target (3,c) leading to highest rate dynamic tensile states.  
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propagation starts to gain importance with increasing velocity towards 
1000 m/s and blunt loading, but shock properties are still secondary. 
Strain rates  ∂ε / ∂ t of a few hundreds are reached in the hoop tension 
zone of the initial loading wave, longitudinal compression/hoop tension 
rates in front of the penetrator can reach and exceed 10 4 /s, but do not 
occur as pure tension.  
  Contact detonations or hypervelocity impacts (>1500 to >10 000 m/s) • 
are dominated by stress-wave propagation and release/spallation. The 
higher the impact velocity or pressure, the more important become the 
shock properties as input conditions for tension states during release. 
Although compression rates around 10 5 /s are common, tensile rates are 
limited for concrete to two orders of magnitude less to about 1000/s. 
The reason is compressive destruction of the concrete at higher loading 
intensities and the dispersive nature of the release wave.    

 As a consequence, some requirements on testing techniques can be drawn 
from this analysis:

   Dynamic direct tension experiments with the sample in equilibrium are • 
promising in the range of moderate strain rates of several 1/s up to some 
10/s.  
  Highest rate dynamic tensile states of 100–1000/s or more can only be • 
reached by impact-induced tension or superposition of release waves, 
resulting from compression waves below the compressive strength. 
Wave analysis within the sample is required, rather than force equilib-
rium considerations on boundary surfaces.  
  The investigation of spherical/cylindrical compression waves leading to • 
hoop extension with tension-compression states is of interest in investi-
gating concrete material states in front of intruding penetrators.    

 Requirements on concrete models across the different regimes can be stated 
as follows:

   Earthquake simulations do not require dynamic material data. Inertia • 
activated in modal deformations, plasticity and connections dominate.  
  Dynamic aerial impact loads, such as air blast and soft airframe impact, • 
require consideration of rate-dependent strength properties and appro-
priate models for failure and softening. Cracking, rather than a large 
damage zone, is in the focus.  
  Localized penetration at ballistic velocities requires careful triaxial • 
strength and compression descriptions at several 100 MPA, and strain 
rates in the range of 100/s to several 1000/s. Quasi-plastic behaviour 
under triaxial compression, and brittle behaviour at low confi nements, 
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have to be captured. Post-peak softening and fl ow resistance of failed 
concrete under compression are important.  
  High to hypervelocity impact and contact detonations require the above • 
qualities with a consistent link to the shock properties of the material. 
The dramatic difference between isothermal and shock compression has 
to be captured. Support conditions and connections become insignifi -
cant, since they act orders of magnitudes later.  
  For all loading conditions leading to dynamic tensile failure, alternative • 
discretization techniques beyond FEM such as extended fi nite element 
method (XFEM), discrete element methods, smooth particle hydrody-
namics (SPH) and other mesh-free methods should be considered. They 
can provide synergies with the constitutive models, avoiding simplistic 
numerical workarounds such as element erosion.  
  For all loading situations with clearly defi ned phenomenology (bending • 
or shear motion under blast, cratering under contact detonation), engi-
neering tools are applicable for simple geometries such as reinforced 
slabs and columns. They allow fastest design, and are an additional inde-
pendent analysis tool to be employed together with fi nite element (FE) 
modelling and experiments, as appropriate.    

 As a fi nal, most general, requirement, the deformation mechanisms in 
the material level should be understood, as a basis for physical and phe-
nomenological models on all scales. Key infl uence parameters on the local 
crack level should be identifi ed, such as moisture content, infl uence of the 
interface transitions zone or aggregate geometries and strength.  
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 Plate III (Chapter 5)      Global dynamic response of the high-rise 

building concept ‘Security Scraper’ (N ö ldgen,  2011 ) with an ultra-high 

performance concrete core subjected to earthquake loading and aircraft 

impact.  
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 Plate VII (Chapters 5 and 10)      Numerical simulation of a ballistic impact 

against a mortar matrix (impact velocity: 750 m/s), Krieg, Swenson and 

Taylor model; reprinted from Forquin et al. (2006) with permission from 

EDP Sciences.  
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 Plate VIII (Chapter 5)      Rear surface of a reinforced concrete plate after 

contact detonation.  
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     6 
 Dynamic test devices for analyzing the 

tensile properties of concrete   

    P.   FORQUIN,     University of Lorraine, France, W. RIEDEL, 
Ernst Mach Institut, Germany     and     J.   WEERHEIJM,   

  TNO and Delft University of Technology, The Netherlands    

   DOI : 10.1533/9780857097538.2.137 

  Abstract : Owing to their low tensile failure strain, concrete is a diffi cult 
material to test under dynamic tensile loading. Indeed, conventional 
testing apparatuses such as high-speed hydraulic presses or Split 
Hopkinson Bar facilities rely on a mechanical balance of the specimen 
implying a short round-trip time in the specimen in comparison with 
the loading time to failure and consequently loading-rates below 
few hundreds of GPa/s. Above this threshold the specimen is clearly 
unbalanced and these methods are inadequate. Other techniques, such 
as spalling tests, plate-impact experiments that do rely on stress-wave 
analysis or edge-on impact tests that are used to visualize the tensile 
damage in the target, then come into play. In this chapter, different 
experimental methods are sorted in four sets to point out their fi eld of 
use, their limitations and a number of results obtained in the literature. 

  Key words : testing devices, dynamic tensile loading, concrete tensile 
strength, concrete fracture energy, spalling, impact test. 

    6.1     Introduction 

 This chapter describes the testing devices used to identify the main mechan-
ical properties involved in the response of concrete to dynamic tensile load-
ing, which are strength, Young’s modulus, and fracture energy. The following 
section briefl y sets out the main experimental methods that are used to char-
acterize this tensile response depending on the loading rate to be reached. 
Four  sets of experimental methods are distinguished, namely those in which 
a mechanical balance of the specimen is obtained, those relying on the 
refl ection of a compressive pulse on a free surface (1D uniaxial stress state 
or uniaxial strain state), and those based on the impact of a metallic pro-
jectile against a concrete target. Depending on the experimental technique 
and the processing method, several material properties are used to measure 
the ultimate strength (maximum tensile stress), the softening behavior, the 
fracture energy, and the kinetics of damage and cracking patterning. Some 

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



138 Understanding the tensile properties of concrete

© Woodhead Publishing Limited, 2013

experimental results obtained with conventional concretes, microconcretes, 
or high-strength concretes are used to indicate the infl uence of free water 
and strain rate on their tensile behavior.  

  6.2     Different experimental methods to characterize 
the tensile response of concrete 

 As discussed in the previous chapter, severe damage modes are observed 
in concrete structures when they are subjected to impulse loading through 
impact with a rigid projectile or blasting (Li  et al .,  2005 ; Forquin  et al .,  2008 ). 
Scabbing on the front face, spalling on the rear face, and multiple fractur-
ing radiating from the penetration tunnel are induced by tensile stress. The 
range of strain rates may vary greatly, depending on the kind of loading. 
Strain rates below 1/s are usually observed in the case of earthquakes or 
soft impact from a ‘deformable projectile.’ Strain rates from 1/s to 100/s are 
involved with blast loading and impact with a rigid projectile. Higher strain 
rates (100/s to 1000s/s) may be observed in the case of hyper-velocity impact 
or contact detonation. Four kinds of experimental methods have been devel-
oped and published in the literature to characterize the mechanical response 
of concretes under tensile loading over a wide range of loading rates:

   The fi rst set gathers experimental results to obtain a mechanical balance • 
of the specimen. Input and output forces are equal and inertial effects are 
negligible in comparison to the level of loading applied to the specimen. 
Direct tensile experiments by hydraulic press or split Hopkinson pressure 
bar (SHPB) are included in this fi rst set of experimental methods, as well 
as Brazilian tests (i.e. diametral compression of a disc) through SHPB 
devices (Ross  et al .,  1996 ). Usually strain rates do not exceed about 10/s.  
  In the second set the specimen is unbalanced but loaded in a quasi-uniaxial • 
stress state, for example in the spallation confi guration based on the use 
of an SHPB. The specimen is unbalanced, since one end is in contact 
with the bar whereas the other end is let free. Typical strain rates in the 
range of 20–200/s are reached with this technique (Schuler  et al .,  2006 ; 
Weerheijm and van Doormaal,  2007 ; Erzar and Forquin,  2010 a, 2011).  
  The third set includes experimental methods in which the specimen is • 
unbalanced and loaded in a uniaxial strain state. Such loading is obtained 
in plate-impact experiments or very fast impulse loading of a thin disc 
of small thickness-to-diameter ratio. Given the size of the concrete sam-
ple, the loading duration is necessarily short (a few microseconds or 
less). This technique is used for exploring the strength of mortar and 
concrete-like materials under strain rates of few thousands/s to 1e4/s 
(Kipp  et al ., 1999; Grote  et al .,  2001 ).  
  A fourth set of experimental methods may be defi ned to investigate the • 
tensile damage of concrete under impact loading. For instance, edge-on 
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impact (EOI) experiments have been developed to visualize fragmen-
tation in brittle materials, and to quantify the cracking density through 
post-mortem analysis (Forquin and Hild,  2008 ,  2010 ). The experimen-
tal results obtained may be compared to numerical predictions in terms 
of kinetics of damage and cracking pattern. More recently, this exper-
imental method has benefi ted from recent progress in the domain of 
ultra-high-speed imaging and full-fi eld measurements. Typical strain 
rates of few 100s/s are obtained through EOI tests. Note that in these 
tests no uniaxial tensile stress conditions occur, whereas tensile failure 
occurs in a multiaxial compression tension state.    

 The principles, data processing, and the limitations of each of these experi-
mental techniques, are discussed in this chapter. The infl uence of microstruc-
tural parameters (free water, grain size, fi bers) is also briefl y addressed.  

  6.3     Characterizing the tensile strength and fracture 
energy of concrete at intermediate loading rates 
( σ ̇ ≤  ≤  100 GPa/s or  ε ̇ ≤≤  2/s)  

  6.3.1     Introduction: experimental techniques used at 
intermediate loading rates 

 High-speed hydraulic presses and Split Hopkinson Bar devices are commonly 
used to investigate the dynamic tensile behavior of concrete at loading rates 
below 100 GPa/s. Classical processing methods are used to process the data 
relying on the assumption of mechanical balance of the sample. Infl uence of 
strain rate, free water, and aggregates size at intermediate loading rates is 
briefl y pointed up in this section. 

 Over the last two decades, several techniques have been developed to 
investigate the behavior of concretes and rock-like materials at intermedi-
ate tensile loading rates (in the range of 10 –2 /s to few 1/s). Three experimen-
tal methods proposed in the literature are presented below:

   The direct tensile test performed on a high-speed hydraulic press • 
(Toutlemonde, 1992; Erzar and Forquin,  2010 b, 2011),  
  The gravity driven Split Hopkinson Bars (SHB) facility developed at • 
Delft (Kormeling, Zielinski, Rossi, Toutlemonde, and Weerheijm),  
  The SHB facility developed at Ispra (Italy) based on the rupture of a • 
blocking bolt (Cadoni  et al .,  2006 ).    

 These methods rely on classical data processing. For instance, in the fi rst 
method, a loading cell is mounted in the vicinity of the end of the specimen 
to measure the dynamic load applied to the concrete sample. In the last two 
methods, incident, refl ected, and transmitted pulses recorded on input and 
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output Hopkinson bars allow measurement of the stress and strain state in 
the sample based on the data processing proposed by Kolsky ( 1949 ). Thus, 
a correct balance of the specimen is assumed in each method. Balance of 
input and output forces implies a short round-trip time in the specimen in 
comparison with the loading time to failure. As consequence the strain rate 
is limited as in Equation [6.1]:  

 T T
L

CloadinTT g
failure

round trip

wave

=TroundTT trip−
ε

ε
2

,        [6.1]   

 where L C, ,Cwave failureε     denote respectively the length of the sample, the wave 
speed, and the failure strain of the tested material. Considering classical 
values of L C, ,Cwave failureε     and fi ve wave round-trips in a concrete sample, the 
maximum strain rate cannot exceed about few 0.1/s to a few 1/s depending 
on the specimen length. Above this threshold the specimen is clearly unbal-
anced and these methods are inadequate. Other techniques, such as spalling 
tests, that do rely on stress-wave analysis rather than on a mechanical bal-
ance of the specimen, then come into play.  

  6.3.2     Direct tensile tests performed through a 
high-speed hydraulic press 

 As discussed in  Chapter 2 , hydraulic test devices may be used to charac-
terize the tensile strength and fracture energy of concrete in quasi-static 
conditions. A high-speed hydraulic press may be used to perform dynamic 
tensile tests on concrete samples over loading rates ranging from 1e − 3/s 
to about 1/s. Toutlemonde (1992) investigated the strain-rate sensitivity 
of dry and wet concrete by performing dynamic tensile experiments in 
the LEM3 laboratory through a Zwick press, allowing jack speeds of up 
to few m/s. The maximum loading rate reached during these experiments 
was 500 MPa/s (about 0.01/s). More recently, a new device has been devel-
oped in LEM3, including a damping system and two kneecaps settled on 
both specimen ends to ensure a perfect uniaxial stress state in the sample 
without any bending effects. A load cell was also specially designed and 
calibrated for measuring the axial loading as near as possible to the speci-
men ( Fig. 6.1 ). The axial strain in the sample was deduced from strain gages, 
linear variable differential transformer (LVDT) sensors, or laser exten-
someters. The mantle’s surface was scratched with sandpaper to improve 
adhesion on the sample. Concrete cylinders, measuring 45.7 mm in diam-
eter and 120 or 140 mm in length, were tested in dried or fully saturated 
conditions. This experimental technique was employed to measure the 
strength of conventional concretes, mortars, and microconcretes at strain 
rates ranging from 0.01/s to 0.5/s. A digital ultra-high-speed camera (UHSC) 
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was also used to visualize the cracking inception by using a Digital Image 
Correlation (DIC) technique ( Fig. 6.1 ).     

  6.3.3     Gravity driven SHB facility at Delft 

 To study the rate dependency of concrete it would be ideal to perform 
deformation-controlled tests, just as in statics. Maintaining the specimen 
geometry and complete control of the softening branch would directly 
allow identifi cation of rate effects on strength and softening behavior. 
Deformation-controlled hydraulic testing is possible up to 5000 MPa/s (10 –1  
1/s), but beyond these loading rates inertia effects and wave phenomena 
are no longer negligible. For higher loading rates, up to 50 GPa/s the Split 
Hopkinson Tensile Bar (SHTB) technique may be used. It is a technique with 
control of the applied loading pulse but without any control of the defor-
mation. Reinhardt and co-workers developed in the 1980s a gravity-driven 
SHB to test concrete in a loading-rate regime of 10–50 GPa/s. The SHB 
was developed to study the rate effect on tensile strength. At a later stage, a 
testing procedure was developed to additionally study the fracture energy. 
Because hydraulic test devices are already discussed in  Chapter 2 , in this 
section we focus on the SHB device developed by Reinhardt at Delft 
University of Technology (DUT) and the set-up at ISPRA. 

 The SHB at the Stevin Laboratory of DUT consists of two cylindrical 
aluminum bars ( Ø  74 mm) between which the concrete specimen (length 
100 mm) is bonded (see  Fig. 6.2  and  Table 6.1  for the dimensions). The 
tensile-stress wave is generated with a drop weight, which slides along the 
lower bar and hits an anvil at the bottom end. The DUT set-up differs slightly 
from the traditional SHB confi guration and analysis. Instead of a step-load, 
a tensile pulse with a long ascending branch is generated, and the concrete 

Load cell

 6.1      Direct tensile tests performed on a high-speed hydraulic press 

(LEM3 lab., Metz) (Forquin and Erzar,  2010 ).  
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   6.2      The SHB at Delft (a) measurement scheme; (b) set-up; 

(c) instrumented notched specimen.  
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specimen fails during this phase. The amplitude and shape of the loading 
pulse depend on the drop-weight mass, the impact velocity controlled by the 
drop height, and the layer applied between the drop weight and the anvil. 
These parameters control the loading rate at testing. The loading rate that 
can be generated with the SHB at the DUT ranges from 1 to 50 GPa/s, and 
strain rates of up to 5/s (see  Fig. 6.23 ), the regime just before enhanced rate 
effects on strength occur for normal concrete.       

 The tensile wave travels upwards through the aluminum bar and the spec-
imen, fracturing the specimen when the tensile strength of the concrete is 
reached. The amplitude of the pulse transmitted to the upper bar represents 
the strength of the concrete specimen. The loading rate is derived from the 
slope of the transmitted stress pulse. Without additional measurements on 

6.2 Continued

(c)

 Table 6.1     Specifi cation gravity driven SHB at Delft 

 Diameter  Length incident 

bar 

 Length 

transmitter bar 

 Loading rates   f   t  -tested 

 74 mm  3.50 m  6.75 m  5–50 GPa/s  1–10 MPa 
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the specimen response, the corresponding strain rate is derived using the 
static Young’s modulus value of the concrete tested. 

 It is a very basic test device to determine the dynamic strength of concrete 
and it requires only simple data analysis. During operation the incident and 
transmitted pulses are recorded by multiple strain records to check and quan-
tify the uniaxial stress condition during loading, and asymmetry in failure. 

 This SHB set-up at the DUT has been used by several researchers in the 
past (Kormeling, Zielinski, Rossi, Toutlemonde, and Weerheijm). Strength 
data obtained for normal strength concrete at different moisture levels, steel 
fi ber concrete, and also the rate effect on steel bonding, are studied in this 
set-up. Some results obtained by Toutlemonde (1992) with the Delft SHB 
facility are shown in  Fig. 6.3 . He performed dynamic tensile experiments with 
concrete of various maximum aggregate sizes (2, 6, 10 mm), water to cement 
ratio (0.3, 0.5, 0.7), and free-water content (dry or wet samples). Toutlemonde 
noted there was a very small infl uence of concrete compositions, but a major 
infl uence of free water. This conclusion was confi rmed in several later works.    

 Weerheijm extended the possibilities of determining also dynamic frac-
ture energy using notched specimens. These are applied to avoid multiple 
fracture and to obtain data for a single fracture zone, as in static-deformation 
controlled tests. To measure the deformation of the fracture zone directly, 
two displacement transducers are placed on both sides of the specimen, glued 
to the aluminum bars. The elastic deformation outside the fracture zone is 
measured by strain gages on the specimen (see  Fig. 6.2 ). By combining the 
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 6.3      Direct tensile tests performed with hydraulic press and SHB device 

on conventional concrete considering different max. aggregates size 

(2–10 mm), water to cement ratio (0.3–0.7), and free water content. 

Stress-rate ranges from 0.05 MPa/s to 50 GPa/s. (Toutlemonde, 1992).  
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synchronized measurements, the stress deformation curve, and thereby the 
fracture energy for the single fracture zone, are obtained. 

 An example of a displacements measurement, the subtraction of the elas-
tic portion, and the resulting deformation of the fracture zone (called disp_
notch), is presented in  Fig. 6.4 . The fi gure also shows the synchronized stress 
and deformation records for the notched zone. The combination of these 
records results in the stress deformation curve as presented in  Fig. 6.5 .       

 The obtained stress deformation curve deviates from static tests. The dis-
placement measurement in the static tests consists of two parts: the contribu-
tion of the crack opening, and the contribution of elastic deformation over 
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 6.4      Example of displacement time records (a); stress and deformation 

time record (b).  
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the total measuring length. In the SHB tests, on the contrary, the elastic defor-
mations are subtracted already from the total deformations, so the elastic 
ascending branch is not present in the stress deformation curve. Note that the 
area under both the static and SHB curves represents the fracture energy. See 
also Hillerborg ( 1985 ) and the discussion on fracture energy in  Chapter 7 .  

  6.3.4     SHB facility at ISPRA 

 An experimental set-up has been developed in the Joint-Research-Centre at 
ISPRA to test concretes and geomaterials at intermediate strain rates. This 
impressive device is composed of two aluminum alloy Hopkinson bars 2 m 
long ( Fig. 6.6 ). The square cross-section is subdivided into 25 ‘minibars’ over 
1 m. Each mini bar is instrumented by strain gages giving the records of inci-
dent, refl ected, and transmitted signals. The specimen, a cube of 200 mm, is 
glued with an epoxy resin to 25 instrumented bundles linked to the input bar, 
and to 25 instrumented bundles connected to the output bar. In the fi rst step, 
a cable 100 m in length and linked to the input bar is preloaded. The input 
bar is held by a blocking device so that the specimen is initially stress-free. 
In the second step, the blocking system is released by the rupture of bolts, so 
that an incident wave propagates through the input bar. One portion of the 
incident wave is transmitted to the output bar through the specimen, and 
the other part is refl ected in the opposite direction. A classical processing of 
data (Kolsky,  1949 ) is applied to the experimental data to obtain the nominal 
stress and strain within the specimen as function of time.    

 This experimental device provides several benefi ts. The wave dispersion 
phenomenon is eliminated despite the size of the specimen, as each mini 
bar in the bundle is of small diameter. Moreover, the kinetics of damage 
are analyzed, by comparing the data provided by each strain gage. Some 
results of quasi-static and dynamic tests are plotted on  Fig. 6.6 . As observed 
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 6.5      Example of stress deformation curve (synchronized raw data).  
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previously by Rossi ( 1991 ), Toutlemonde (1992), and Ross ( 1996 ), sensitiv-
ity to strain rate and moisture content is clearly pointed out. 

 In the following two sections, other experimental techniques are presented 
in which the concrete sample is in an unbalanced state. Varying the size of the 
specimen and the wavelength of the applied loading, a uniaxial stress state or 
a uniaxial strain state is obtained. Strain rates around 100/s (spalling tests) to 
a few 1000s/s (spalling by plate-impact experiments) are reached.   

  6.4     Characterizing the tensile strength and fracture 
energy of concrete at high loading rates 
(100 GPa/s  ≤ ≤ σ σ ̇ ≤≤  1000 GPa/s or 20/s  ≤ ε ε ̇ ≤ ≤  200/s)  

 The spalling technique based on the use of a single Hopkinson bar has been 
widely employed to characterize the tensile strength and fracture energy of 
concretes in the range of loading rates from 100 to 1000 GPa/s. Various test-
ing devices and processing methods considered in the literature are detailed 
in this section. The strength data exhibits the strength enhancement with 
strain rate and the effect of moisture on the tensile response of concretes. 
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 6.6      Tensile tests performed in the Joint-Research-Centre of Ispra. (a) 

Principle of HBB tests (Hopkinson Bar Bundle System) (Cadoni  et al ., 

 2006 ); (b) Quasi-static and dynamic strength of concrete obtained for 

three strain rates and two moisture contents. (Cadoni  et al .,  2001 ).  
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  6.4.1     Introduction: benefi ts and disadvantages of 
spalling tests 

 In a spalling test the sample is intentionally in an unbalanced state, in con-
tact with a Hopkinson bar on one end and free on the other. This methodol-
ogy analyzes the propagation of individual stress waves within the sample, 
rather than aiming for dynamic equilibrium between sample ends. The prin-
ciple of a spalling test is as follows. A short cylindrical projectile launched 
by a gas-gun facility is used to generate a compressive pulse on one end 
of a metallic (steel or aluminum alloy) Hopkinson bar. The pulse length is 
defi ned by the length and wave speed of the striker and is shorter than the 
concrete sample extension. From the striker’s free surface a release wave 
is refl ected downstream into the striker and bar. An alternative method to 
generate short pulses of high amplitude onto the input bar is the use of a 
small explosive charge rather than a striker. This incident compression and 
decompression wave propagates through the bar towards the contact sur-
face of the concrete sample (see  Fig. 6.9 ). Due to the impedance mismatch 
between the metal of the bar and the concrete, a part of the incident wave 
is refl ected in the opposite direction (upstream), whereas the other part is 
transmitted into the sample. This compressive pulse refl ects as a release 
wave on the free surface upstream back into the specimen. Superposition 
of both release waves, the upstream release from the free sample end and 
the downstream release from the striker’s free surface, leads to dynamic 
tension. If the length and sound-speed of striker and sample are correctly 
matched, dynamic tension is achieved within the material sample. 

 Several benefi ts and disadvantages may be noted. On the one hand, the use 
of release wave superposition for producing a dynamic tensile loading allows 
avoidance of diffi culties due to adhesion. Indeed, the specimen is only put in 
contact with the Hopkinson bar for transmitting the compressive pulse and 
its release. Secondly, previous limitations concerning the level of strain rate to 
ensure a balance of the specimen disappear, since this hypothesis is unneces-
sary in the processing (to be discussed later). Last, but not least, considering 
specimens of small diameter in comparison to their length, a quasi-uniaxial 
(1D) stress state may be obtained that facilitates the processing and the use of 
localized instrumentation, such as strain gages or laser interferometers. 

 On the other hand, further limitations may be noted in this kind of exper-
iment. In particular, this technique is restricted to a limited range of very 
high strain rates (about 10/s to 200/s). The release wave superposition has to 
happen in the sample in order to obtain a dynamic tension state. Therefore, 
the tensile loading must occur before the release wave from the sample’s 
free end reaches the contact surface with the bar (Equation [6.2]).  

 T T
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roundTT trip

wave
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ε
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       [6.2]   
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 Note that this inequality is opposite to that introduced in Equation [6.1] 
for a well-balanced specimen. Considering classical values of L C, ,Cwave failureε    , 
respectively the length of the sample, the wave speed, and the failure strain 
of the tested concrete, it follows that the minimum strain rate that may be 
obtained in a spalling test is about 10/s. Another limitation of spalling tests 
is due to the compressive pulse that precedes the tensile loading within 
the concrete sample. Indeed, to avoid any compression damage that might 
infl uence the response in tension, the incident compressive pulse must not 
exceed about 30% of the dynamic compressive strength of the material. Due 
to wave dispersion in the Hopkinson bar and a specimen of large diameter, 
the maximum frequency of the compressive pulse, as well as the strain rate, 
is limited (Erzar and Forquin, 2011a). In practice, the strain rate in spalling 
tests on unscaled concrete is so far limited to strain rates of 200/s. However, 
this order of magnitude represents the physical limit of tensile strain rates, 
where strength still has to be considered (see  Section 6.5 ). 

 Dynamic tensile tests by spalling have been performed on concrete for 
several decades. Landon and Quinney (1923) investigated the dynamic 
failure of concrete by using an explosive charge at the end of a cylindrical 
specimen 74 mm in diameter and 914 mm in length. The authors noticed 
a dynamic failure consisting of multiple fracture planes. More recently, 
Goldsmith  et al . ( 1966 ) and Birkimer and Linderman ( 1971 ) obtained similar 
results by launching a steel sphere against a concrete cylinder instrumented 
by strain gages. McVay ( 1988 ) carried out experiments of contact detonation 
against concrete slabs to generate scabbing on the rear face of the target. 
Spalling tests based on the use of a single Hopkinson bar were pioneered by 
Klepaczko and Brara ( 2001 ) and Schuler  et al.  (2004,  2006 ). The Hopkinson 
bar was instrumented with strain gages in order to obtain the transmitted 
pulse from incident and refl ected waves taking account of wave dispersion 
( Fig. 6.7 ). The two methods used to deduce the dynamic strength based on the 
velocity of fragments and the position of fracture planes have been recently 
discussed by Erzar and Forquin ( 2010 a). It was concluded that the method 
developed by Schuler  et al.  ( 2006 ), based on momentum conservation evalu-
ated through the pullback velocity, allows much more accurate results.    

 Almost at the same time as Klepaczko and Brara at Metz University and 
Schuler at Ernst Mach Institute (EMI) Freiburg, Weerheijm et al. (2003) and 
Weerheijm and van Doormaal ( 2004 ,  2007 ) substantially refi ned instrumented 
spalling tests to derive the dynamic strength and fracture energy analogue 
with the SHB measurement set-up in Delft. Both Schuler and Weerheijm used 
experimental devices based on a large Hopkinson bar of 74.5 mm in diam-
eter and 5.5 m in length to allow the analysis of unscaled concrete. Millon 
 et al . ( 2009 ) recently refi ned the instrumentation of the EMI Hopkinson bar, 
especially to achieve higher accuracy of fragment velocity measurements and 
crack opening. 
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 The confi gurations and measurement techniques at EMI, Metz and Delft, 
and some results obtained with conventional strength to UHPC, are pre-
sented in the following sections in more detail.  

  6.4.2     Test device and methodology used at the Ernst 
Mach Institute 

 The test device and the methodology at the Ernst Mach Institut Freiburg, 
site Efringen-Kirchen had originally been developed by Schuler and col-
leagues (2004) (Schuler and Hansson,  2006 ; Schuler et al., 2006). Details of 
the derivation are provided in the references. In the following, the spallation 
confi guration and the main experimental results are briefl y summarized. 

 The principle of these experiments is the generation of tensile stresses in 
the specimen due to a compressive load. The set-up for the testing device is 
shown in  Fig. 6.8 . It consists of an incident bar, a striker bar, and its accel-
eration facility, as well as a specimen. The specimen is loosely bonded, but 
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 6.7      Dynamic tensile tests by spalling (Klepaczko and Brara,  2001 ). 

(a) Incident, refl ected waves and resulting tensile wave in the concrete 

sample. (b) Sketch of the set-up: Projectile, Hopkinson bar, Specimen.  
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with good aerial contact, to the right-hand side of the Hopkinson Bar. The 
experimental process is shown in  Fig. 6.9 . Due to the impact of a striker 
of defi ned length and mass on the incident bar, a loading pulse is gener-
ated in the bar propagating downstream. The pulse is twice the length of 
the striker bar and composed of a compressive wave and a decompres-
sive wave from its free end. The compressive wave leads to compression 
of the bar material, and the decompressive wave leads to a release back 
to the initial stress state. The loading pulse refl ects at the specimen’s free 
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 6.8      Specimen-geometry for spallation tests on the 75 mm diameter 

Hopkinson Bar at Ernst Mach hop Institut (Schuler and Hansson,  2006 ; 
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 6.9      Dynamic loading in the spallation confi guration (Schuler and 

Hansson,  2006 ).  
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end and runs back upstream. Due to the superimposition of the incident 
and the refl ected decompression portions of the pulse, tensile stresses are 
generated in the specimen, leading to its fragmentation if the material’s 
tensile strength is overcome. The spallation process on a concrete material 
is shown in a sequence of pictures in  Fig. 6.10 . Out of this process the essen-
tial dynamic properties, such as tensile strength, Young’s modulus, and frac-
ture energy, can be derived.            

 Cylindrical specimens with a diameter of 75 mm and a length of 250 mm 
( Fig. 6.8 ) are used in this confi guration. For the determination of the Young’s 
modulus and the tensile strength, undisturbed propagation of the stress 
waves in the material is required. 

 The tensile strength of concrete  f  t,dyn  is calculated using the stress–particle 
velocity relationship, or Novikov formula (Equation [6.3]) from the ‘pull-
back velocity’  Δ  v  pb  measured on the rear free surface of the specimen ( Fig. 
6.11 ) (Novikov  et al .,  1966 ):     

 f c vff , y pb
1
2 0ρcc Δ     [6.3]   

 where  c  0  is the one-dimensional wave speed expressed as function of the 
Young’s modulus  E  and density   ρ   of the media:  

  c
E

0 =
ρ

       [6.4a]   

 Equation [6.3] is derived from the momentum equation for elastic 
stress-wave propagation in an one-dimensional bar, leading to the equa-
tion of motion (Equation [6.4b]).  u ( x,t ) denotes displacements along the 
 x  coordinate direction. Equation [6.4c] represent a set of solutions of the 
equation of motion. Substitution in Hooke’s law provides the fundamental 
‘stress particle–velocity relationship’ between stress  σ  and ‘particle velocity’ 
 v  p  in the bar (Equation [6.4d]). The ‘free surface hypothesis’ fi nally states 
that  v  p  in the bar is about half the value  v  p, free surface , which is measured at 
the stress-free boundary. Applying the fi nal equation (Equation [6.4d]) to 
the maximum deceleration  Δ  v  pb  allows direct derivation of the peak tensile 
stress amplitude f t,dyn . This wave portion is refl ected from the spall plane 
during crack opening back to the free surface as Equation [6.3].  
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 6.10      Spallation process of concrete due to tensile loading on UHPC: 

(a) Hopkinson-Bar (b)-(e) fracture at 0, 4, 8, 12 ms.  
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 The stress and strain rates can be calculated using the rise time of the pull-
back signal and range between 10 and 180/s for EMI’s Hopkinson bar. It 
mainly depends on the material’s stiffness and strength, and thus the nec-
essary input momentum to fail the sample. In order to derive the dynamic 
Young’s modulus of the concrete sample in the same test the stress-wave 
propagation, along the bar and in the concrete, is studied. A fi rst step dis-
persion correction (Equation [6.5]), described i.e. by Gong  et al ., ( 1990 ), 
is applied to propagate the loading wave from the last strain gage on the 
aluminum input bar to the interface with the concrete sample. The various 
velocities of the different wavelengths  n  are corrected by phase shifts   φ   dn .  

 εalεε u + ( )ω φ φdω φ φ nφφ− (φ( )
=

∞

∑A
D (

n

0

12
       [6.5]   

 The time  Δ  t  of the wave propagation along the sample length  L  is deter-
mined by shifting the strain-time-signal of the sample’s free end into the 
strain-time-recording at the interface of sample and input bar. This proce-
dure is shown in  Fig. 6.11a .   c  0  is determined as distance  L  divided by the 
time shift  Δ t. 

  Figure 6.12  and  Table 6.2  show results by Millon  et al . ( 2009 ) and Schuler 
and Hansson ( 2006 ) on concrete qualities from conventional strength (CC) 
over high-performance concrete (HPC) to UHPC with steel fi ber content of 
0–1.0%. The experiments show an increasing effect of the concrete quality 
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 6.11      (a) Derivation of cL from the shifted strain records; (b) recorded 
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in all measured properties. The wave propagation velocity grows moderately 
with increasing strength from 4100 m/s (conventional concrete) up to 4600 m/s 
(UHPC), leading to an increased Young’s modulus. The comparison of the 
tensile strength shows a discrimination of concrete materials into two classes. 
Conventional concrete and HPC show similar values, with a slight increase with 
higher concrete quality. In comparison to these standardized materials, UHPC 
offers signifi cantly increased tensile strength. The reason lies in the composition 
of the material and its strongly improved microstructure, leading to a dense 
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static compressive strength and (b) dynamic Young’s modulus versus 
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matrix with a good bond between the components. Furthermore, the use of 
high-strength components has a positive effect. In general, steel fi ber reinforced 
concretes behave better with a limited effect on the tensile strength, but with a 
large improvement of the fracture energy and the softening branch of the load 
displacement curve (cf. Fig. 6.19). The strain-rate sensitivity or dynamic increase 
factors (DIFs) of each property, have been investigated by Millon  et al.  ( 2009 ). 
He stated a negligible strain-rate effect (<1.2) on the Young’s modulus, but sub-
stantial increase factors of 3.5–5.0 on tensile strength, for all concrete qualities.        

  6.4.3     Experimental technique developed in 
Lorraine University (Metz) 

 A new dynamic testing facility has been developed in LEM3 laboratory 
(Lorraine University (Metz)) to test concrete specimens under spalling load-
ing for strain rates ranging from 30/s to 200/s (Erzar and Forquin,  2010 a). The 
device includes a gas-gun, used to launch a cylindrical projectile 70 or 80 mm 
in length to strike a Hopkinson bar (diameter: 45 mm, length: 120 mm), both 
made of the same high-strength aluminum alloy.  Figure 6.13  provides an illus-
tration of the experimental set-up and data processing applied for a spalling 
test performed on a microconcrete. The instrumentation includes three strain 
gages (G4, G5, G6) bonded on the concrete sample respectively at 60, 40 and 
30 mm from the free end. Moreover, two laser interferometers are used to rec-
ord the particle velocity near the bar specimen contact (Laser-triangle) and on 
the rear face (Laser-free end). The processing method used to treat the data is 
as follows. First, the time interval between both laser signals allows deduction 
of the wave speed of the tested concrete  C  0  and the dynamic Young’s modu-
lus  E  dyn  with Equation [6.6]. Then the pullback velocity is measured from the 
particle-velocity signal recorded on the rear face, and the spall strength can be 
obtained from the Novikov formula (Equation [6.3]). Finally, by reporting the 
strength value on the gage signals (converted in elastic stress,  Fig. 6.13b ) the 
failure time and strain rate at failure are identifi ed ( Fig. 6.13b  and 6.13 c ).    

 Table 6.2     Dynamic (and static) material properties for different concrete qualities 

measured on the EMI Hopkinson bar ( ε ≈ 102 /s , σ ≈ 103 GPa/s ) 

 Wave speed  Tensile strength  Young’s modulus 

 (m/s  )  (MPa)  (GPa) 

 Conventional concrete  4110  15.5 (2.9)  39.6 (31.9) 

 HPC  4540  19.8 (5.2)  51.4 (45.2) 

 HPC 1 Vol.-% fi ber 

reinforced 

 4460  19.3 (4.8)  47.5 (42.3) 

 UHPC  4620  40.7 (5.9)  50.6 (52.7) 

 UHPC 1 Vol.-% fi ber 

reinforced 

 4655  42.7 (6.6)  53.1 (53.0) 

 UHPC 2.5 Vol.-% fi ber 

reinforced 

 4695  55.3 (10.3)  56.6 (59.6) 
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 Several advances have been proposed to improve the analysis of spall-
ing tests. First, in each test, an instrumentation including strain gages and 
laser interferometers of high bandwidth (1.5 MHz) have been used, in order 
to avoid diffi culties due to inertia and adhesion of the accelerometer. The 
validity of data processing based on the use of Novikov formula was dis-
cussed by means of a series of numerical simulations involving different 
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damage and fracture models and assumed strength levels varying from 10 to 
40 MPa (Erzar and Forquin,  2010 a). Compression pulses used in the compu-
tation were directly obtained from real tests. It was shown that a maximum 
error a few percent might be expected from this data processing. 

 Moreover, with the initial goal of producing reproducible compres-
sive pulses without any infl uence of parallelism defects at the projectile 
Hopkinson bar interface, smooth-end projectiles have been designed using 
numerical simulation tools. A series of computations involving the whole 
device (projectile, Hopkinson bar, and concrete sample) have been carried 
out, varying the radius of the hemispheric cap of the projectile. It has been 
demonstrated that a large radius of about 1.7 m might improve the tensile 
loading within the concrete cylinder without causing any plastic strain in the 
Hopkinson bar close to the impacted surface.  Figure 6.14  provides an illus-
tration of this phenomenon. On the one hand, a fl at-end projectile provides 
a strongly non-uniform spatial strain-rate fi eld when the level of tensile 
stress reaches about 20 MPa within the specimen ( Fig. 6.14b ). On the other 
hand, the optimized projectile allows obtaining a much more homogeneous 
strain-rate fi eld ( Fig. 6.14c ). This result is more noticeable when plotting the 
axial stress as function of strain rate for several points distributed along the 
specimen ( Fig. 6.14d , 6.14 e  and 6.14 f ). For tensile stresses growing from 0 to 
10 MPa, the strain rate ranges between 90 and 120/s with the smooth-end 
projectile ( Fig. 6.14e ), whereas strain rates ranging from 60/s to170/s may be 
observed with a fl at-end projectile ( Fig. 6.14d ) (Erzar and Forquin,  2010 a).    

 Several spalling tests performed on MB50 microconcrete and R30A7 con-
ventional concrete have been conducted using a digital Shimadzu UHSC 
to visualize the fracturing process of the samples. Two pictures of a UHSC 
are illustrated on  Fig.6.15a . Cracks are clearly observable on both pictures. 
However, as shown by DIC processing (Correli software), cracks are initi-
ated much earlier. Indeed, a multiple fracturing process is observed in the 
specimen less than 35  μ s after the inception of the tensile loading ( T  = 0). The 
fi eld of axial displacement measured by DIC shown at  T  = 83  μ s ( Fig. 6.15b ) 
allows detection of four distinct fracture planes. Thus, the tensile damage 
in the concrete sample subjected to a spalling test is the result of inception 
and growth of multiple cracking in a very short time following the incep-
tion of tensile stresses in the sample (Forquin and Erzar,  2010 ). In addition, 
post-mortem analysis of several specimens was conducted. The sample was 
infi ltrated by a colored hyperfl uid resin then cut and fi nely polished. Failure 
patterns revealed a large number of oriented cracks perpendicular to the 
loading axis, and an increase of cracking density with the level of strain rate 
in dry rather than in specimens . More recently, a new processing technique 
has been proposed by Pierron and Forquin (2012) based on the use of the 
Virtual Fields Method (VFM). First, images of a grid bonded onto the spec-
imen are recorded by means of a digital ultra high speed camera to obtain 
axial displacement maps at the surface of the specimen. Second, a specifi c 
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    6.14      Numerical simulations of a spalling test with an elastic model 

(specimen length: 120 mm). (a) Sketch of the numerical confi guration; 

(b) and (c) fi eld of strain rate in the specimen respectively for a fl at-end 

projectile and for the optimized geometry of projectile when maximum 

stress in the specimen reaches about 20 MPa ( V  impact  = 10 m/s); (d) 

results obtained for a fl at-end projectile at  V  impact  = 10 m/s; (e) results for 

the optimized geometry of projectile at  V  impact  = 10 m/s; (f) results 

for the optimized geometry of projectile at  V  impact  = 6 m/s (Erzar and 

Forquin,  2010 ).  

virtual fi eld allows to use the VFM for deducing the average Young’s mod-
ulus and axial stress in any cross-section from the acceleration map. Finally 
it is possible to reconstruct local stress-strain curves and to derive a tensile 
strength value.      

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



160 Understanding the tensile properties of concrete

© Woodhead Publishing Limited, 2013

 Experiments performed on wet and dry MB50 microconcrete are shown 
in  Fig. 6.16  and compared to data given by Cadoni  et al . ( 2006 ), Toutlemonde 
(1992), Schuler  et al . ( 2006 ), and Weerheijm and Van Doormaal ( 2007 ). A 
strong increase of strength is noted in dry and wet concretes when subjected 
to spalling tests, whereas a limited or quasi-nil strength enhancement was 
observed respectively in wet and dry concretes at strain rates below 1/s. 
Moreover, the dynamic strength of wet specimens is clearly above that of 
dry specimens, confi rming the major infl uence of moisture on the tensile 
strength observed at low and intermediate strain rates (Rossi et al., 1992; 
Toutlemonde, 1992). See also the discussion and results given in  Chapter 7 .     
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(a)

(b)

(c)

 
 6.15      Visualization of damage in a wet concrete sample subjected to a 

spalling test by using a UHS camera and after a post-mortem study. 

(a) Pictures of Shimadzu Ultra-High Speed Camera; (b) digital image 

correlation processing (CorreliLMT Software) and (c) post-mortem analysis.  
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       [6.6]  

where ε̇ is the strain rate, ε̇0 is a reference strain rate arbitrarily defi ned and 
σ0 and nQS are parameters to be identifi ed.  

  6.4.4     Dynamic fracture energy in concretes by spalling: test 
methodologies at Delft and the Ernst Mach Institute 

 Schuler ( 2006 ) derived the fracture energy based on the momentum trans-
fer between the fragments during crack opening. Therefore the stress and 
velocity distribution over the time is calculated. The stress   σ (t)  on the sam-
ple interface with the bar is determined using Equation [6.5] and from there 
propagated into the sample assuming linear elastic behavior in Equations 
[6.7] and [6.8]. When the stress wave reaches the sample’s free end it is 
refl ected as a rarefaction wave, appearing as a – sign in the second term of 
Equation [6.7]. During release, the velocity  v  is further increased, and thus a 
+ sign occurs for the second term in Equation [6.8].  
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 6.16      Quasi-static and dynamic tensile strength of dry and saturated 

MB50 microconcrete obtained by spalling technique. Comparison with 
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and Weerheijm and Van Doormaal ( 2007 ).  
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 Thereby, the velocity distributions as well as the mean velocities are 
calculated in the two fragments just before and after cracking. They are 
compared to the fragment velocity evaluations from high-speed videos 
(Schuler,  2006 ), later replaced by optical high-speed extensometer record-
ings (Millon  et al .,  2009 ). 

 The derivation of the fragment mean velocity before and after fracture 
is the base of the calculation of the fracture energy. The difference, or dis-
sipated kinetic energy, is interpreted as the fracture energy needed to open 
the crack and to cause fragmentation.  

I
t

tf dFF
d

d
dFdFF ∫∫∫ δIdδ = ∫ ’δδ     [6.9]    

G vmf δ’δδ     [6.10]   

 The total energy  G  f  consumed by the fracture process is equal to the inte-
gral of the force F during the crack-opening displacement   δ   (Equation 
[6.9]), which can also be expressed as change in momentum I. Equation [6.9] 
leads to the simple Equation [6.10] calculating the fracture energy from the 
crack opening velocity   δ´   and the reduction  Δ  v  of the velocity of fragment 2 
between crack initiation and the fully opened crack. 

 Undisturbed cylindrical specimens tend to provide fracture zones and 
multiple fracture planes (Schuler  2006 ); see also the method described in 
Section 6.3.3 for the moderate loading rate regime. This fact compromises 
the calculation of the specifi c fracture energy per unit surface area  G  f  ′  = 
G  f   /A , which is the actual material parameter. Therefore, Schuler intro-
duced additionally notched specimens to provide one clear fracture area 
A ( Fig. 6.18 ). Ever since, notched specimens to derive the specifi c fracture 
energy on one fracture plane and unnotched samples to derive the dynamic 
strength in undisturbed one-dimensional samples have been used at EMI.    

 The accuracy of the velocity measurements, and consideration of the mate-
rial scattering, have been identifi ed as main infl uences during application 
and refi nement of this technique over the last years. Schuler originally used 
2D high-speed digital recordings with a spatial resolution of about 0.5 mm 
(1024  ×  512 pixel) with typically 1000–8000 frames/s. Millon  et al . ( 2009 ) 
refi ned the method by introducing a 1D optical extensometer to resolve 
displacements below 0.005 mm with a sampling rate of 10 6 /s (1 MHz), get-
ting close to measure the actual crack opening process at the early stages 
of  Fig. 6.18b . The refi ned measurements lead clearly to an increase of the 
derived fracture energies by several 10%.       

 The material scattering, on a batch of more than 25 tests with virtu-
ally identical initial conditions with respect to the specifi c fracture energy, 
has been recently studied in cooperation with Nanyang Technological 
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University, Singapore. Despite thorough sample preparation, very repeat-
able striker impact velocities (standard deviation <7%) and application of 
the high-resolution optical extensometer, a wide variation of  G  f  ′  from 290 to 
1030 N/m, with a noticeable standard deviation of 205 N/m (35%), has been 
derived ( Fig. 6.18c ). The average specifi c fracture energy of 592 N/m clearly 
exceeds Schuler’s value 380 N/m derived by 4–7 samples per input condi-
tion. In conclusion, it can be stated that signifi cant scattering of the fracture 
energy seems to be an intrinsic material property of concrete. The mean 
fracture energy of 728 N/m (with standard deviation of 310 N/m), derived 
from eight tests with local strain gages by Weerheijm and Vegt at Delft, falls 
reasonably well within the range of results measured at EMI with the same 
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 6.18 (a)      Notched specimen and analytically calculated velocity 

distribution before fracture.  
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sample dimensions (Weerheijm  et al .,  2009 ). Other test series performed by 
Weerheijm and Vegt, with slightly different test conditions, confi rm the con-
clusion that the scatter in fracture energy is an intrinsic concrete property 
at high loading rates.         
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 The following conclusions can be drawn from application to various con-
crete qualities in  Table 6.3  and  Fig. 6.19 . The measured fracture energies 
show, in comparison to the tensile strength and the Young’s modulus, no 
signifi cant infl uence of the bulk concrete quality. The addition of steel fi bers 
leads to a remarkable increase of both the ductility and fracture energy. 
The latter property increases by a factor of 10–30. The experiments show 
that already a small fi ber content of 1% is suffi cient to increase the fracture 
energy signifi cantly ( Table 6.3 ).      

  Table 6.3  allows derivation of the DIF for measured fracture energies at 
strain rates around 30–165/s, again comparable to quasi-static notched-beam 
bending tests at about 10 –4 /s (Millon  et al .,  2009 ). Pronounced dynamic 
increases around 300% are observed for conventional concrete and HPC 
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 6.19      Dynamic fracture energy for conventional to UHPC concrete for 

0% and 1% of steel fi ber content at strain rates of 70–160 1/s (Millon 

 et al .,  2009 ).  

 Table 6.3     Results of the Hopkinson Bar experiments for the dynamic (and static) 

fracture energy ( ε ≈ 102 /S, σ ≈ 103 GPa/s    ) (Millon  et al .,  2009 ). 

 Specifi c fracture energy  G  f  ’ (N m  − 1 )  

 Conventional concrete  592 a   ±  205 (150) 

 HPC  480 (160) 

 HPC 1 Vol.-% fi ber reinforced  4200 (2270) 

 UHPC  360 (230) 

 UHPC 1 Vol.-% fi ber reinforced  10 070 (10 300) 

 UHPC 2.5 Vol.-% fi ber reinforced  11 290 (13 900) 

     a   Original value of 380 N/m (Schuler 2004,  2006 ) recently refi ned by optical 

extensometer measurements on large number of samples.    
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without fi ber. UHPC concrete with 1% fi ber content yields to the same 
fracture energy as under static conditions in the spallation tests, within the 
experimental scattering. The strain-rate effect is low, but the absolute values 
for the static and the dynamic fracture energy are high. Independently of the 
concrete quality, a lower rate effect is observable compared to the tensile 
strength. Thereby, with increasing concrete strength higher loads and higher 
strain rates are required to produce fragmentation in the experiment. 

 In the set-up and analysis presented above, nowadays optical extensom-
eters are used to monitor the fracture process and gain data to derive the 
dynamic fracture energy. This diagnostic technique is related to the method 
developed in Delft by Weerheijm and Vegt. They worked on a method to 
derive the stress deformation curve, and thereby the fracture energy, directly 
from strain and deformation recordings (Weerheijm  et al ., 2001,  2004 ; Vegt 
et al. ,  2007 ). The set-up in Delft consists of a horizontal steel bar (length 2 m, 

  74 mm), supported by strings ( Fig. 6.20 ). The compression pulse is gener-
ated with small explosive charges. The diagnostics and data acquisition are 
designed to reconstruct the stress distribution along the specimen as a func-
tion of time. To derive the full load deformation curve, notched specimens 
are used. The stress distribution in the notched section is combined with the 
deformation recordings for the whole response process up to failure, so the 
dynamic fracture process is reconstructed from the recordings. To examine 
the possibilities to reconstruct the whole response process, the specimen is 
instrumented with a large set of strain gages.    

 The applied diagnostics of the modifi ed split Hopkinson bar (MSHB) 
are similar to the equipment of the gravity driven split Hopkinson bar. The 
generated pulse in the steel (incident) bar is recorded by two sets of strain 
gages at the steel bar to check the amplitude, energy, and reproducibility of 
the loading pulse induced by the explosive charge. A part of this incident 
pulse is transmitted to the concrete specimen (dimensions:    74 mm, length 
300 mm). The refl ected part is recorded by the strain gages on the steel bar, 
while the transmitted pressure pulse, the wave propagation and refl ection 
process within the specimen are recorded with a number of strain gages dis-
tributed along the notched specimen ( Fig. 6.20 ). The functions of the strain 
gages are as follows. Two pairs of strain gages (R1-R4) are located near the 
contact surface to record the transmitted pulse and check symmetry, in case 
of occasional bending . In combination with the other longitudinal gages 
(R5/6, R13, and R9/10), wave velocity and dispersion are recorded. From the 
wave velocity, the dynamic Young’s modulus is derived assuming 1D stress 
condition (E cdyn ρc0

2    ). Using the  E  dyn  the transmitted stress pulse is calcu-
lated from strain gages R1/2 and compared with the recorded incident and 
refl ected pulses in the steel bar. Reliable data on the wave velocity is needed 
to check the load transmission process and to quantify the loading condi-
tions in the concrete specimen. The experiments showed that 3–4 gages are 
needed to derive representative, reliable data on wave velocity and  E  dyn.     

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



168 Understanding the tensile properties of concrete

© Woodhead Publishing Limited, 2013

 To reconstruct the stress conditions along the specimen in time, the 
assumption is that the concrete is a perfect linear elastic material in com-
pression and no damage occurs. This assumption is checked on the condi-
tion of constant  c  0  – values between the strain gages and the condition of no 
residual strains at location R1-R4. Note, that the amplitude of the loading 

 

(a)

(b)

(c)

 
 6.20        (a) 74mm MSHB in Delft for high loading rates (1000 GPa/s); 

(b) instrumented specimen; (c) specimen instrumentation scheme.  
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pressure pulse was limited to about 1/3 of the static concrete  compressive 
strength. This restriction appeared to be suffi cient to fulfi ll the above men-
tioned conditions. 

 Besides the quantifi ed loading pulse and the reconstructed stress history 
along the concrete specimen, the deformation in the fracture zone had to be 
recorded to derive the full stress deformation relation. The dynamic strength 
and total fracture energy are derived from this relation. Because of the high 
loading rate the mass of the displacement gages needs to be mass-less  to 
prevent distortion of the recording by mechanical vibrations of the gage sys-
tem. A new measuring device was developed, consisting of a 30 mm strain 
gage glued onto a synthetic foil. The ends of the foil are bonded onto the 
specimen, leaving a certain unbonded area around the notch. The support-
ing foil behaves linearly and is able to stretch for a certain distance before it 
breaks (Vegt  et al .,  2007 ). The new device was extensively tested, calibrated, 
and proved to fulfi ll the requirements. 

 The measured deformations at the notch are combined with the resulting 
stresses in the notch to obtain the desired stress deformation curve. This 
method is consistent with the method applied in statics and for the SHB in 
the moderate loading regime.  Figure 6.21  presents examples of the recorded 
pressure pulses, the tensile pulse recorded beyond the failure zone, and the 
reconstructed stress condition in the notched zone.  Figure 6.22  shows the 
deformation time record and the reconstructed stress deformation curve. 
The applied diagnostic technique enables determination of the fracture 

R9tm17_trek_cor R9tm17_druk_cor
Notch_druk Notch_trek
Notch_cal
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400 450 500 550
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 6.21      Examples of recorded and reconstructed strain-time records 

(units:  μ -strain and  μ sec). The curve indicated with ‘Notch-druk’ gives 

the incident LE-pressure curve at the notch as a function of time. The 

curve ‘R9tm17_trek_cor’ is the transmitted tensile pulse recorded at 

R9–17. This pulse is shifted in time (‘Notch-trek’ curve) to synchronize 

incident and refl ected pulses at the notch. The sum of the incident 

and transmitted curve results in the stress condition at the notch as a 

function of time (the curve ‘Notch_cal’). Note the steepened slope of the 

resulting tensile pulse in the notched area.  
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energy consistently with the methods applied in statics and the moderate 
loading regime. 

 The prime focus of the test set-up and diagnostics is on the fracture 
energy, but of course data on the dynamic Young’s modulus and strength 
are also obtained. 

  Figure 6.23  gives some of the results obtained with the set-ups at Delft. 
The strength data exhibits the enhanced increase beyond strain rates of 1/s 
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 6.22      Reconstructed load-deformation curve (right) from stress state 

(left) and recorded deformation at the notched zone.  

   6.23      (a) DIF tensile strength data Vegt et al. (2007) and (b) mean values 

fracture energy data.  
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and the effect of moisture on the rate effect. See also the discussion and data 
given in  Chapter 7 and 10 .           

 Concerning the fracture energy data, it is emphasized that the scatter 
is large for the high loading rate regime (see Section 6.4.4). This scatter is 
an intrinsic property of concrete, and should be considered in defi ning test 
programs.        

  6.5     Characterizing the tensile strength of concrete 
at very high loading rates ( σ ̇ ≥ ≥ 105 GPa/s or 
 ε ̇ ≥ ≥  2000/s) 

 Spall experiments with plate-impact technique have been widely used to 
characterize the dynamic strength of brittle and ductile materials (Antoun 
 et al .,  2002 ). The principle of these tests is the following. A thin disc, launched 
at a velocity of few tens to few hundreds of meters per second, hits a target 
made of the material to be characterized. Compressive waves, propagated 
in the projectile and in the target, refl ect as release waves on free surfaces 
of the target and projectile. A fast dynamic tensile loading initiates when 
both release (decompression) waves cross each other, leading to a dynamic 
failure in a uniaxial strain state. This technique was employed for studying 

6.23 Continued
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the ductile failure of metals induced by void- or microcrack-growth coales-
cence (Antoun  et al .,  2002 ). This technique was also used to characterize the 
spall strength of ceramics (Cosculluela,  1992 ; Cagnoux,  1994 ; Bartkowski 
and Dandekar,  1996 ; Hiltl and Nahme,  1997 ). The spall strength is derived 
from the formula proposed by Novikov  et al . ( 1966 ):  

 σ ρp l pρ b

1

2
C vρ ,        [6.11]   

 where   ρ  , C L  denote respectively the density and the longitudinal wave speed 
(CL = ( ) /)+ ρ    ) and vpb     denotes the pullback velocity corresponding 
again to the difference of velocities between the maximum value and the 
velocity at rebound, both measured on the rear face of the specimen. A laser 
interferometer is generally used to record this velocity. 
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 6.24      Spalling tests by plate-impact technique performed on mortar 

specimens (Grote  et al .,  2001 ). (a) Plate impact set-up and (b) velocity 

profi les recorded on the rear face of mortar sample.  
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 6.25      Spalling experiments performed with GEPI (Générateur Electrique 

de Pressions Intenses) facility at Gramat (a) Scheme of an electrode 

in the load region. (b) Spall experiment performed with a mortar 

specimen 5 mm thick. (c) Free surface velocities measured by VISAR 

interferometer. (d) Recovered specimen (Erzar  et al .,  2009 ).  
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(d)

6.25 Continued
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    6.26      EOI experiments performed with Ductal® Ultra-High-Strength 

Concrete (Forquin and Hild,  2008 ). (a) Schematic of the sarcophagus 

confi guration; (b) front view of the device with confi nement system; 

(c) damage pattern after EOI of an aluminum projectile (impact velocity 

= 88 m/s); (d) and a steel projectile (impact velocity = 130 m/s).  

 Grote  et al . ( 2001 ) conducted plate-impact experiments to characterize the 
spall strength of mortar specimens by using a PMMA striker ( Fig. 6.24 ). The 
authors obtained a spall strength of 42.3 MPa with the lowest impact veloc-
ity (89 m/s), whereas lower strengths (33.9 and 12.7 MPa) were obtained at 
higher impact velocities (respectively 290 and 408 m/s). The compressive 
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pulse that preceded the tensile loading supposedly weakened the sample in 
the two last experiments.    

 A similar technique was used by Kipp  et al . ( 1997 ) to investigate the spall 
strength of conventional concretes (max. grain size: 10 mm) in plate-impact 
experiments. Despite the scatter in the results the authors evaluated a spall 
strength of about 30 MPa. However, as in the Grote  et al . test series, the 
strain rate of the loading remains unknown. 

 More recently a new testing device, GEPI, was developed in the CEA 
(Commissariat  à  l’Energie Atomique et aux Energies Alternatives) – Centre 
de Gramat (Hereil  et al .,  2003 ). A very short and intense current (about 
3.5 MA in 500 ns) is used to accelerate an electrode by the Laplace effect 
( Fig. 6.25a ). The electrode initially in contact with the concrete sample plays 
a similar role to an impactor in the case of a plate-impact experiment. So, 
the pressure pulse refl ects as a tensile pulse on the rear free surface of the 
target. A spall fracture occurs in a state of uniaxial strain, unlike spalling 
tests with a Hopkinson bar where a uniaxial stress state is obtained. 

6.26 Continued

(c)

(d)
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 A spall experiment confi guration used to characterize the tensile strength 
of MR30A7 mortar is shown on Fig. 6.25b. Three VISAR laser interfer-
ometers are directed towards the free surface of the specimen. A PMMA 
sample is placed in contact with the lower electrode, so this fourth velocity 
measurement serves as a chronometry indicator to calculate the longitudi-
nal wave speed in concrete. Experimental data from VISAR interferom-
eters are plotted on Fig. 6.25c. The average strain rate is about 4500 s  − 1 , and 
the spall strength of about 49 MPa is quite similar to the values obtained 
by Grote  et al . ( 2001 ) and Kipp  et al . ( 1997 ) in plate-impact tests (about 
40–50 MPa). However, the major advantages of this pulsed-power tech-
nology, in comparison with a conventional plate-impact experiment, lies 
in the fact that, on the one hand, a slower rise time of the incident pulse is 
obtained so the strain rate of the tensile loading may be easily computed 
while, on the other hand, the sample can be recovered for post-mortem 
analysis (Fig. 6.25d).  

  6.6     Edge-on impact tests performed on concrete 

 EOI confi gurations had been fi rst developed at EMI in Germany (Hornemann 
 et al ., 1984; Strassburger  et al ., 1994) and by the Centre Technique d’Arcueil 
(CTA) in France (Denoual  et al ., 1998; Riou  et al . 1998; Forquin and Hild, 
 2008 ). During an EOI test, a cylindrical projectile hits the edge of a tile to 
be fragmented. In the same way as for a real impact, a compressive wave 
propagates within the target, inducing a radial motion of the material along 
the axis centered on the impact point. This radial motion creates tensile 
hoop stresses that may induce intense damaging of the target from oriented 
microcracks. Riedel  et al . ( 2010 ) numerically analyzed the sequence of load-
ing conditions leading to failure using Smoothed-particle hydrodynamics 
(SPH) and Lagrangean hydrocodes. Steinhauser  et al . ( 2009 ) used the test 
to validate discrete element simulations. 

 Two confi gurations are usually considered for these tests. In the fi rst 
(open confi guration), the development of the fragmentation process is visu-
alized in ‘real time’ by means of an optical ‘Schardin camera’ or, nowadays, 
also digital UHSC. In the second confi guration (sarcophagus confi guration), 
the specimen is placed within an aluminum casing to keep all fragments in 
place after the test. Next, the fragmented target is infi ltrated by a colored 
hyperfl uid resin and fi nely polished so the macroscopic and microscopic 
post-mortem cracking pattern may be observed. 

 EOI experiments have been conducted by Forquin and Hild ( 2008 ) 
to investigate the damage modes induced by impact loading in UHPC 
(Ductal®) targets. A slab of size 300  ×  150  ×  15 mm  3  is impacted on the edge 
by a metallic projectile (diameter: 20 mm, length: 50 mm) travelling at 90–130 
m/s. A schematic of the sarcophagus confi guration is shown on Fig. 6.26a. 
In this confi guration, a ‘dynamic confi nement system,’ composed of two 
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half-cylinders made of tungsten and two half-crowns made of steel, is put in 
contact with the lateral faces of the concrete tile near the impact point. This 
confi nement system ensures a plane strain compression loading in front of 
the projectile. Consequently, the hydrostatic pressure in this area increases 
and it allows one to benefi t from the large increase of strength of rock and 
concrete materials with the level of confi nement pressure. Therefore, the 
extent of compressive damage is reduced and the modeling of the test is 
easier. As no additional static loading is used to ensure a good confi nement, 
the confi nement system is really effective during the back-and-forth time 
of waves in the confi nement (about a dozen microseconds). This is why this 
system is called dynamic confi nement. 

 Results of EOI tests carried out on the Ductal® fi bered concrete are 
shown in Fig. 6.26c and 6.26d. In the fi rst test, an aluminum projectile hits 
the target at 90 m/s, whereas a steel projectile impacting at 130 m/s was used 
in the second confi guration. In both cases, an intense fragmentation is visi-
ble far beyond the area of confi nement. It is composed of numerous cracks 
oriented in the radial direction (from the impact point). Moreover, in the 
second test (steel projectile, impact velocity of 130 m/s), complex cracking 
mechanisms may be observed close to the comminuted area. In particu-
lar cracks, called snail cracks, oriented at 45 °  with respect to the radial and 
hoop directions are noted. These cracks, developed in mode II with rubbing 
lips, correspond to a confi ned compressive damage due to high compression 
stresses induced close to the area of confi nement. Furthermore, it is noted 
that fi bers did not prevent crack initiation and propagation, even if they 
provided a substantial residual strength to the fragmented target (Forquin 
and Hild,  2008 ). 

 More recently, EOI experiments have been conducted on microconcrete 
and common concrete samples in the LEM3 laboratory. The concrete tar-
get, a plate 15 mm thick was impacted by an aluminum alloy projectile 
22.5 mm in diameter. Again, both confi gurations (i.e. open and sarcopha-
gus confi gurations) have been considered for these tests. This technique was 
used to analyze the damage kinetics during the test (Erzar,  2010 b; Erzar and 
Forquin, 2011). 

 The tests performed on dry and water-saturated specimens revealed an 
important red  of oriented crack and a notable infl uence of water content: 
indeed higher cracking density was noted in dry specimen compared to wet 
specimens. This result is consistent with spalling tests in which wet speci-
mens showed higher tensile strength than dry specimens.  

  6.7     Conclusions 

 Several sets of experimental methods are proposed in the literature to char-
acterize the tensile response and fracture energy of concretes in dynamic 
conditions. High-speed hydraulic press or SHB facilities may be used to 
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characterize the tensile behavior of concretes at intermediate loading rate 
(strain rate range 1e-3/s–10/s). Spalling experiments performed with a single 
Hopkinson bar are commonly used to reach higher strain rates (10/s–200/s). 
In this confi guration, the specimen is intentionally unbalanced and 
stress-wave analysis is applied. The plate-impact technique allows reaching 
much higher strain rates, but with a state of uniaxial strain. As in spalling 
tests, a pressure pulse refl ects as a tensile pulse on the rear free surface of 
the target. However, the tensile pulse duration is very short (less than a few 
ns). Impact tests as EOI experiments are employed to visualize the kinetics 
of damage and to improve understanding of the fragmentation process at 
high loading rates. 

 Among the main experimental results obtained with conventional 
concretes, microconcretes, high-strength concretes and mortars, strong 
strain-rate sensitivity is noted above 1/s as well as a clear infl uence of 
free-water content on their tensile strength and fracture energy. Aggregate 
size seems to have a limited effect on strength enhancement. Moreover, 
post-mortem analyses of spalled or impacted specimens have revealed a 
strong increase of cracking density above 1/s. 

 Several limitations are also pointed out, for instance concerning the 
post-peak behavior of concrete at high or very high strain rates, resulting 
from the short pulse duration applied in spalling tests, especially at a very 
high strain rate. Scatter in the results is noted for the measurement of frac-
ture energy at very high strain rates, which seems to result from the vari-
ability in concrete microstructure, but this needs further study. Moreover, 
some diffi culties arise for characterizing the tensile strength of concrete 
at extremely high loading rates in plate-impact tests. Indeed, as shown by 
Grote  et al . ( 2001 ), the compressive pulse that precedes tensile loading may 
weaken or damage the sample. Some further work should enable overcom-
ing these gaps, benefi ting from recent progress in numerical modeling and 
experimental tools.  
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  Abstract : The response of concrete up to complete failure in tension 
is represented in the load deformation relation. The characteristic 
parameters are the ultimate strength, stiffness in the ascending branch 
and the fracture energy. All these parameters depend on concrete 
composition and environmental conditions, as discussed in the previous 
chapters. The observed response of concrete at macro-level is determined 
by the damage initiation and damage accumulation mechanisms at 
meso- and micro-scale levels. The failure process is governed by (i) the 
stress condition, (ii) the mechanisms governing microcrack nucleation, 
propagation and obscuration of critical fl aws, (iii) the ability to absorb 
energy in fracture, and (iv) the energy fl ow from the surrounding material 
into the fracture zone. In dynamics, all four conditions vary in time and 
depend on the loading rate. This chapter discusses the background and 
mechanisms of the rate-dependent behaviour of concrete, focusing on the 
effects of (i) inertia and limited cracking velocity at material level, (ii) 
concrete composition at meso-level, and (iii) moisture content and pore 
distribution. The available experimental data on dynamic strength and 
fracture energy are presented and related to response mechanisms for the 
different loading rate regimes.     

  Key words : dynamic loading, rate dependency, tensile strength, fracture 
energy, damage modelling, dynamic testing, fracture process, crack 
velocity, concrete heterogeneity, meso-scale, inertia effects. 

    7.1     Introduction: concrete response mechanisms 
under impulsive tensile loading 

 Concrete is probably the most rate-dependent structural material. Especially 
in tension, concrete exhibits a pronounced increase in strength for high load-
ing rates. One can distinguish two regions of rate dependency. For loading 
rates, ranging from static (10 –4  GPa/s) to intermediate (50 GPa/s), a moderate 
rate effect in tensile strength is observed. Beyond the rate of 50 GPa/s (strain 
rates>1/s) a very steep strength increase occurs.  Figure 7.1  shows sets of exper-
imental data and model predictions, which will be discussed in Section 7.2.6. 
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The transition to high rate dependency occurs for concrete at low loading rate 
values in comparison with other materials, such as ceramics and metals. The 
main causes for this are their low quasi-static strength ( f  t,stat ) and the coarse het-
erogeneity of concrete, the failure being dominated by processes at meso-level 
with an aggregate skeleton at a scale in the order of 10 mm.    

 The key difference between the responses to static and dynamic loading 
is ‘time’. The supplied energy propagates through the structure at a certain 
velocity, and damage does not occur instantaneously because the fracture 
process takes some time. To study and understand the rate effect in mate-
rial response, we have to analyse how the failure mechanisms are affected 
by ‘time’, and at which time scale the fracture process within the heteroge-
neous concrete material develops. 

 Other important aspects in dynamic response analysis are ‘the role of 
inertia’ and the distinction between ‘material response and structural 
response’. Especially at higher loading rates, the observed response in tests 
is the result of the dynamic structural response of the specimen as well as 
the real material response. The inertia at structural level will infl uence the 
average stress distribution, while inertial effects inducing some limitations 
in crack initiation and propagation at meso- and micro-levels will affect the 
fracture process within the material. As discussed in  Chapter 10 , the defor-
mation rate in the fracture process zone becomes so fast at high loading 
rates that the inertia generated in this zone affects the strength observed 
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in tests. Cotsovos and Pavlovic ( 2007 ) postulates that all experimentally 
observed rate effects are due to structural response. The authors do not 
support this extreme statement but cautious analysis to separate structural 
and material response is required. Therefore the term ‘apparent dynamic 
strength’ is mentioned in the caption of  Fig. 7.1 . This chapter focuses on the 
material response mechanisms. 

 The rate effect on tensile strength has been studied and reported by 
many authors (e.g. Ross, Grady, Tedesco, Reinhardt, Malvern). Not all the 
details of the mechanisms are understood yet, but the headlines are known. 
However, the research and knowledge on the rate effects on the full fail-
ure process of microcracking and macrocrack formation is very limited. In 
 Section 7.3  some ideas are presented on the rate dependency of the fracture 
energy and the shape of the load deformation curve. 

 This chapter is divided into two main parts, one on the dynamic strength 
(Section 7.2) and the other on the rate effects on the failure process and 
the fracture energy (Section 7.3). First, the governing mechanisms are pre-
sented, followed by some of the available models and data.  

  7. 2     The effect of cracking rates on the tensile 
strength of concrete 

 The mechanisms resulting in the moderate and enhanced rate effect on ten-
sile strength are discussed in this section. The heterogeneous composition, 
see  Chapter 1 , the fracture mechanics principles and crack propagation pro-
vide the basis to understand and explain the dynamic concrete response. 

  7. 2.1     Mechanical response 

 As discussed in  Chapter 1  the tensile strength (f t ) is determined by the frac-
ture process at micro- and meso-scales. The failure process starts with bond 
fracture at about 0.6 f t , followed by matrix fracture at a load of 0.8 f t . Beyond 
this level, the microcracks in the mortar start to grow, bridging of the bond 
cracks occurs, and when the maximum resistance is reached, crack propagation 
becomes unstable and fi nal failure occurs by the formation of macrocracks. 

 To study the rate effect on strength, the initiation of bond cracks and 
microcracks in the cement and mortar phase have to be addressed. Zielinski 
and Weerheijm amongst others (Zielinski,  1982 ; Weerheijm and Karthaus, 
 1985 ; Reinhardt and Weerheijm,  1991 ; Weerheijm  1992 ,  1998 ,  2006 ) applied 
fracture-mechanics principles to the meso-structure to study the rate effect 
on tensile strength. The model is described in detail in Weerheijm ( 1992 ) 
and is applicable for the moderate as well as the high loading rate regime. 
Here it is merely introduced, as it helps to identify the dominant mechanisms. 
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In summary, the tensile-fracture process is modelled by crack growth in a 
fi ctitious-failure plane. The initial damage stage is represented by equally dis-
tributed penny-shaped fl aws (radius a o ) at intermediate distances (2b). Around 
the initial fl aws two zones are distinguished. One zone, A b , represents bond 
failure and the other zone, A m  + A a , represents mortar and aggregate fracture. 
The geometry of the fi ctitious-fracture plane follows, on one hand, from the 
requirement that the dissipated energy in the fracture plane of the real mate-
rial corresponds with the dissipated energy in the model. On the other hand, 
crack extension in the fi ctitious-fracture plane is described by using the stress 
and displacement fi elds given by Linear Elastic Fracture Mechanics (LEFM). 
Application of the strength criterion of the LEFM yields that a o  and a c  are 
the critical crack sizes at 0.6 f t  and 0.8 f t  respectively. With these criteria, the 
geometry of the fi ctitious-fracture plane is defi ned when the static strength, 
Young’s modulus, Poisson’s ratio, aggregate fraction and the specifi c surface 
energies, are known. The fi ctitious-fracture plane represents concrete compo-
sition and static strength properties. The stress fi eld around the cracks is calcu-
lated for uniaxial tensile loading. Crack extension is predicted as a function of 
time, and follows from the balance of energies in the region around the crack 
tip. The model predicts a moderate strength increase for loading rates up to 
15 GPa/s, when the geometry of the fracture plane is changed according to a 
higher energy demand (Zielinski,  1982 ). Otherwise, no strength increase is 
predicted for this loading rate regime. For higher loading rates, an enhanced 
strength increase is predicted according to the experimental data in  Fig. 7.1 . 
The model addresses the two dominant aspects of strength rate dependency, 
which are the effect of the loading rate on (i) crack initiation and (ii) crack 
growth. These aspects are discussed next in more detail.  

  7. 2.2     The effect of the transition from moderate to 
enhanced cracking rates on strength 

 To understand and model the dynamic concrete response the questions to 
be addressed are: (i) does energy demand change and alters the fracture 
plane, (ii) does the strength criterion for crack-growth initiation change, and 
(iii) does the internal stress distribution change due to increasing strain/
loading rate and crack velocity? The last aspects are studied by Freund, 
Barrenblatt and Sih. Their work shows that the dynamic stress intensity fac-
tor ( K  I,d ) around fl aws initially increases proportionally with  t  1/2  after impact 
and rapidly approaches the static value. They also proved that K I,d  decreases 
with increasing crack velocity, see  Figs 7.2a  and  7.2b .    

 Let us fi rst focus on the role of micro-inertia on the dynamic stress inten-
sity factor of a penny-shaped crack before crack initiation (Chen and Sih, 
 1977 ). In  Fig. 7.2  time is scaled with the shear-wave velocity (denoted as  c  2 ) 
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and the fl aw radius ( a ). After the shock hits the fl aw, the stresses are at fi rst 
lower than in static state. Until  c2       .t/a = 1  the reduced stresses will defi nitely 
result in delayed crack initiation. After a while, fi ve wave rays along the 
crack surfaces, equilibrium static-stress distribution is reached. Note that 
this phenomenon is seen in many wave problems, that after a number of 
wave refl ections an average, quasi-static situation is reached. The effect of 
discontinuities in geometry, stiffness or loading is smoothed. 

 Because the dynamic strength is directly coupled to crack initiation, two 
regimes emerge from the theory (see Equations [7.1] and [7.2]). In Region I, 
no rate effects on strength will occur because internal stress distribution is 
similar to statics. Region II exhibits rate effects on strength, which increase 
with increased loading rate. In this region micro-inertial effects are domi-
nant, which lead to limitations in crack nucleation. In this discussion, the 
conditions that limit the velocity of crack propagation have not yet been 
considered (see also Section 7.2.4).  

 
σ <

C f⋅
a

tff ,st
Region I no rate effects on strength due to

m
,

icroii -inertia on crack initiation     
[7.1]

    

σ ≥
C f⋅

a
tff ,st

Region II  rate effects on strength due to
micr

,
o-oo inertia on crack initiation     

[7.2]
   

 in which  
a     = radius characteristic fl aw size (m)  
f  t,st      = static tensile strength (Pa)  
C  r      = Rayleigh wave velocity (m/s)  
σ         = loading rate (Pa/s)    
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initiation and (b, right) ratio as function of the crack growth velocity 

(Chen, 1977).   
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 Let us apply this theoretical result to real concrete. Concrete composi-
tion, water cement ratio and curing conditions determine the initial damage 
level, the internal stresses and initial defects. For statics Reinhardt discussed 
these effects in  Chapter 2 . To give some rough numbers, the heterogeneity 
and the characteristic fl aw size are determined by the aggregate size (order 
0.1  Φ  aggr   ≈  1 mm). Applying Equation [7.1] for  ft,st      = 3 MPa and  C  r  = 1800 m/s, 
only beyond σ = 5000GPa / s  ( ε = 1501 s ), rate effects can occur due to 
delayed crack initiation. The test data show that signifi cant rate effects 
already occur beyond 50–100 GPa/s. Obviously, the effect of micro-inertia 
on crack initiation is not the factor that dominates the apparent rate depen-
dency of the tensile strength. 

 The next step is to consider crack growth. Before the maximum strength 
is reached, the initial defects (microcracks) have to grow, which takes time. 
During this time,  t  ft , the dynamic load increases. The effect on the observed 
dynamic strength depends on (i) the required crack growth ( Δ  a ), (ii) the crack 
velocity ( a    ), and (iii) the loading rate (σ    ). As a fi rst estimate at which load-
ing rates with a 10% strength increase can be observed, we have assumed an 
average value of a = 1000m s  and calculated for some  Δ  a -values the  t  ft  and 
the corresponding loading rate at which 0.3 MPa is reached. The results are 
given in  Table 7.1 , and show that the onset of the rate dependency for the 
concrete tensile strength corresponds with the experimental data ( Fig. 7.1 ).    

 Reality is of course more complex. As described later, the dynamic fail-
ure of concrete is the result of inception and propagation of a number of 
cracks initiated from critical defects randomly distributed in the volume. 
Moreover, the crack velocity is not constant and the  K  I,dyn  also depends 
on a    . The results of Freund, presented in  Fig. 7.2b , show that the stresses 
in front of the crack tip gradually decrease with increasing crack velocity. 
Ultimately, at crack velocities equal to  C  r , the ‘new crack size information’ 
cannot be transferred in time to the material in front of the crack tip, result-
ing in  K  I  = 0. The model developed by Weerheijm ( 1992 ) predicts the crack 
growth by calculating the energy fl ux into the fracture zone and the energy 

 Table 7.1     Loading rate beyond which ft becomes rate dependent. 

  Data for a = 1000m / s and ft = 3 MPa    

  a     o (mm)   Δ  a  (mm)  σcrit GPa/s)(   εcrit ( )1/s  

 1  20   15  0.5 

 1  10   30  1 

 1   5   60  2 

 1   2  150  5 
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absorption rate by crack growth, and takes all the effects on the dynamic 
stress fi eld ( K  Id ) into account. This more thorough analysis shows that the 
changes in  K  Id  due to dynamic loading and the crack velocity only play a 
role for loading rates beyond σ ≈ 50GPa/s  ( ε ≈ ( )2 1( s    ), the same thresh-
old we obtained from fi rst-order approach. 

 From the presented analysis and discussion we conclude for loading rates 
σ    < σtransition  ( ≈  50 GPa/s for ordinary concrete):

   the decisive, internal stress distribution is not affected by dynamic load-• 
ing conditions or crack velocity;  
  if the strength criterion for crack growth initiation ( • K  Ic ) is not affected 
by the loading rate, no rate effect on strength will occur.    

 From these observations and conclusions it is evident that the observed 
rate dependency of the tensile strength in tests for the regime σ < 50GPa/s  
must be caused by an enhanced resistance to crack initiation bearing no 
relation to micro-inertia effects. The moisture contents and the pore struc-
ture are the keys to explain the observed strength increase. This is discussed 
in  Section 7.2.5 .  

  7. 2.3     Mechanical response under high loading rate 
regimes (σ > 50GPa s/ ) 

 For this regime extensive rate effects are observed. In  Section 7.2.2  it was 
shown that, on the one hand, the internal stress distribution around exist-
ing microcracks changes for loading rates larger than about 5000 GPa/s. On 
the other hand, above σtransition  the limited cracking velocity is seen to play 
a major role on the strength enhancement with stress rate. Since the 1980s, 
the infl uence of micro-inertia and cracking velocity on the dynamic tensile 
strength and number of fragments in brittle materials has been investigated 
(Kipp  et al. ,  1980 ; Grady and Kipp,  1987 ). Kipp  et al.  ( 1980 ) introduced the 
idea that the fracture process under tension is governed by inertia. They 
used the stress distribution around a single crack due to transient tensile 
load. Based on LEFM and the assumption of a critical stress intensity factor 
which depends on the loading rate, but constant during the fracture process, 
they derived for high loading rates the relation (Equation [7.3]) with   β   = 1/3. 
The ‘power-law’ dependency emerges also from rate theory and is used to 
fi t test data for both loading rate regimes, deriving the coeffi cients for  A  and 
β   (see also Section 7.2.6 where some examples are given).  
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 Based on similar ideas and fracture mechanics principles, the authors intro-
duced the fracture model with the fi ctitious-fracture plane as mentioned 
in Section 7.2.1 (Weerheijm  et al. ,  1985 ,  1992 ,  1998 ). The advantages of 
this model are that coeffi cients and parameters are derived from the static 
concrete properties; without any modifi cation the model covers the whole 
range from static to high loading rates and the crack growth, and damage 
development is followed in time. The latter helps in understanding the 
rate dependency related to the material structure. As an illustration, the 
crack-tip velocity of a single crack in a matrix with average concrete prop-
erties is given in  Fig. 7.3  for various loading rates. For static loading the 
terminal velocity equals the Rayleigh wave velocity ( C  r ), as it should. It 
is interesting that for higher loading rates the terminal velocity decreases 
and an asymptote of about 500 m/s is predicted. Analysis of the various 
energy terms showed that the kinetic and deformation energy, normalized 
by the external work, increased signifi cantly with increased loading rate. 
The energy supply rate becomes too high to be absorbed by the fracture 
process immediately, resulting in an equilibrium in which a major part 
is stored around the crack tip as deformation and kinetic energy. This is 
equivalent to a change in stress distribution, a reduced  K  I,c  due to the con-
tribution of inertia to the force equilibrium, as was discussed in Section 
7.2.2. Curbach obtained similar results for the terminal crack velocities 
(Curbach and Eibl,  1990 ) with fi nite element (FE) analyses and experi-
ments on a notched specimen.    
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 7.3      (left) Crack-tip velocity of a single crack as a function of the loading 

rate ; Cr = 2050 (m/s), Lines 1–6 represent σ = 0.1, 10, 50, 100, 500 and 

1000 (GPa/s) (right) DIF tensile strength, some experimental data and 

model prediction for low (dashed line) and normal quality concrete 

(solid line) (Weerheijm,  1992 ).  
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 The rate dependency predicted by the model is illustrated in  Fig. 7.3b  for 
two concrete qualities,  f  c  = 30 and 70 MPa. The low-strength concrete with 
the coarser heterogeneity is more rate sensitive than the higher-strength 
concrete. Based on the model, the steep strength enhancement will occur 
at higher loading rates for concrete with fi ner aggregate grading and higher 
bond and matrix strength. These results illustrate that the rate dependency 
of the tensile strength is captured by the approach of representative ini-
tial defects in a schematic ‘potential fracture plane’, and the crack growth 
in the plane of defects is due to dynamic tensile loading. The rate depen-
dency is well presented for all loading rates. However, with this schematized 
approach, no 3D-effects are captured. Whether the width of the fracture 
zone and the amount of microcracking are affected by the loading rate is 
not addressed. In the following section a more advanced model that cap-
tures 3D-effects is presented.  

  7. 2.4     Multiple fragmentation due to the limited 
cracking velocity 

  Introduction 

 Post-mortem analysis conducted on spalled specimens (see  Chapter 6 ) has 
revealed an important increase of cracking density with strain rate. For 
instance, failure patterns of concrete specimens subjected to spalling tests 
are displayed in  Fig. 7.4 . Several tens of individual cracks are clearly visible 
for both concrete (common concrete  ф  aggr  10 mm and microconcrete  ф  aggr  
2 mm). The cracking density was evaluated for the microconcrete specimen 
( Fig. 7.4b ) from the average distance between two vertical macrocracks 
(about  d  = 3–4 mm), corresponding to a few tens of initial decisive cracks/cm 3  
(i.e. a cracking density in the range of (1/ d ) 3   ≈  1e7–1e8 cracks/m 3 ). 
At strain rates of 20–200 s  − 1  (or σ = −500 5000GPa s/ ), such as occurrence 
in the spalling tests, a large number of cracks simultaneously initiate and 
propagate, to interact and to coalesce or to stop. On the one hand, ‘moving 
cracks’ are initiated from critical existing fl aws, the critical fl aws being large 
pores, lumps or microcracks in the cement matrix, or defects in the ITZ 
(Interfacial Transition Zone) at the aggregate matrix interface. A dynamic 
process occurs at the microscale. On the other hand, the local stress state is 
modifi ed around these moving cracks by a stress-relief wave propagating 
on both sides of the crack. Consequently, the fast decrease of microscopic 
tensile stress in the vicinity of existing cracks may prevent any new crack 
nucleation in these interaction zones and the potential critical defects are 
‘obscured’.    
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 To model this complex dynamic fracture process, some simplifying 
hypotheses may be considered:

   Cracks are initiated from point defects randomly and uniformly distrib-• 
uted in the volume of the considered concrete specimen. Therefore, den-
sity of critical defects can be expressed as function of the applied stress, 
  λ   t (  σ  ).  
  Obscuration zones grow in a self-similar way and with a diameter pro-• 
portional to the crack length, so the size of the obscuration zone at time 
 T  corresponding to a single crack initiated at time  t , reads:     

 V S
n

0VV ( )T tt ( )V ( )T tVV        [7.4]   

 where  S  is a shape parameter of the obscuration volume equal to 4 π /3 when 
assuming that they are similar to spheres in a 3D medium ( n  = 3),  π  for a 
disk in a 2D medium ( n  = 2) and  S  = 1 in a 1D medium ( n  = 1). The cracking 
velocity  V  crack  is supposed to be constant for sake of simplifi cation. 

 Two cases are considered for critical defects: if a critical defect is not 
located in any obscuration zones, it is triggered as soon as its critical stress is 
reached; otherwise, as the local stress is supposed to decrease in obscuration 
zones, critical defects are supposed to be defused (i.e. obscured).  

  Modelling of the multiple fragmentation process: the Denoual-Forquin-Hild 
(DFH) model (Denoual and Hild,  2000 ; Forquin and Hild,  2010 ) 

 The condition of non-obscuration at a time  T  for a given fl aw located at a point 
( M ) may be expressed considering its past history: this condition is that no 

Contact surface Free surface Contact surface Free surface

G40mmG60mm G40mmG60mm

20 mm

a b

 7.4      Post-mortem analysis of two concrete specimens after spalling 

tests. (a) Dry common concrete (ε = 120/s) (Erzar and Forquin,  2011a ), 

(b) dry micro-concrete (ε = 130/s) (Forquin and Erzar, 2009).  
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critical defect exists in its ‘ horizon ’, the horizon being the space time domain 
around ( M ,  T ) in which any crack will always obscure the point  M  at time  T :  

rizonof ( , )M, = { },x, [ ]( ) ( ( ))T( t) kC n−T( ( (kC ∩        [7.5]   

 In which kC is the crack velocity given as a constant fraction (k) of the wave 
velocity C. Now the condition of non-obscuration of a point  M  at time  T  
may be expressed in terms of probability applying the ‘weakest-link hypoth-
esis’ to the space time domain corresponding to its horizon: the probability 
of non-obscuration is equal to the product of elementary probabilities of 
no-inception of new cracks i

∉PP     in each elementary space-time zones (d Z   ×  
d t ) of  Ω  belonging to the horizon of the point  M  at time  T :  

 
P T Pi

M
noPP ( ,M )

[ (horizon of , )T ]

∉PP
∈Ω

∏
     

  [7.6]   

 If one assumes that the material contains point defects of density   λ  t   (hypoth-
esis of a Poisson point process of intensity   λ  t  ), the elementary probability of 
no-inception of new crack Pi

∉PP     in d Z   ×  d t  reads (Forquin, 2003; Forquin and 
Hild,  2010 ):  

 
P t

t
t

ti t
∉PP = −

∂
∂

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

( ,x ) exp
( ,x )λ

d dZ
     

  [7.7]   

 Thus the general form of the probability of non-obscuration  P   no of a point 
 M  at a time  T  reads (Forquin and Hild,  2010 ):  

 

P T
t

t
tt

t T

noPP
horizon of

d dZ( ,M ) exp
( ,x )

( ,x ) [ ( ,M ) ]

= −exp
∂

∂

⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠Thorizon of[ ( ,M )

∫∫
λ

⎟⎟
⎞⎞⎞⎞

⎠⎠⎠⎠      
  [7.8]

   

 In the particular case of a uniform stress fi eld, the non-obscuration prob-
ability reads (Forquin and Hild,  2010 ):  

    

P
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⎞⎞

⎠⎠∫exp
( )

Z
t

tt
tzt λ

0

  

  [7.9]   

 where  t  Z  is the interacting time corresponding to the intersection between 
the horizon of ( M, T ) and the boundary of the whole domain of size  Z :  

 Z S
n

S ( )kCkC T tZT        [7.10]   
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 At high strain rates a multiple fragmentation occurs and the horizon of ( M, 
T ) is small compared to the size of the domain ( Z ). Therefore,  t  Z  tends to 
zero and the obscuration probability becomes the damage variable pro-
posed by Denoual and Hild ( 2000 ) (left part of Equation [7.9]). On the 
other hand, at low strain rates, single fragmentation occurs and the interact-
ing time  t  Z  tends to the current time  T . Consequently, the obscuration prob-
ability tends to the failure probability proposed by Weibull ( 1939 ) (right 
part of Equation [7.9]). 

 Now, the crack density   λ   cracks  may be computed as function of the obscu-
ration probability  P  o  and the increment of critical defects considering that 
new cracks may emerge only in non-obscured zones (Denoual and Hild, 
 2000 ; Forquin and Hild,  2010 ):  

 
∂

∂
= −( ) ∂

∂
λ λ( ) ∂crλλ acks

t
P

toPP t1        [7.11]   

 Moreover, a damage variable may be defi ned in the framework of Continuum 
Damage Mechanics. By averaging over a representative zone, the obscuration 
probability  P  o  is equivalent to an obscured volume fraction, with  P  o  = 0 for the 
virgin material and  P  o  = 1 for the fully obscured one, and the macroscopic stress 
 Σ  is computed from the obscuration probability and the microscopic stress:  

 = ( ) ( ) +∑ 1 − ) 1( P) 1( Po o) + PPσ ( σ)P−1= ( o )PP σ coh ( )ε        [7.12]   

 where   σ  coh(  ε  ) corresponds to the residual strength (cohesion strength) of the 
material despite the total obscuration of the domain  Ω . An empiric function 
of the cohesion strength has been proposed by Erzar and Forquin (Erzar 
and Forquin,  2010 ) to describe the loss of cohesion strength with strain for 
dry and wet (fully saturated) concrete:  
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       [7.13]   

 where σ σ ε ε0 0σ 0 0εdry water,0σ ,0εd wε n are material parameters to identify. The fi rst 
term of Equation [7.13] describes the cohesion strength of a fully damaged 
dry concrete, whereas the second one accounts for the addition of cohe-
sion strength of wet concrete induced by the presence of free water in open 
porosity and connected microcracks. As shown by Erzar ( 2010 ), as the ulti-
mate strength (i.e. maximum macroscopic strength) is reached when  P   o is 
small ( P   o<0.15) the cohesion strength has a limited infl uence on the ultimate 
strength, and the ultimate strength may be approximated by:  

 = ( )⎡⎣ ⎤⎦ ( )⎡⎣⎡⎡ ⎤⎦⎤⎤∑ max (⎡⎣⎡⎡ () ) m⎤⎦⎤⎤ ( )
Tu T

) ((⎡− () )⎤T (⎡⎡⎡)⎤⎤⎤ σ)(⎡⎡( )⎤⎤ a − )(T (⎡⎡) m⎤⎤ ≈ ax        [7.14]    
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  Analytical solution and model predictions 

 Analytical predictions may be obtained considering several simplifi cations: 
a constant stress rate (σ    ) may be assumed in addition to a shape of obscu-
ration zone given by Equation [7.4] and a density of critical defects given as 
a power-law function of the applied stress:  

λ λ
σ

tλλ
m

S
( )σσ =

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠0

0

       [7.15]   

 where  m  and Sm
0 0/ λ     are interpreted as Weibull parameters when single 

fragmentation occurs. For wet concrete in dynamic conditions, it should 
be noted that the characteristic strength  S  0  has to be corrected with the 
stress-rate sensitivity observed below 50 GPa/s. Now, one can compute 
the ultimate stress  Σ   u   of the material by neglecting the cohesion strength of 
the material (Equation [7.12]) (Denoual and Hild,  2000 ):  
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 Moreover, based on previous simplifi cations (i.e. a constant stress rate and 
an obscuration zone and a density of critical defects given by Equations 
[7.4] and [7.13]) the fi nal cracking density may be computed by integrating 
Equation [7.9]:  
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 [7.17]   

 where  Γ  is the Euler function of the second kind (Spanier and Oldham, 
 1987 ),  

Γ 1
0

+( )
∞

∫x) = ∫ u duexp( )u−     [7.18]   

 In conclusion, this micromechanics-based modelling of the fragmentation 
process allows prediction of the strain rate sensibility and cracking den-
sity of concrete and concrete-like materials based on the knowledge of 
the population of critical defects and the cracking velocity of the material. 
Identifi cation of material parameters (i.e. Weibull parameters and cracking 
velocity) and some comparison between experimental data and model pre-
dictions are given below.  
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  Identifi cation of material parameters 

 Predictions of the so-called ‘dynamic fragmentation model’ rely on the 
characterization of three types of parameters: those describing the popu-
lation of critical defects dispersed within the material, those describing the 
size of obscuration zone related to cracking velocity, and those describing 
the cohesion strength of the damaged material. As explained above, the ulti-
mate strength (i.e. maximum macroscopic stress) and the cracking density 
depend mainly on the fi rst two sets of parameters. Identifi cation of these 
parameters is discussed below. 

  The parameter m 
 Various types of fl aws such as large pores, lumps, microcracks and small 
pores in the ITZ at the aggregate matrix interface, and fractured aggregates 
may initiate unstable cracks in concrete, leading to the fragmentation of a 
specimen under a dynamic tensile loading. One way to identify the density 
of critical defects of Equation [7.13] is to perform quasi-static bending tests. 
However, some diffi culties arise: indeed, on the one hand, big specimens 
might lead to stable crack propagation so the maximum force would not 
provide the stress level corresponding to the crack inception. On the other 
hand, small specimens might provide an effective volume too small in com-
parison with the Representative Elementary Volume (RVE). 

 The bending tests (at least a dozen) provide a distribution of failure 
stresses  σ   F   defi ned as:  

 σ σF
Ω

1        [7.19]   

 where  σ  1  is the local maximum principal stress in the specimen. Now, the 
Weibull parameters, namely, the Weibull scale parameter ( Sm

0 0/ λ    ) and the 
Weibull modulus ( m ) may be deduced. One way to obtain these parameters 
is to deduce the Weibull modulus for example from the ratio of the standard 
deviation of failure stresses (  σ   sd ) to the average failure stress (  σ   w ), and the 
Weibull scale parameter ( Sm

0 0/ λ    ) from the average failure stress (Forquin 
and Hild,  2010 ):  
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 where Z is the size of the whole volume, surface or length and  H  m  is the 
stress heterogeneity factor (Hild  et al .,  1992 ) expressed as:  

H
Zm

F

m

F=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

>
Ω
∫

1
0

1σ
σ

σd wZ hen        [7.22]   

 A classical alternative to Equation [7.18] for determining the Weibull 
modulus is to resort to the so-called Weibull ( 1939 ) diagram in which 
1 [ ]1n1 −n1  vs 1n( )  is interpolated by a linear function, the slope of 
which is the Weibull modulus  m . 

 Finally, a transition criterion may be defi ned between single and multiple 
fragmentation processes considering the strain rate for which Equations 
[7.21] and [7.16] give the same ultimate strength:  

 σw u( )Z ( )σ∑        [7.23]   

 Finally, because of the size effect observed at low strain rates (Equation 
[7.21]), the transition stress rate may vary slightly depending on the geom-
etry of the specimen used in quasi-static loading and, consequently, the 
bigger the samples, the lower the quasi-static strength and the lower the 
transition loading rate.  

  The parameter V crack,  the cracking velocity in concrete 
 For the sake of simplifi cation, the model cracks are assumed to propagate 
with a constant velocity  V  cracks . It may be expressed as a fraction of the 
one-dimensional wave speed ( V  cracks  =  k C  0  with C E0 / ρ    ), where  k  is a 
constant parameter to determine. Based upon the concept of conservation 
of energy, an analytical solution for  k  was proposed (Broek,  1982 ; Kanninen 
and Popelar,  1985 ). It was demonstrated that when the crack length becomes 
signifi cantly larger than the initial crack size, the cracking velocity tends to 
a limit close to 0.38  C  0 . However, according to Freund (1972, 1990), cracks 
in brittle materials may accelerate up to the Rayleigh wave speed  C  r , e.g., 
C  r  = 0.59  C  with   ν   = 0.2. Moreover, the parameter  k  was investigated in sev-
eral brittle materials, in particular when transparent. For example, experi-
mental studies showed a limiting velocity about 0.5  C  r  in glass, about 0.6  C  r  
in Plexiglas and about 0.4  C  r  in Homalite-100 (Ravi-Chandar and Knauss, 
1982, 1984a, 1984b, 1984c, 1984d; Knauss and Ravi-Chandar, 1985, 1986; 
Sharon  et al ., 1995). Strassburger and Senf ( 1995 ) also investigated the ter-
minal crack velocity in a silicon carbide and in glass materials and observed 
a crack velocity of approximately one half of  C  r  in both cases. Note that we 
modelled the crack velocity in the fi ctitious-fracture plane (see  Section 7.2.3 ). 
Expressed in  C  r , the crack velocities varied between 0.75 and 0.4  C  r  during 
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the fracture process. Therefore, it is reasonable to assume a crack velocity in 
brittle materials within the range 0.4  C  r  to 0.6  C  r  (or 0.23  C  0  to 0.35  C  0  with 
  ν   = 0.2). 

 More recently, a new testing technique has been developed in LEM3 
laboratory (Metz) to characterize the cracking velocity in concrete and 
concrete-like materials (Forquin and Cherigu è ne,  2011 ). The set-up and 
the specimen geometry are shown in  Fig. 7.5  A projectile is launched 
against a Hopkinson bar so that a compressive wave propagates through 
it. A part of the incident pulse transmitted to the specimen is refl ected 
as a tensile pulse on the free surface. The parallelepipedic specimen is 
pre-notched with two notches so a rocking effect is applied to the rear part 
of the specimen that favours the triggering of an unstable crack on the 
smaller notch tip without damaging the sample. Also, an ultra-high-speed 
camera is used to fi lm the specimen response and perform a Digital 
Image Correlation post-treatment (Forquin  et al ., 2007). A processing 
method based on the Crack Opening Displacement (COD) measurement 
is employed to characterize the crack propagation (Forquin  et al .,  2004 ) 
(see  Chapter 5 ,  Fig. 5.8 ). Finally a mean value of crack propagation veloc-
ity about 1300  ±  50 m/s ( V  cracks  = 0.32  C  0  to 0.35  C  0 ) was found for dry 
and wet concrete that matches with experimental and theoretical values 
mentioned above.      

  Comparison of the DFH model predictions with experimental data 

 Numerous validation works of the DFH fragmentation model have been 
proposed in the literature considering different kinds of brittle materials: 
ceramics (Denoual and Hild,  2000 ; Forquin  et al. , 2003), rocks (Grange  et al. , 
 2008 ), ultra-high-performance concrete (Forquin and Hild,  2008 ), glass 
(Brajer  et al .,  2003 ), dry and wet microconcrete (Forquin and Erzar,  2010 ) 
and common concrete (Erzar and Forquin,  2011a ,  2011b ). For  concrete, the 

Ultra high
speed camera

shimadzu
Projector

Laser
extensometer

top

Laser
extensometer

bottom

Specimen
concrete R30A7

Intermediate
part

Incident
Hopkinson

bar

120 mm
55 mm

2 mm

2 mm

45 mm

8 m
m

20 m
m

60 m
m

Contact surface Free surface

 7.5      Optimized specimen geometry used in the rocking spalling tests 

(left). Experimental set up used for dynamic crack propagation testing 

(right) (Forquin and Cherigu è ne,  2011 ).  
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modelling has been validated by means of edge-on-impact tests and spal-
ling tests. 

 A comparison is given in  Fig. 7.9  between the spall strength obtained in 
spalling tests (strain rate range: 30–150/s) and the macroscopic ultimate 
strength predicted by Equation [7.14]. For the moderate regime the rate 
effect is given in the power-law format (see also Section 7.2.3):  
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       [7.24]   

 where  n   QS   is the strain rate sensitivity of concrete identifi ed in the strain rate 
range (10–6 – 1 [1/s]). According to experimental data obtained with a com-
mon concrete, this exponent is worth nQS

wet = 0 05     and nQS
dry = 0 025.     ( Fig. 7.6 ). 

Finally, the dynamic strength enhancement is quite well predicted for dry or 
wet microconcrete (Forquin and Erzar, 2009) as for a common dry or wet 
concrete (Erzar and Forquin,  2011a ).    

 In advance of the discussion on the fracture energy and microcracking 
during the failure process in  Section 7.3 , it is worth mentioning that the 
DFH model also provides data on the amount of microcracking in the fail-
ure zone (Equation [7.15]). The predicted cracking density is plotted as func-
tion of the strain rate considering data of dry and wet MB50 microconcrete 
( Fig. 7.7 ). A strong increase of cracking density with loading rate is noted 
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for both dry and wet concrete. A higher cracking density is predicted in dry 
concrete than in wet concrete. Model predictions have been compared to 
damage patterns of spalling specimens by Forquin and Erzar ( 2010 ).         

  7. 2.5     The effect of moisture content on dynamic strength 

 The effect of moisture content on the dynamic concrete strength was exten-
sively studied in the 1990s. Frequently referenced literature from that period 
includes (Reinhardt et al., 1990; Rossi,  1991 ; Rossi  et al .,  1992 ,  1996 ; Cadoni 
 et al .,  2001 ). It is generally accepted that the rate effect on strength in the 
moderate regime is caused by moisture in pores. Experimental data prove 
the effect of moisture, while the explanation is given by the so-called Stefan 
effect. 

 Referring to  Chapter 1 , we distinguish free and chemically bonded water 
in concrete. The latter is an integral component in the hydrated cement 
paste (HCP) and is not lost during drying. The free water is in the pores, 
voids and cracks. The free water can evaporate and the moisture content of 
concrete can vary with temperature, humidity and time. Considering these 
facts the observed rate dependency of the tensile strength on the moisture 
level must be related to the free water. 

 The commonly accepted explanation is the so-called Stefan effect 
(Cotterll,  1964 ). When two parallel circular plates (radius  r ) are separated 
by an incompressible fl uid with viscosity  μ  and thickness h, the pulling force 
needed to separate these plates at a velocity  V , is proportional to  V  and the 
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viscosity. When we neglect the static component due to surface tension of 
the outer meniscus surfaces, the expression for the force due to the dynamic 
separation of the plates is given by:  

F
r

h
V=

3

2

4

3

. .

.
.

π μ.
       [7.25]   

 Translating the Stefan effect to concrete and the rate dependency, the free 
water in the fully saturated pores will lead to additional resistance, which 
increases with increasing loading rate and reduced pore diameter. To quan-
tify and model the ‘Stefan effect’ for real concrete is not easy, even in labo-
ratory conditions. The porosity and the pore-size distribution vary with the 
concrete and depend on curing conditions. The saturation level of the pores 
has to be known in order to quantify their contribution to the additional 
resistance. Commonly this detailed information is not determined and/or 
given. Most dynamic strength data is related to ‘dry’ and ‘wet’ concrete. 
‘Dry’ is defi ned as ‘no free water’ and ‘wet’ as fully saturated. The authors 
performed an extensive study on the infl uence of the moisture content on 
the dynamic response and quantifi ed the pore distribution and saturation 
level (see Weerheijm and Vegt,  2006 ,  2009 ). Curing conditions were carefully 
controlled to avoid additional damage due to temperature effects. The mod-
elling work is still on-going. In this chapter we limit ourselves to referring to 
the work of Rossi ( 1991 ) and (Zheng and Li,  2004 ; Zheng  et al .,  2005 ). 

 Zheng followed the work of Rossi and developed a phenomenological 
model following a similar approach to capture the rate effect as presented 
in the Sections 7.2 and 7.3. The cracks can propagate when the strength 
and energy criteria are fulfi lled. The stress condition in front of the cracks 
is characterized by the dynamic stress intensity factor K Id . When the pores/
cracks are fully saturated, the Stefan effect will increase the strength cri-
terion threshold and delay the crack initiation. Referring to Section 7.2.2 
presenting the  K  Id , the additional strength results in a time delay for crack 
initiation. Zheng solved the problem analytically for cracks under linear 
load increase. The results are depicted in  Fig. 7.8  giving the correction func-
tion  f ( c  2 . t/a ) according to Equation [7.26] covering moisture and inertia 
effects. The fi gure also illustrates the effect on the tensile strength.  

 K a f c
t
aI , ( )t . .f cdyn

⎛
⎝
⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞σ π( )t . 2        [7.26]   

 These results are not calibrated to real concrete, but refl ect the effect of 
moisture in the pores and predict that the enhancing moisture effect with 
increasing loading rate. According to this approach, the moisture effect, i.e. 
the additional strength threshold, is not limited. In real concrete the water is 
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not pure, the adhesion strength between water and pore/crack surface is lim-
ited, and the strength of the surrounding mortar, cement stone can become 
decisive for failure. Probably the ‘Stefan’ effect becomes more moderate at 
high loading rates or even vanishes beyond a certain loading rate. The data 
we obtained are given in  Fig. 7.9 . They show that for the concrete we tested 
up to loading rates of 2000 GPa/s, the moisture effect on strength became 
more pronounced with increasing loading rate, according the phenomeno-
logical model of Zheng. This is refl ected in the absolute ( f  t,dyn ) and relative 
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(DIF) strength data. From the review on the moisture effect on the dynamic 
concrete response, it is evident that for predictive models the pore structure 
of concrete has to be incorporated.  

  7. 2.6     Strength data and empirical models 

 The models and tendencies described in the previous sections show that 
besides the static reference strength and mechanical properties, the decisive 
concrete material parameters for the rate dependency are: (i) scale of het-
erogeneity refl ected in the size and distribution of initial defects, (ii) param-
eters related to crack inception and cracking velocity, and (iii) the moisture 
content in combination with the capillary pore distribution. 

 In  Chapter 2  it was described how these and other concrete properties 
are affected by concrete composition, water cement fraction (wcf), curing 
conditions, etc. Reviewing the experimental data from literature showed 
that most researchers use their own ‘reference concrete’ and their specifi c 
equipment (see also  Chapter 6 ). In general it must be concluded that ‘all’ 
reported experiments are performed with different concrete materials with 
non-standardized test methods. Therefore, scatter in the results is inevitable 
and, unfortunately, large. In  Fig. 7.1  old and new data were given for a wide 
range of concrete. Within the scope of this chapter it is impossible to discuss 
the different test series and explain the (possible) causes of the scatter. We 
refer to e.g. Malvern and Rose (1998), who did a data and source compari-
son; Crawford repeated this action, and Schuler also analysed tensile data. 
We will limit ourselves to mentioning some general tendencies in the exper-
imental data, compare the data with some model predictions and relate the 
tendencies to the response mechanisms discussed in this chapter. 

 Various semi-empirical models are given in the literature. The CEB-FIB 
formula is probably the most cited model, and is based on data up to 1988. 
The rate dependency is given as a function of the concrete compressive 
strength ( f  c ). Low  f  c -values lead to more pronounced rate effects. Related to 
all currently available data, it predicts quite low values and is not suitable 
for wet conditions. Ross and Malvern modifi ed the CEB-FIB expression 
based on scaling rules, resulting in more pronounced rate effects. John and 
Shah also studied the dynamic properties of concrete extensively. Based on 
a dynamic crack opening model and their data, they derived a model for the 
DIF (John,  et al .,  1986 ). These models are depicted in  Fig. 7.10  together with 
the physics-based models the authors developed. The model and data are 
combined in  Fig. 7.11 . They show that the modifi ed CEB, and the models of 
Shah and Weerheijm, refl ect the general trend of the data.            

 The DFH model provides correct prediction of the strength enhancement 
of a microconcrete and a common concrete tested in Metz in dry and satu-
rated conditions (Erzar and Forquin,  2011a ). However, the testing conditions 
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considered in quasi-static experiments (smaller specimens and higher strain 
rates) provide relatively higher quasi-static strengths, leading to an appar-
ently lower DIF under dynamic loading. Because the rate effects on strength 
depend on the concrete composition and heterogeneity, physics-based models 
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especially should refl ect the material dependency (infl uence of the popula-
tion of critical defects, the cracking velocity and the cohesion strength in the 
fractured zones). Note that the presented results of the Weerheijm model are 
determined for concrete tested with the set-up in Delft (see  Chapter 6 ). 

 In summary, the experimental data and the physics-based models refl ect 
the mechanisms that we have presented and discussed in this chapter. The 
tendencies are:

   The transition from the moderate to extreme rate dependency occurs at • 
strain rates in the order of 1/s (loading rate of 50 GPa/s). This transition 
point shifts to higher strain rates when the heterogeneity of concrete 
decreases as the quasi-static strength increases.  
  The rate dependency refl ected in the dynamic increase factor (DIF) val-• 
ues increases with decreasing concrete quality.  
  The DIF values for mortar are slightly lower than for common concrete • 
( Fig. 7.6 ), apparently because it is less heterogeneous and the size of 
the largest defects is smaller, which provides higher quasi-static strength 
compared to the dynamic strength.  
  The DIF value strongly depends on the moisture content in the capillary • 
pores and consequently on the pore structure, and so it depends on the 
concrete quality.      

  7.3     The effect of cracking rates on the fracture 
process under moderate and high loading 
regimes 

 The response of concrete up to complete failure in tension is represented in 
the load-deformation relation. The characteristic parameters are ultimate 
strength, stiffness in the ascending branch, and fracture energy. The rate 
effects on strength are discussed in the previous sections. In this section 
we address the post-peak failure process, the softening behaviour. The fail-
ure process is governed by (i) the stress condition, (ii) the ability to absorb 
energy in fracture, and (iii) the energy fl ow from the surrounding material 
into the fracture zone. In dynamics all three conditions vary in time and 
depend on the loading rate. Especially at loading rates beyond 50 GPa/s, the 
contribution of these mechanisms in the pre-peak response are strongly rate 
dependent resulting in the observed extensive strength increase. Besides the 
strength amplitude, the amount of microcracking and the width of the frac-
ture zone determine the fracture energy. Data and models on these param-
eters are scarce. In Section 7.2.4 the authors presented a model on multiple 
cracking and fragmentation. In this section we will give a semi-quantitative 
analysis of the dynamic mechanisms supported by experimental data. 
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  7.3.1     Defi nition of fracture energy parameters 

 The concrete response in tension up to failure is studied and described 
extensively in the literature (e.g. Bazant, Carpinteri, Wittmann, Hillerborg, 
Reinhardt, van Mier). When the material strength is locally exceeded, dam-
age will start to grow. Available deformation energy fl ows into the fracture 
zone and is absorbed in the fracture process. Because of the coarse hetero-
geneity the fracture does not consist of the formation of a single crack. The 
macrocrack is preceded by a zone in which multiple microcrackings occur. 
This zone is called the fracture process zone (FPZ). First the microcracks 
start to grow, interfering with each other, with defects and aggregates. After 
a while a dominant macrocrack is formed, which also grows. This process is 
well represented in the fi ctitious-fracture model of Hillerborg (Hillerborg 
 et al .,  1976 ; Hillerborg  1985 ) (see  Fig. 7.12) .    

 The approach is quite similar to the energy balance approach, in which 
a certain amount of energy is absorbed by the formation of a unit area of 
crack surface. When a crack propagates, a certain amount of (deforma-
tion) energy is released. Crack propagation is controlled by the balance of 
released and absorbed energy (the energy criterion). In the fi ctitious-crack 
model the crack initiation is controlled by the strength criterion, the max-
imum material strength,  f  t . To help the discussion and description of the 
Mode I fracture process we recall and suggest the following defi nitions:
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   The FPZ is the zone ahead of the tip of a physical, macrocrack. • 
Microcracking in the FPZ leads to the growth of the macrocrack. The 
FPZ is coupled to the material characteristics at meso- and micro-level.  
  The Fracture Zone (FZ) covers the material that is involved in the • 
energy exchange of the fracture process. In this zone, the fi nal failure 
crack is formed by the branching and coalescence of individual micro-
cracks (see  Fig. 7.1  for the uniaxial tensile test). The zone includes the 
FPZ of these macrocracks plus the surrounding material from which 
deformation energy is released into crack formation.  
  The material fracture energy  • G  f  is the energy absorbed within a single 
FZ and equals the surface below the stress deformation curve for uni-
axial tensile loading.     

  7.3.2     Dynamic conditions 

 Using the schematized softening curve with two descending branches (see 
 Fig. 7.13 ) the fi rst steep branch is coupled to the phase of microcracking, 
while the long tail branch is related to the macrocracking and fi nal failure. 
The questions are: (i) how is the amount of microcracking within the FZ 
affected by the loading rate, (ii) is the macrocracking process rate- dependent, 
and (iii) does the width of the FZ(lFZ) depend on the loading rate?    

 To fi nd answers to these questions, let us return to the simple, basic idea: 
‘damage starts to grow from representative defects; with increasing load, 
fi rst the larger defects start to grow, followed by the smaller defects’. At low 
loading rates the increase in load during the failure process will be limited 
and the size of the representative, decisive defects does not change. Only 
this set of cracks starts to grow, the stress in the material adjacent to these 
cracks is released and no other defects are activated (see Section 7.2.4). At 
high loading rates this might change. Due to the fast load increase, smaller 
defects become critical and start to grow before the stress release from 

σ

δ
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II

 7.13      Schematic stress deformation curve  
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the initially activated cracks occurs. This will result in more microcracking 
within the FZ and an increase in the fracture energy. 

 It would be interesting to study the initiation and growth of different sized 
defects numerically in the mesoscopic model. Some numerical mesoscopic 
studies have been reported (Erzar, 2010; Pedersen, 2010; Zhou and Hao 
2008) but do not address the growth of different sized defects. However, 
these studies confi rm that the amount of microcracking increases with 
increasing loading rate. Zhou shows, simulating the dynamic splitting tests, 
that for loading rates beyond 100 GPa/s the failure mode changes and the 
amount of microcracking increases. 

 Fortunately, the fracture mechanics principles also give quantitative guid-
ance. For crack initiation, fi rst the strength criterion must be fulfi lled. In ana-
logue with the dynamic effects on the concrete strength at macro-level (see 
Sections 7.2.2 and 7.2.3), the strength criterion at meso- and micro-levels is 
affected by the moisture content and the micro-inertia effects. Let us assume 
that the moisture content is constant and focus fi rst on the contribution of 
micro-inertia. 

 Schematizing concrete as a homogeneous material with equally distrib-
uted sets of initial fl aws with sizes  a   1  ,  a   2  ,  a   3  , etc. (e.g.  a  i  = 2.  a  i + 1 ), and assuming 
that the critical stress intensity factor ( K  Ic ) does not change the critical load 
level,   σ   i + 1  = 4.  σ   i  to activate the set of cracks ‘ a  i + 1 ’. Experiments and numer-
ical simulations indicate that  t  frac  is in the order of 100  μ sec. For a concrete 
with tensile strength  f  t  = 3 MPa, this means that the smaller set of cracks 
cannot be activated at loading rates less than 90 GPa/s. In equation format, 
additional microcracking may occur if:  
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 Equation [7.24] shows the tendencies in rate effects on the fracture energy. 
The density of microcracking will increase with increasing loading rate, but 
only beyond a certain threshold. The threshold for dependency decreases 
for more heterogeneous (larger  t  frac ) and lower strength concrete. 

 In  Section 7.2  we saw that, following fracture mechanics principles,  K  Ic  
decreases beyond a certain loading rate, resulting in a steep strength increase 
(see Equations [7.2] and [7.3]). Including the rate effect on strength, the 
threshold for rate effects on the fracture energy due to additional microc-
racking is:  
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 with σo     and σ     the loading rates at static and dynamic loading, respectively,  
β   the power coeffi cient that depends on the concrete properties, but is in the 
order of 1/3 and  A  is a calibration coeffi cient. 

 Referring to the stated question (i) ‘how is the amount of microcracking 
within the FZ affected by the loading rate?’ the conclusion is: additional 
microcracking is only possible at high loading rates. Rate effects on fracture 
energy are activated at higher loading rates than for strength. The DIF on 
tensile strength (DIF ft ) cannot be used to quantify the rate effect on frac-
ture energy  G  f . 

 In the preceding discussion we identifi ed some thresholds and general 
conditions but did not provide a model to quantify the additional micro-
cracking and the DIF Gf . To the authors’ knowledge, these models are not 
available yet. We mainly have to rely on the scarce experimental data and 
qualitative analyses of the dynamic fracture process.  

  7.3.3     Experimental data on the dynamic fracture process 
and fracture energy 

 We defi ned FZ as the zone with a single macrocrack including the FPZ, 
with microcracking and the surrounding material contributing to the energy 
exchange which drives the fracture process. The width of the FZ ( l  FZ ) and 
the microcrack density determine  G  f . Theoretically, the maximum of  l  FZ  
is determined by l C tFZ frac0 . . The wave velocity  c  0  in concrete is about 
3500 m/s, which means that only for  t  frac  in the order of a few microseconds 
does  l  FZ,max  have the order of the aggregates, as in statics. But the scarce 
data on  t  frac  shows that the failure time is in the order of 100  μ sec, so the FZ 
can include so many aggregates that the condition of a single macrocrack 
will not be fulfi lled. Multiple fracture planes will be formed, as is also seen 
in dynamic tests. We have to conclude that, also for the possible rate effect 
on the width of the FZ, we have to rely on experimental data, or dedicated 
computational simulations. 

 Data on dynamic fracture energy in literature are mostly derived from 
dynamic bending tests (equivalent with RILEM test) and are polluted with 
structural responses, leading to over-prediction of rate effects. To analyse 
G  f  in tension, the uniaxial tests are preferred (see  Chapter 6 ). In dynam-
ics, the SHB and uniaxial spalling tests are appropriate and give informa-
tion on  G  f ,  t  frac ; with post-test analysis, info on the amount of microcracking 
and  l   FZ   is also obtained. In these tests, multiple macrocracks occur when 
un-notched specimen are used. Reviewing the literature with the selection 
criterion of ‘data on a single failure zone’ only a few data are left (see 
 Chapter 6 ) (Weerheijm and van Doormal, 2004, 2007; Schuler et al., 2006; 
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Vegt et al., 2006, 2007, 2009; Weerheijm  et al .,  2009 ; Forquin and Erzar,  2010 ). 
The most consistent set of data is given by Vegt. It consists of strength, frac-
ture energy data, as well as quantitative data on micro- and macro-crack 
patterns. We will use this data set to analyse the rate effect on the fracture 
process and fracture energy. 

 The test method and diagnostics are given in  Chapter 6 . Tests were per-
formed for dry, normal and wet conditions. Details of composition, curing 
and test conditions are given in (Vegt  et al ., 2006, 2009). The characteris-
tics for normal, lab-curing conditions are: (i) cube compression strength 48 
MPa, (ii) splitting tensile strength 3.4 MPa, (iii) Young’s modulus 35 GPa, 
and (iv) the maximum aggregate size 8 mm. 

 The experimental results on strength and fracture energy are summa-
rized in  Table 7.2 . In the post-test microscopic analysis on ‘thin sections’, 
the crack patterns were analysed and quantifi ed.  Figure 7.14  illustrates the 
kind of data that are obtained from the post-test analysis. Some microcracks 
are directly connected to the macro crack but most microcracks are iso-
lated in the FZ. The length of the macrocracks ( l  mac ), the length of connected 
microcracks ( l  mic,c ) and isolated microcracks ( l  mic,i ) were measured, as well as 
the physical width ( l  FZ ) of the FZ. The data are given in  Table 7.3  for three 

 

(a)

(b)

 
 7.14      Digitized crack pattern (top) and picture of the same fracture zone 

(bottom).   
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loading rates and three moisture levels. The diagnostics of the experiments 
enables derivation of the load deformation curve and reconstruction of the 
failure process in time.  Figure 7.15  gives the curves for the normal and wet 
curing conditions. The data comprises a lot of information, but in this sec-
tion we limit ourselves to the main fi ndings.               

 The observations for static and moderate load regime are:

   The softening curves have two branches.  • 
  The last (macrocrack) branch is not affected by the loading rate.  • 
  The length of the fi nal macrocrack is not affected by the loading rate • 
or curing condition; apparently it is dominated by concrete structure/
aggregate grading.  
  The macrocrack is fully opened at • δ frac ≈ −150 200μm and is not affected 
by loading rate or curing.  
  For dry conditions,  •  δ   frac  is smaller ( ≈  100  μ m) at both the static and mod-
erate rate.  
  Up to • σ = 40GPa/s    , additional microcracking is marginal for the dry 
and wet conditions, and for normal curing conditions it is even reduced. 
The threshold of 40 GPa/s corresponds with the theoretical analysis rep-
resented in Equations [7.23] and [7.24].  
  The width of the FZ is not affected by the loading rate.    • 

 From the observations we conclude that the second branch is coupled to 
the opening of the macrocrack. The data of the moderate regime shows that 
the second branch is not affected by the loading rate, neither by material or 
structural response. 

 Finally, we will have a closer look at the fracture energy  G  f  which is 
given by:  

 G
F
A

t dt
tfrt ac

f

cross

= ∫
( )t

. ( ). .((     [7.29]   
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 7.15      Stress displacement and deformation curves for dry (left), normal 

(middle) and wet (right) condition.  
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 The fi rst branch of the softening curve is determined by microcracking 
(initiation and growth) and is coupled to the material response. The rate 
effect on  G  f  is caused by the additionally absorbed energy to form the 
microcrack surfaces and the contribution of moisture and micro-inertia to 
F (t) in Equation [7.25]. The observed reduced amount of microcracking at 
σ = 40GPa/s     for concrete with normal curing conditions, while  G  f  equals 
the static value, illustrates that both components contribute. The data in 
 Table 7.3  also show that the increase in fracture energy is not linearly pro-
portional to the number (length) of additional microcracks. 

 For the high loading regime the observations are quite different.  

   The two branches are still present, but much less obvious.  • 
  The macrocrack is fully opened at • δ frac ≈ 230 mμ .    

 Because the total length of macrocracking is similar to the values for the 
other loading rates, it seems that the second branch is affected by structural 
inertia effects. The inertia might delay the opening of the macrocrack and 
will be recorded as additional resistance. However, in the spalling test we 
recorded the deformation of the FZ,   δ   frac , as a function of time. These data 
show that during the second branch the velocity, δ frac ( ), is constant (see  Fig. 
7.16 ). So the additional resistance observed during the formation of the fi nal 
macrocrack is not caused by structural inertia effects and have to be cou-
pled to the material response itself.    
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7.16      Stress  σ (t)-curve (indicated as Stress_notch), deformation  δ (t)-
curve (indicated as Verpl_tpvnotch_N12) and velocity  δ  ̇(t)-curve 

(addressed as crackrate_MSHB) recordings of the failure zone for 

spalling tests on normal concrete.  
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 To understand the signifi cant increase in fracture energy for the high load-
ing rate regime, we have to consider the microcracking data in more detail. 
The observations on microcracking for the high loading rate regime are:

   The width of FZ increases signifi cantly.  • 
  The amount of microcracking increases considerably.    • 

 To ratios of  l  FZ  and  l  micc ,  tot  for static and high dynamic are given in  Table 7.4 . 
Obviously the width of FZ increases more than the total amount of micro-
cracking. The average density of microcracks decreases, and most probably 
the density in the direct vicinity of the macrocrack is not affected by the 
loading rate.    

 Looking at the macrocracking process, the material in the direct vicinity 
of the fi nal macrocrack is unloaded and additional microcracking will not 
occur in this zone. However, at high loading rates the width of the failure 
zone is much wider and the process of microcracking can continue at some 
distance from the macrocrack. The additional microcracking, during the for-
mation of the fi nal macrocrack, explains why the ‘two branches’ of the soft-
ening curve are much less pronounced for high loading rates. Note that the 
presented DHF model (Section Modelling of the multiple fragmentation 
process: the DFH model (Denoual and Hild,  2000 ; Forquin and Hild,  2010 )) 
predicts for the high loading rate regime enhanced microcracking (see  Fig. 
7.7 ) but the experimentally observed difference between dry and wet con-
crete is not supported. 

 Although we concluded that structural inertia effects do not infl uence 
the second softening branch in the stress deformation relation of the spal-
ling test, there is still an effect that disturbs the derived material soften-
ing curve (see  Chapter 6 ). In the spalling set-up, the refl ected tensile wave 
interferes with the failure zone during the fracture process, which results in 
additional stress pulses that propagate from the failure zone to the free end. 
This pulse travels forward and backward between the failure zone and the 
free end causing the ‘bumps’ in the stress deformation curves. Because of 
these phenomena, the G f -values given in  Table 7.2  might overestimate the 
true dynamic fracture energy. 

 Table 7.4     Ratios of lFZ  and lmicc,tot related to static conditions 

 σ( )   Dry  Normal  Wet 

 Ratio  l   FZ    Ratio  l   micc,tot    Ratio  l   FZ    Ratio  l   micc,tot    Ratio  l   FZ    Ratio 

 l   micc,tot   

 1700  5.1  2.0  3.1  1.2  7.9  2.1 
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 Concluding remarks on the dynamic fracture energy:

   The fracture energy is determined by the resistance to microcracking • 
and the energy absorbed in the micro- and macro-cracking.  
  The fracture energy has to be related to a FZ with a single, fi nal • 
macrocrack.  
  The fracture failure process represented by the stress deformation curve • 
is characterized by two branches. The fi rst steep branch is related to the 
microcracking process, while the second branch is related to the fi nal 
macrocrack formation and fi nal failure.  
  Rate effects on  • G  f  are related to (i) additional microcracking and (ii) 
the additional resistance to microcrack initiation and growth due to 
micro-inertia effects. 

   The instrumented spalling tests the authors performed showed that  –
the structural inertia effects on the macrocracking process are negli-
gible in the applied set-ups.  
  The quantifi ed rate-effect data for   – G  f  and  f  t  are material properties 
including the micro-inertia effects.    

  Up to a • σ1im - threshold additional microcracking is negligible and rate 
effects on G f  are only caused by additional strength and resistance to 
microcracking.  
  Similar to the rate effect on strength, two regimes can be distinguished • 
for the fracture energy. Pronounced rate effects on  G  f  occur for σ σ≥ 1im . 
The pronounced rate effect on fracture energy occurs at a higher loading 
rate than for the tensile strength.  
  The width of the FZ only increases in the high loading rate regime. • 
Therefore, the internal length scale in numerical calculations has to be 
adapted for rate effects in the high loading regime only.    

 Finally, the few available data on dynamic fracture energy from uniaxial 
tests are given in  Fig. 7.17 . Note that these data are obtained with different 
test set-ups and measurement techniques (see also  Chapter 6 ). The scatter 
in the results for the high loading rates is large, therefore the mean val-
ues are also given. A comparison and discussion on these results is given in 
Weerheijm ( 2009 ). Here we limit ourselves to some observations.    

 The data on dynamic fracture energy are scarce and the test and diagnostic 
methods are not standardized yet. Therefore, international cooperation and 
a benchmark program of dynamic tensile testing are recommended. A direct 
comparison of data and exchange of information can lead to standardization 
in dynamic testing, and will enable the comparison of dynamic test data.   
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  7.4     Conclusions 

 At the end of this chapter we want to emphasize the importance of com-
bined experimental, analytical and computational research, especially in 
dynamics. In this chapter we have focused on the main effects of dynam-
ics on crack initiation and propagation at the material meso-level and the 
experimentally observed rate effects on strength and fracture energy could 
be explained. However, even with advanced diagnostics, real-time data 
on the fracture process is hard to get, and also on the macrocracking pro-
cess recorded at the free specimen surface (see also  Chapter 6 ). With the 
advanced computational models (see  Chapter 10 ) the failure process of 
material and structure can be represented in detail. By combined research 
the bias on the experimentally observed rate effects can be reduced, or even 
eliminated. 

 A second remark concerns the discussion of whether the observed rate 
effects are due to ‘structural inertia’ in the mechanical response of the spec-
imen, or if micromechanical processes are involved in the strong increase of 
strength with strain rate. In this chapter we have showed that the rate effects 
can and should be directly related to the fracture process associated with 
critical defects (porosities, microcracks, lumps, aggregates matrix interface), 
to the propagation of cracks at a limited cracking velocity, and to a cohesion 
strength in FZs. If the crack initiation and propagation process is modelled a 
static in the (detailed) numerical model, and preferably probabilistic, mate-
rial model should be used. If not, and the numerical model is more global, 
the rate effect should be treated as a material property and a damage model 
is recommended. 
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 A third remark concerns the large scatter in the experimental results given 
in the literature. In our opinion, it is caused by (i) the scattering in concrete 
composition and microstructures, and (ii) the testing procedures employed 
to characterize the quasi-static and dynamic tensile strength of concrete. 
The testing procedures might vary for instance in terms of size of specimens, 
set-up, and instrumentation used, curing and drying conditions of concrete.  
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  Abstract : Concrete is heterogeneous in nature. The needs of modelling 
concrete with explicit inclusion of the heterogeneity will arise when the 
mechanical processes at this level become of particular interest, either 
due to the target scale of observation, or more so if the heterogeneity is 
deemed to play a critical role in the material response under a particular 
loading condition. This chapter deals with modelling mesoscopic 
heterogeneity of concrete for high strain rate loading. For completeness 
in the treatment of this subject, both tensile and compressive loading 
as applied externally will be included. In fact, at the mesoscale the 
mechanisms underlying the damage process are closely associated with 
fracture or generalized tension even under compression. The chapter 
begins with an overview of the nature of the mesoscopic heterogeneity 
and its computational representation. Different modelling techniques 
are briefl y reviewed and discussed. A fi nite element based mesoscale 
modelling framework is then described in more detail. The model is 
employed in various investigations into the meso-mechanisms affecting 
the dynamic behaviour of concrete in high strain rate compression and 
tension, and representative numerical simulations are introduced and 
the main observations summarized. In particular, the contribution of 
the heterogeneity in the dynamic compressive and tensile strengths of 
concrete, the dynamic structural (inertia) effects, and the strain rate 
limits in dynamic compression and Brazilian splitting tension tests are 
highlighted from a mesoscopic numerical simulation point of view. In the 
last part of the chapter, a simplifi ed scheme for representing concrete 
heterogeneity, in which regular spatial discretization is utilized in 
conjunction with a stochastic material property distribution, is introduced 
along with example applications. 

  Key words : concrete, heterogeneity, mesoscale model, dynamic behaviour, 
strain rate effect, splitting tension. 

    8.1     Introduction 

 Concrete is heterogeneous by nature. The behaviour of such a material is 
complicated by a combination of brittleness, micro-fracture, heterogene-
ity, and multi-phase interactions. In most modelling applications, however, 
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concrete is treated as a homogeneous material with uniform material prop-
erties as obtained from testing of standard concrete specimens such as 
cubes and cylinders, of which the size is typically at least a few times that 
of the largest aggregates. Strictly speaking, such properties are valid only 
when the critical regions in the structure being analysed are subject to a 
distribution of stress and strain similar to that in the standard test samples. 
In other words, the homogenization treatment is valid only when both of 
the following conditions are true: a) the stress distribution is relatively uni-
form within a characteristic size which is comparable to the size of standard 
concrete specimens, such that concrete exhibits its bulk behaviour, and b) 
the response of interest is macroscopic, or more specifi cally, the scale of 
observation is at or above one order of magnitude larger than the material 
heterogeneity. The implication for the computational modelling is that the 
basic element size need not be smaller than the characteristic size, i.e., 3–4 
times the size of the largest aggregates; otherwise, the use of homogenized 
properties and the computed response at the element level would be ques-
tionable due to the incompatibility between the spatial discretization and 
the bulk material properties being used. 

 The aforementioned conditions may be more easily satisfi ed when 
analysing larger structures and under a quasi-static loading condition. Under 
dynamic loading, however, this is hardly the case due to the abrupt spatial 
variation of the stress and strain that is typically associated with the transient 
stress wave effect at high strain rates. For the purpose of the present discus-
sion we shall refer to the high strain rate regime as starting from the order of 
1 s  − 1  and above. To capture the stress wave effect, a refi ned spatial discretiza-
tion on or below the aggregate size level may be necessary. Consequently, the 
description of the mechanical properties of the material would only make 
sense if heterogeneity is appropriately taken into account. 

 This chapter is concerned with the modelling of concrete using a 
non-homogenous approach for high strain rate applications. Different 
non-homogeneous modelling schemes are considered, namely (a) a meso-
scale model with an explicit description of the mesoscopic heterogeneity, 
including random meso-geometric structure and distinctive material prop-
erties for different phases, and (b) an approximate mesoscale model, either 
with simplifi ed mesoscale geometry, for example using round/sphere-shaped 
aggregates, or with an equivalent statistical distribution of material proper-
ties. The chapter is organised as follows. Following the introduction in  Section 
8.1 , an overview of the mesoscopic heterogeneity and associated modelling 
considerations are given in  Section 8.2 , along with a discussion on the neces-
sity of an explicit representation of the heterogeneity under high strain rate 
conditions.  Section 8.3  provides a review of the types of mesoscale model and 
their applications in the dynamic analysis of concrete. Section 8.4 introduces 
a continuum FE based mesoscale model with random polygon aggregates in 
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2D and suited for general analysis under complex and dynamic loading con-
ditions. To enable the 2D mesoscale model for dynamic analysis of concrete 
with a more realistic representation of the 3D stress condition, a pseudo-3D 
mesoscale model confi guration is described in  Section 8.5 . A series of simu-
lation studies using the above mesoscale model for concrete under high rate 
compression are introduced, and the mechanisms contributing to the bulk 
dynamic strength increase are discussed from a mesoscale perspective, and 
the need for re-visiting some of the conventional high strain rate test results 
is highlighted.  Section 8.6  looks into the simulation of dynamic tensile behav-
iour of concrete in a Brazilian splitting condition, and  Section 8.7  provides a 
brief introduction of simplifi ed mesoscale modelling with stochastic material 
properties. Example analyses using such a modelling approach in real appli-
cation problems involving fragmentation are given in Section 8.8. The chap-
ter ends with a summary of concluding remarks in  Section 8.9 .  

  8.2     The mesoscopic structure of concrete and 
computational considerations 

 At the mesoscopic level, concrete may be regarded as a composite compris-
ing of three distinct phases, namely, coarse aggregate, mortar matrix and 
interfacial transition zone (ITZ).  Figure 8.1  shows selected section views of 
typical concrete mesoscopic structure.    

 Modelling of the mechanical behaviour of concrete may be done on differ-
ent physical scales, ranging from homogenized continuum to a microscopic 
description where the particulates in the cement paste may be explicitly mod-
elled (Emery  et al .,  2007 ). The selection of an appropriate level of modelling 
for concrete depends on the scale of observation, characteristics of response 
and degree of accuracy sought, as well as the computational cost. 

 8.1      Typical concrete mesoscopic geometry (after Grote  et al .,  2001 , left; 

and Mackechnie,  2004 , right).  
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 Generally speaking, modelling of concrete in macroscale with homoge-
nized material properties is computationally economical, and can be suit-
able for a wide range of applications. However, homogeneous models take 
no regard of the material composition; and moreover, because the constitu-
tive laws in such models are derived from the nominal stress–strain response 
of standard specimens whose sizes are at least 3–4 times that of the largest 
aggregates in the composite, the applicability of the macroscopic model is 
generally limited to problems in which the global response is of primary 
interest in the analysis; and moreover, the spatial variation of the stress and 
strain should not be drastic within the above characteristic dimension. An 
implication of such a requirement in a fi nite element context is that the 
basic element size (or the FE mesh resolution) should normally be on or 
above the order of the characteristic length, so as to maintain consistency 
with the macro-material property description. From there, the statistics in 
the bulk properties of concrete as observed from testing standard concrete 
samples may be incorporated by adopting an appropriate stochastic prop-
erty distribution (e.g. Rossi and Richer,  1987 ). 

 For an analysis where fi ner spatial resolution than the characteristic size 
of bulk concrete, or a representative volume element (RVE) (Aboudi,  1991 ; 
Hill,  1963 ; Zohdi and Wriggers,  2001 ), is required to properly describe the 
responses, homogenization can no longer be justifi ed. There is no experi-
mental data to support homogenization with stable material properties at 
such a scale level. It is conceivable that the properties of the material would 
exhibit a much increased scatter as the element size is reduced into the 
sub-RVE regime. Rossi  et al . ( 1992 ,  1997 ) studied the variance of the con-
crete material properties for a variety of sample sizes with a volume ratio 
between the sample and the largest aggregate ranging from 10 to 7000, or 
roughly a ratio of 2.2~19.1 in terms of nominal length, and implemented the 
statistics in their probability models as a representation of the mesoscopic 
heterogeneity. However, the statistics cannot be extrapolated to spatial dis-
cretization falling into a sub-RVE size regime. 

 For a conceptual discussion, four levels of spatial discretization may be 
defi ned for the purpose of classifying the material descriptions, as schemati-
cally illustrated in  Fig. 8.2 . Herein we defi ne the element size ratio as the 
ratio of the basic cell size in a computational model to the nominal size of 
the aggregates:     

   Level I: element size ratio  • ≥  3~4; homogenization and use of the stan-
dard (bulk) material test data are deemed appropriate. Variation of the 
material properties is minimal and may well be represented by the sta-
tistics derived from standard concrete sample tests.  
  Level II: element size ratio well above 1.0 but less than the order of 3~4; • 
material properties at the element size level are not generally known, 
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and the variability of the material properties can be expected to increase 
with the decrease of the element size in the above range. Homogenization 
may be possible but the increased variability of the material properties 
needs to be properly taken into account.  
  Level III: element size ratio on the order of 1.0; material properties • 
at the element level can vary through a wide range, from one that 
largely resembles a pure aggregate, to one that falls between mortar 
and ITZ.  
  Level IV: element size ratio falls well below unity; in this case, only a • 
mesoscale model with appropriate representation of the mesoscale 
geometry may be considered as rational. Use of indiscriminate spatial 
discretization, even with a consideration of statistical properties of the 
constituent materials, would not be physically justifi able due to inevita-
ble disruption of the morphology of the composite.    
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 8.2      (a) Schematic of four levels of discretization and (b) the corresponding 

variability of mechanical properties of individual elements.  
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 Spatial discretization at levels I and II may be suitable mainly in quasi-static 
loading analysis and for relatively large structures. Homogenization is most 
appropriate for these levels of discretization; however, care should be taken 
with regard to the increased variability of the material properties, especially 
for the smaller end of level II discretization and when a detailed distribu-
tion of stress and strain is sought from such models. 

 For a typical high strain rate analysis with a strain rate in a range of 
10~100 s  − 1 , spatial discretization at levels III and IV are common practice 
due to the need of capturing the transient stress wave effects. High impul-
sive loading such as blast and impact often generates a stress–strain fi eld 
with a drastic temporal and spatial variation. In the initial phase of such 
responses, the stress and strain gradient can be so signifi cant that it cannot 
be ignored over a size scale that is comparable to the heterogeneity (par-
ticularly coarse aggregates) in concrete. 

  Plate XI  (see colour section between pages 208 and 209) illustrates the 
response of a concrete sample to dynamic compression at a nominal strain 
rate of 100 s  − 1 , modelled using a homogeneous and a heterogeneous meso-
scale model, respectively (Lu  et al .,  2010 ). The effect of heterogeneity on the 
distribution of damage is strikingly visible. A direct implication of such an 
effect will be the mobilization of the much stronger aggregates in the load 
resistance, and hence contributing to a certain extent to the experimentally 
observed bulk dynamic strength increase (i.e. DIF). Apparently, this mech-
anism is not represented in an homogenized model, and neither is it rea-
sonably represented in physical tests where scaled concrete, e.g. mortar, is 
employed. Similar argumentation may be applied to the initial local response 
of concrete components when subjected to an impact or a close-in blast. 

 Clearly, without a realistic representation of the mesoscopic heteroge-
neity, including the composition and geometry, it would not be possible to 
preserve the underlying mechanisms and hence for the model to be robust 
enough to cater for different high rate loading conditions. 

 Much has been accomplished in the mesoscale modelling of concrete in 
the quasi-static literature, as will be briefl y reviewed in the next section. 
Generally speaking, each model in this category involves a set of assump-
tions concerning structural idealisation, material description and failure 
criteria which are catered for in the particular modelling framework and 
loading conditions. Although such models have been fairly successful in 
their specifi c applications, they lack suffi cient robustness for applications 
beyond the situations for which they were originally suited. Moreover, 
extension of these works to more general applications has been largely hin-
dered by the fact that most of the proposed procedures are implemented in 
dedicated programmes, where there is usually a restricted choice concern-
ing the material constitutive models and the capability in handling com-
plex stress conditions, especially under dynamic loading, is often limited. 
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Consequently, it has been diffi cult to conduct systematic investigations into 
the concrete failure mechanisms under various loading conditions using a 
mesoscale model. The attempt to use mesoscale modelling for the dynamic 
analysis of concrete materials is a rather recent development and models, 
ranging from simplifi ed (such as elliptical or spherical) to random polygonal 
aggregate representations, have been developed, as will be briefl y reviewed 
in  Section 8.3.4 . 

 It is noteworthy that a mesoscale model with a detailed description of the 
meso-geometry requires refi ned meshes at the millimetre scale, i.e., level 
IV discretization, and this is obviously costly in terms of the computational 
effort. In cases where less detailed results are acceptable, level III discreti-
zation may be appropriate, and this could be particularly suitable for the 
analysis of large structures or structural components. As mentioned earlier, 
discretization at this level implies large variability of the material proper-
ties at the element level, and to refl ect such variability a stochastic sampling 
process may be involved such that individual elements will possess different 
properties to resemble a targeted statistical distribution. This scheme will be 
discussed together with the mesoscale model in later sessions.  

  8.3     Types of mesoscale model and their 
applications in the dynamic analysis 
of concrete 

 Mesoscale modelling of concrete has been a topic of extensive research 
in the quasi-static literature. Three main alternative approaches have 
been employed, namely lattice models, discrete element models, and 
continuum-based FE models. A key challenge associated with the lattice 
models is the diffi culty in determining the equivalent model parameters. 
Similar issues exist in the discrete element methods (DEM) approach 
where the virtually continuous interface between aggregates and the mortar 
matrix (at least up to a moderate non-linear response stage) is represented 
through artifi cial local contacts. The determination of the modelling param-
eters in a continuum-based FE model, on the other hand, is seemingly more 
straightforward. 

  8.3.1     Lattice models 

 The concept of lattice models was initially introduced 70 years ago to pro-
vide an alternative to solving classical problems of elasticity (Hrennikoff, 
 1941 ). With the evolution of computing power from the late 1980s, lattice 
models have gained increasing popularity for modelling brittle failure in 
heterogeneous or disordered materials. Starting with the early continuum 
model named ‘numerical concrete’ by Wittmann and co-workers (Wittmann 
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 et al .,  1984 ), several mesoscale models have been proposed in subsequent 
years (Bazant  et al .,  1990 ; de Schutter and Taerwe, 1993 ; Schlangen and van 
Mier 1992a; Schlangen and van Mier, 1992b; van Mier and Vonk,  1991 ) in an 
effort to simulate progressive failure in concrete. 

 Lattice models are characterized by a grid of truss or beam elements, gen-
erally in the form of triangular or rectangular shapes (Arslan  et al .,  2002 ; 
Lilliu and van Mier,  2003 ; Schlangen,  1993 ; van Mier and van Vliet,  2003 ), 
which represent the continuous medium in a simplifi ed manner. The use of 
beam elements enables the transfer of moments, axial and shear forces via 
the basic lattice elements. 

 When heterogeneity is to be simulated in the framework of lattice 
models, the geometry of aggregate shape may be superimposed on top of 
the mesh grid, thus defi ning different mechanical properties for the lat-
tice elements falling respectively into the aggregate, matrix or interface 
domains, effectively mimicking the three-phasic nature of the composite. 
Alternatively, a lattice with variable (random) element length may be gen-
erated (Chiaia  et al .,  1997 ; Man and van Mier,  2008 ). Although any aggre-
gate shape could in principle be superimposed, circular (2D) or spherical 
(3D) shapes have been preferred in the literature, thus ignoring any aggre-
gate angularity effect (Schlangen,  1993 ; van Mier  et al .,  2002 ). Other vari-
ants of lattice models include, for example, that presented by Leite  et al . 
( 2004 ,  2007 ), where a stochastic-heuristic algorithm is developed for an 
improved generation of the three-dimensional concrete mesoscale struc-
ture with elliptical aggregates, making it possible to create aggregate con-
tents as high as in real concrete. The system of lattice elements is then 
generated by projection onto the mesoscale structure, so that elements 
representing aggregates, mortar, and mixed aggregates and mortar (with 
possibility of including the interface properties) can be identifi ed and 
properties allocated. All types of linear elements are available, e.g., truss 
and frame elements, for the lattice elements. Another approach is to sim-
ulate heterogeneity, while keeping a regular lattice grid, by means of ran-
dom distributions of the properties of the beams, similar to the random 
distribution of material properties in a continuum framework, as will be 
described in  Sections 8.6  and  8.7 . 

 A commonly encountered issue in the lattice representation is an imper-
fect shape of the resulting stress–strain curves showing sharp drops due 
to element removal when a failure criterion is met, usually by a tensile 
strength limit. Moreover, the element removal strategy, which is usually 
employed to simulate cracking, does not account for possible crack closure, 
and does not guarantee consistent fracture energy consumption. It should 
be noted that the elastic properties of the composite strongly depend on 
the regularity of the lattice scheme (van Mier  et al .,  1997 ), and may lead to 
problems such as a zero Poisson’s ratio for a regular square lattice. A fur-
ther point worth noting is that the lattice modelling method is intrinsically 
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discretization-dependent, similar to the behaviour of a standard continuum 
model when softening is involved.  

  8.3.2     Discrete element and discrete particle methods 

 The discrete element approach was fi rst proposed in late 1970s for the study 
of granular geomaterials (Cundall and Strack,  1979 ). Such an approach mod-
els the material as a collection of rigid or deformable particles, assembled 
through contact and cohesion. DEM has been used extensively in the study 
of granular fl ow and joint rock mass problems (e.g., Ghaboussi and Barbosa, 
 1990 ; Omachi and Arai,  1988 ). More recently DEM has been extended to 
the study of heterogeneous quasi-brittle continua such as concrete, e.g., 
Donz é   et al . ( 1999 ), Camborde  et al . ( 2000 ), Azevedo  et al . ( 2008 ), where the 
continuum behaviour is described through enhanced cohesion and bonds 
at the contacts. The advantage of DEM in modelling geomaterials appar-
ently arises from its ability to adapt to problems involving fracturing and 
fragmentation and the associated discontinuities. However, the determina-
tion of the bond strength at discrete contact points in representing what is 
essentially a continuum interface makes the modelling parameters sensi-
tively problem-dependent. 

 A similar feature of discretization in the modelling of a continuum solid 
was introduced for concrete by Bazant and his co-workers in their microplane 
series models (Bazant  et al .,  1996 ; Zubelewicz and Bazant,  1987 ). In terms 
of the numerical analysis, the nature is similar to the lattice models, in the 
sense that in both cases the resulting system is a complex beam structure. 
However, herein each lattice node corresponds to the centre of one aggre-
gate, while each beam represents the behaviour of the contact between two 
adjacent particles, resulting in a lattice particle system. Cusatis  et al . (2003) 
extended the above framework by incorporating a confi nement-shear lat-
tice model for concrete damage. The confi nement-shear lattice struts trans-
mit not only axial forces (tension or compression) but also shear forces; in 
particular, the tensile and shear behaviours of the connecting struts are sen-
sitive to the lateral confi ning pressure. This class of latt1ice particle model 
has also been used in the simulation of high loading rate problems, such as 
impact and penetration of concrete targets (Cusatis  et al .,  2008 ).  

  8.3.3     Continuum (Finite Element) model 

 Mesoscale modelling of concrete using a continuum-based fi nite element 
framework allows for the multi-phasic but mesoscopically ‘continuous’ 
nature of concrete to be explicitly represented. One of the main advan-
tages of these models is that they represent composite materials in a more 
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realistic fashion, considering continuum fi elds of the state variables outside 
the cracking zone. The evolving discontinuity due to fracture can be sim-
ulated by damage laws associated with the description of the constituent 
materials. Most of the early mesoscale models were actually developed in 
this framework (e.g. von Mier and Vonk, 1991; Wang  et al .,  1999 ; Wittman 
 et al ., 1984). 

 Generation of the meso-geometry and the FE meshing are the main chal-
lenges. A commonly adopted method for generation of the meso-geometry 
is the so-called take-and-place approach (or sometimes called a random 
sequential addition (RSA) method), and some forms of its variants (e.g. 
De Schutter and Taerwe,  1993 ; Eckardt  et al .,  2004 ; Wang  et al .,  1999 ). For 
simplicity, the ITZ phase is ignored in some cases (e.g., Eckardt  et al .,  2004 ; 
Wriggers and Moftah,  2006 ). Van Mier and van Vliet ( 2003 ) presented the 
so-called random particle drop method to deal with a higher aggregate vol-
ume fraction. For 3D mesoscale models, simplifi ed geometries with spheri-
cal or elliptical inclusions are often employed.  Figure 8.3  shows a typical 3D 
model with spherical inclusions.      

 Alternative methods for the generation of a mesoscale geometry exist. 
Instead of a take-and-place approach, concurrent algorithm-based simula-
tion (CAS) can be used, in which a structure of aggregates is generated with 
a dynamic DEM analysis. A special compaction technique can be used to 
generate a 3D densely packed structure which can be transferred to input for 
2D fi nite element method (FEM) analyses (He  et al .,  2011 ; He  et al .,  2012 ). 

 For meshing of the mesoscale models, aligned meshing is the most widely 
used technique, in which the fi nite element boundaries are coincident with 
material interfaces and therefore there are no material discontinuities 
within the elements (Caballero  et al .,  2006 ; Wang  et al .,  1999 ; Wriggers and 
Moftah  2006 ; see also  Chapter 4  of this book by Skarzynski and Tejchman). 
Some authors prefer unaligned meshing, in which material interfaces may be 

 8.3      Biphasic spherical mesoscale model of concrete and FE mash: 

40% aggregate volume (after Wriggers and Moftah,  2006 ).  
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positioned within a fi nite element (Zohdi and Wriggers,  2001 ). Additionally, 
structured (Caballero  et al .,  2006 ) or non-structured meshing (typically 
based on a Delaunay triangulation, see e.g. Wang  et al .,  1999 ) may be chosen. 
Non-structured meshes often yield a larger number of degrees of freedom 
for meshing the same geometry, increasing the computational cost. 

 Another category of mesoscale models makes use of the regular FE 
mesh but create the heterogeneity by joining adjacent elements to form 
aggregates in approximate shapes and following a certain size distribution. 
Dupray  et al . ( 2009 ) used such an approach to create biphasic mesoscale 
models, where the size of aggregates followed a histogram (distribution) of 
six classes, as depicted in the  Fig. 8.4a , left. Non-liner behaviour is allocated 
only to mortar, using an explicit damage-plasticity model. Similar biphasic 
mesoscale models have been used in some other studies e.g. Riedel  et al . 
( 2008 ) for shock response, Wriggers and Moftah ( 2006 ) for uniaxial com-
pression, Akers and Phillips ( 2004 ) for contact detonation and Caballero 
 et al . ( 2006 ) for tension and compression.       

  8.3.4     Applications of mesoscale models in 
high strain rate analysis of concrete 

 Mesoscale analysis of concrete for high strain rate loading poses additional 
demands due to the dynamic effects involved and the requirements for the 
constituent material models to be capable of accommodating the pressure 
and rate dependency. 

 Donz é   et al . (1999) used a DEM model to study the compressive behav-
iour of concrete under high strain rate. Their numerical results clearly indi-
cate that the compressive strength increases as the strain rate increases. 
As the model did not involve viscoelasticity, which was deemed by some 
researchers to be a possible explanation of the strain rate enhancement 
(e.g. Gopalaratnam  et al .,  1996 ), the fact that their numerical results fi t the 

 8.4      Bi-phasic mesoscale FE model (left: Dupray  et al .,  2009 ; right: 

Riedel  et al .,  2008 ).  
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experimental data favourably could only be attributed to the dynamic struc-
tural effect, or more specifi cally the inertia as identifi ed qualitatively in some 
earlier publications (e.g. Bischoff and Perry,  1991 ; Brace and Jones,  1971 ; 
Janach,  1976 ; Reinhardt and Weerheijm,  1991 ). In the DEM framework, the 
inertia effects will tend to locally oppose the opening of cracks, which is 
dependent on the loading time. This was confi rmed by examining the prop-
agation distance of the damage area, in that as the strain rate increases, 
the extent of the damage lessens. It was also observed that this damage is 
not homogeneous and tends to propagate inwardly from the lateral free 
surfaces of the specimen, thus forming a contact cone as seen in real experi-
ments (Janach,  1976 ). Unlike quasi-static experiments where fracturing is 
well localized into narrow shear zones (Lockner and Moore,  1992 ), here the 
damage area appears to be more diffuse. Similar observations of the inertia 
effect on the dynamic strength increase under compression have also been 
made in a number of more recent studies, e.g. Nard and Bailly (2000), Li and 
Meng ( 2003 ) and Lu  et al . ( 2009 ). 

 Using the same DEM approach, Henzt  et al . ( 2004 ) carried out simulations of 
tensile Split Hopkinson Pressure Bar (SHPB) tests, at strain rates ranging from 
36 to 70 s  − 1 . Without any changes in the model as used for the above-mentioned 
compression analysis, the tensile simulation did not show any strain rate 
enhancement as observed in the compression simulation. On the other hand, 
imposing an increase in the local tensile strength was observed to be suffi cient 
to fi t the experimental results. It was therefore argued that fi rstly the inertia 
alone cannot explain the increase of tensile strength in this range of strain 
rates, and secondly the rate sensitivity in tension is more a material-intrinsic 
effect.  Figure 8.5  shows a simulated SHPB tension failure. As a matter of fact, 
the disassociation of the dynamic tensile strength increase with the structural 
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 8.5      Simulation of direct tension with DEM: introducing the strain rate 

dependence in the contact-bond strength enabled the simulation to fi t 

the experimental result well (after Henzt  et al ., 2004).  
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effect was observed as well in several earlier studies using FE simulations (e.g. 
Hughes  et al .,  1993 ; Ruiz  et al .,  2000 ).      

 Cusatis  et al . ( 2008 ) used an enhanced lattice-particle model in the sim-
ulation of the mesoscale behaviour of concrete for static as well dynamic 
loading. As briefl y mentioned in the previous section, the computational 
algorithm of this model essentially follows the lattice framework, while the 
constitutive description of the lattice struts adopted the microplane model 
for brittle materials (Cusatis  et al ., 2003). 

 Zhou and Hao ( 2008a ,  2008b ) conducted numerical studies of the com-
pression and tension response of concrete under high strain rates using sim-
ple mesoscale models with spherical aggregates in 2D. The dominant inertia 
effects on the compressive strength enhancement, and the insensitivity of 
the tensile strength to the structural effect, were confi rmed in their meso-
scale simulations. 

 Lu and Tu ( 2008 ) developed a 2D mesoscale model framework to cater 
for general FE analysis under complex and dynamic loading conditions. 
The model is featured by random polygon aggregates with ITZ being rep-
resented by a thin layer of solid elements. To enable a realistic simulation 
of the 3D structural effect in the mesoscale model, which is deemed to be 
crucial in the strain rate effect in compression, a pseudo-3D scheme is pro-
posed (Lu et al., 2010). Details of this approach and the associated simula-
tion results will be given later in  Sections 8.4 – 8.6 . 

 Brara  et al . ( 2001 ) performed dynamic tension tests of concrete using 
Hopkinson bar apparatus in a spalling test setting. Tests were conducted on 
wet concrete specimens and the results demonstrated a DIF of tensile frac-
ture ranging from around 4 for a strain rate of 20 s  − 1  to the order of 12 for 
strain rate of 100 s  − 1 . In conjunction with the experiment, a numerical sim-
ulation was conducted using a DEM model in which a cumulative fracture 
criterion was employed for the links between the particles. The criterion was 
based on some physical notion accounting for the thermally activated rate 
process, but effectively in a form with an explicit inclusion of the strain rate. 
Loading was imposed by an incident wave on the left-hand side of the speci-
men. The simulation was able to reproduce the dynamic response of the spal-
ling specimens. A typical failure pattern is depicted in  Plate XII  (see colour 
section between pages 208 and 209). 

 Mahabadi  et al . ( 2010 ) presented a numerical exploration study using 
combined FEM/DEM simulation for dynamic Brazilian test of rocks. The 
employed FEM/DEM is a hybrid model developed by Munjiza  et al . ( 1999 ) 
in which individual discrete elements have FE mesh within themselves to 
handle the continuum deformation whereas the DEM capability allows for 
discontinuity to develop. As such, the model is actually subject to similar 
issues as in typical DEM models, in that the behaviour in the continuum 
stage is indirectly stimulated through equivalent contact systems. Such a 
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combined FEM/DEM is more relevant to the analysis of rock mass where 
the discontinuation is well defi ned while in the deformation within each 
intact rock block can be signifi cant. 

 Zhu and Tang ( 2006 ) carried out a numerical simulation of the rock fail-
ure process in Brazilian disk tests. In the model used, the rock sample was 
discretized into fi ne mesoscopic elements in a fi nite element framework, 
and the heterogeneity was simulated by stochastic sampling of the material 
properties in accordance with the Weibull distribution. Strain rate depen-
dence is considered in the material failure (strength) criteria. 

 In this book in  Chapter 11 , Pedersen  et al ., presents a meso-scale model 
with the ITZ being modelled with separate continuum elements in combi-
nation with spherical and polygonal aggregates. The infl uence of loading 
rate and moisture content is investigated for Hopkinson bar tests. The major 
conclusion of this work is that the tensile strength of the ITZ is an impor-
tant parameter which defi nes the global strength as well as the size of the 
fracture process zone.   

  8.4     A comprehensive mesoscale continuum 
model for the dynamic analysis of concrete 

 In this section, a comprehensive mesoscale model suited for analysis involv-
ing complex stress–strain and load conditions, including dynamic loading, is 
introduced with some necessary details to facilitate discussion on the pros 
and cons. The complete treatment can be found in Tu and Lu ( 2011 ). The pro-
cedure consists of three main processes namely: generation of the concrete 
mesoscopic structure, generation of the mesoscale FE mesh, and non-linear 
dynamic analysis. The mesoscale structure is composed of three phases, i.e., 
aggregates, mortar matrix, and the ITZ. The aggregates are created with 2D 
random polygon shapes following prescribed probabilistic shape and size 
distributions. For the modelling of the ITZ, two alternative approaches are 
examined, namely a cohesive interface model and an equivalent layer of solid 
elements model. The non-linear dynamic analysis is carried out using com-
mercial dynamic analysis software, in the present case LS-DYNA ( 2007 ). 

  8.4.1     Generation of coarse aggregates 

 In normal concrete, the coarse aggregates are generally defi ned to consist of 
particles having a nominal size greater than 4.75 mm, and they occupy around 
40–50% of the mixture volume (Wriggers and Moftah,  2006 ). In a 2D model, 
the volumetric proportion is represented by the area ratio. Actual aggregates 
may appear in different shapes depending on their source of origin; the nat-
urally formed gravels tend to have a rounded shape, while crushed stone 
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aggregates have an angular or polygonal shape. In the present study, we shall 
consider mainly the polygon-shaped aggregates. Other special shapes, such 
as round or elliptical, are relatively simple to generate, and they may also be 
approximated by polygons with specially chosen shape parameters. 

 Different size distributions may be considered. Herein the Fuller curve 
is employed,  

   P d d n( )d . ( )madd x.= 100 /d(     [8.1]   

 where  P  is the volume percentage of aggregates below size  d ,  d  max  is the 
maximum size of the aggregate particle. The exponent  n  generally takes a 
value in the range of 0.45–0.70. 

 In the numerical simulation, the grading curve expressed in Equation 
[8.1] can be discretized into a predefi ned number of segments (denoted by 
 i  max ), each covering a size range of [ d  i ,  d  i + 1 ]. Thus the amount of aggregates 
within each grading segment is:  

   A
P P

P P
Aa i

P
a, P

( )di ( )did
( )dmadd x ( )dmdd in

=
−

−
×        [8.2]   

 where A a  is the total amount (area) of aggregates in concrete. 
 The generation of the random geometry of aggregates is implemented 

using the commonly adopted take-and-place method. In this procedure, the 
‘take’ process generates each time an individual aggregate in accordance 
with the random size and shape descriptions in the local coordinate sys-
tem. The ‘place’ process subsequently positions the aggregate into the pre-
defi ned concrete area, ensuring a rational separation with aggregates that 
are already placed in the domain.  Figure 8.6  shows a fl owchart of the pro-
cedure, which is programmed herein using MATLAB. The take-and-place 
process is executed in a sequential manner, starting with the largest aggre-
gate size group [ d  1 ,  d  2 ] (for easy packing), and carrying on until the smallest 
size group is completed.       

  8.4.2     Generation of FE mesh 

 Meshing of the mesoscopic structure of concrete is a classical challenge. 
With the availability of advanced meshing techniques in the latest commer-
cial FE codes, this task is made much simpler and faster. Herein we employ 
the ANSYS pre-processor (2011) to perform meshing of the random 2D 
mesoscale structure. 

 Let A  c   denote the spatial domain of a concrete sample, A  a   the collec-
tive area of the aggregates (with Aa

i  being i th  aggregate), and A m  the area 
not occupied by the aggregates. A m  is actually a complex multi-connectivity 
region. A m  can be generated by applying the well-known ‘overlapping’ 
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Boolean operation between all Aa
i     and the entire concrete area A c . A 

two-phasic mesh is thus generated. This mesh would have originally shared 
nodes at the interface between the two materials. If the ITZ surrounding 
the aggregates is to be modelled explicitly, for example by zero-thickness 
interface elements such as the Goodman model (Kwan  et al .,  1999 ), a dupli-
cate set of nodes can be created at the interface locations. An alternative 
way of modelling the ITZ is to use a thin layer of solid elements having 
grossly equivalent properties as the ITZ. This approach avoids the use of 
the zero-thickness elements and hence does not require a duplicate set of 
nodes at the interface. 

  Figure 8.7  shows an example of the mesoscale mesh for concrete. The 
mesh data can then be exported, herein to MATLAB, to fi nish with the 
model input data as required by the chosen FE analysis solver for the 
onwards non-linear dynamic analysis.       

  8.4.3     Material models and other numerical 
considerations 

 The evolution of damage in normal concrete at the mesoscale is largely 
governed by local fracture in mortar and ITZ, while aggregates generally 
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8.6      Flowchart of generation of polygonal aggregates and meso-geometry 

in 2D.  
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remain elastic under quasi-static loading. From this point of view, aggre-
gates may be modelled simply as an elastic material with a Young’s modulus 
and Poisson’s ratio suitable for the type of aggregates considered. It should 
be pointed out that in the high strain rate regime aggregates may respond 
to a much higher stress level than the mortar matrix due to the propagating 
wave effect, and for this reason an appropriate damage model may have to 
be employed for a realistic representation of the aggregate responses. The 
need for a sophisticated damage model for aggregates may be verifi ed by 
examining the stress level that may be mobilized in the aggregate phase for 
a particular loading condition. 

 Mortar is considered to have similar properties to the bulk (macro) prop-
erties of concrete; however, it has a smaller ‘representative volume’ due to 
the fi ner grain size, and this has implications when it comes to the choice of 
the characteristic length (affecting fracture energy) for the mortar elements. 
ITZ, on the other hand, is the least known phase, and large uncertainties 
are expected to be associated with its mechanical properties. It is generally 
understood that the real ITZ has a thickness in the range of 20–50  μ m (e.g. 
Scrivener  et al ., 2004), and its mechanical properties are different from the 
cement paste. It is generally found that, as the ITZ bond strength increases, 
the strength of concrete also increase, whether in tension, fl exure or com-
pression (Mindess  et al .,  2002 ). Whereas cracking in tension is expected to 
be dominated by the actual ITZ, the boundary between ITZ and mortar 
becomes blurred when concrete is under compression due to the complex 
stress state in the interfacial region. This phenomenon supports the adop-
tion of an equivalent layer of solid elements as the representation of the 
ITZ. This approach will not have a sensitive effect on the tension behaviour 
as compared to the use of some interfacial link elements, but is deemed to 
improve the model behaviour under compression in which complex stress 
conditions develop at the ITZ regions. When an equivalent layer of solid 

Bi-phasic FE mesh Creation of ITZ

 8.7      Illustration of FE mesh for mesoscale model of concrete.  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



 Modelling the dynamic response of concrete 235

© Woodhead Publishing Limited, 2013

element is employed to represent the ITZ, the material model as used for 
mortar may be suffi cient, with however a discounted strength. Man and van 
Mier ( 2008 ) adopted a layered ITZ approach in their study of the size effect 
on strength and fracture energy using lattice beam model, where the ITZ is 
represented by a layer of beam elements connecting the aggregate and the 
mortar lattice beam elements. 

 In much of the previous mesoscale modelling studies, relatively sim-
ple material models have commonly been used to simplify the modelling 
requirements. Nowadays, many comprehensive and advanced constitutive 
models are available in general purpose fi nite element analysis codes for 
describing the quasi-brittle behaviour of concrete-like materials (see, e.g., 
Tu and Lu, 2009). Herein we employ the Concrete Damage Model (Malvar 
et al .,  1997 ,  2000 ) to model mortar and the equivalent ITZ. This material 
model is capable of describing the material failure due to tension, shear, 
as well as compression under various stress conditions, and it also includes 
pressure and strain rate dependent features. 

 The basic considerations in the Concrete Damage Model follow the 
classical damage-plasticity framework. The total stress is uncoupled into 
an isotropic and a deviatoric part. The isotropic behaviour is controlled by 
a compaction curve relating the current pressure to the current and pre-
vious compressive volumetric strain, and the deviatoric stress is defi ned 
as a linear combination of failure surfaces based on a three-invariant for-
mulation.  Figure 8.8  depicts the compaction curve, and the three strength 
surfaces, namely an initial yield surface, a maximum failure surface and 
a residual surface. The general strength criterion is given by a uniform 
expression as:     

Δσ = ( )3 2( 2 3J f=2 = p J J,2        [8.3]   

 where  Δσ  and  p  denote the principal stress difference and pressure, respec-
tively.    J  2  and  J  3  are the stress invariants. In the principal stress space, the 
meridian of the strength surface is governed by f p J J rc, J ,2 3J,( ) ×c= ′Δσ  where 
Δ   σ    c   represents the compressive meridian and  r   ′   is a function of the Lode 
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8.8      Compaction curve (left) and three strength surfaces (right) of the 

Concrete Damage Model.  
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angle. The compressive meridians of the three strength surfaces have a sim-
ilar form as:  

   Δσ = +
+

a
p

a a+ p0

1 2a+
       [8.4]   

 where  a  0 ,  a  1  and  a  2  are free parameters. For the failure surface,  a  0  = 0. Thus, 
for the three failure surfaces eight free parameters need be determined, 
based on experimental data. 

 The loading path after yield is defi ned by interpolation between the 
respective strength surfaces. The development of non-linearity is controlled 
by a variable called yield scale factor   η  , which in turn is determined by a 
damage function   λ  . Different damage evolution in tension and compres-
sion is realized by different defi nitions of the   λ   function. For typical classes 
of concrete, recommended specifi cations of these parameters can be found 
from relevant literature (e.g., Malvar  et al .,  1997 ) and an automatic genera-
tion option is available (Malvar  et al .,  2000 ). 

 Considering the critical importance of the model in representing the 
pressure-confi nement effect in the dynamic response of concrete under high 
strain rate loading, the model is examined extensively in this regard using a 
single-element setting.  Figure 8.9  shows the axial compressive stress-strain 
curves for 30-MPa concrete under four different levels of the confi ning 
stresses, namely 1, 2, 5 and 10 MPa, respectively. It can be observed that the 
achieved compressive strength and ductility increase with the increase of 
the lateral confi ning stress. The trend agrees well with general experimental 
observations.      
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 8.9      Single-element analysis of the axial compressive stress–strain 

curves under different levels of lateral confi ning stress.  
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 For the strain rate enhancement in the material strength, the model imple-
ments a radial rate enhancement on the failure surface. It is possible to use 
different rate enhancements for tension and compression, respectively, and 
the enhancement option can be turned on or off as required. 

 As always is the case in a fi nite element analysis with a local material 
description, numerical localization will inevitably occur when softening is 
involved, leading to mesh sensitive results. In the Concrete Damage Model, 
a length scale is introduced for the stress-softening related parameters to be 
adapted to enable the preservation of the fracture energy when softening 
localization happens, such that:  

σ ε
ε

d Gε hf cG h
0

max

∫0
       [8.5]   

 where  G  f  is the fracture energy per unit area,  h  c  is the characteristic dimen-
sion of the element. In addition, the model introduces a user-defi ned local-
ization width ‘ l  w ’ to enable another layer of control over the fracture energy, 
such that in situations where the localization in the FE model may deem to 
span more than one element due to particular stress conditions, ‘ l  w ’ may be 
set to the anticipated width instead of equating  h   c   to ensure that the fracture 
energy within ‘ l  w ’ would be equal to the total  G  f . 

 When an equivalent layer of solid elements is employed to represent 
the ITZ, the mechanical properties of such an ITZ layer may reasonably 
be assumed to resemble those of mortar with however a reduced strength. 
Therefore, two basic variables need to be decided: (a) thickness of the 
equivalent layer and (b) strength reduction. Due to the tiny thickness of 
the real ITZ, it is neither practical nor necessary for the equivalent layer to 
match the real thickness of the ITZ. A rigorous approach to the selection of 
the equivalent layer thickness may require a sensitivity analysis as to how 
the thickness would affect the results under a particular loading condition. 
Provided the mesh resolution is suffi ciently fi ne, which would normally be 
required to deal with the mesh irregularities associated with the random 
aggregate shapes, for example at 1/10th of the nominal aggregate dimen-
sion, it is reasonable to simply use a single layer of mortar elements imme-
diately surrounding each aggregate as the ITZ, as indicated in  Fig. 8.7 . The 
equivalent properties can then be assigned to these ITZ elements and cali-
brated. In the present analyses the mesh resolution is typically at 1/10th of 
the nominal size of the aggregates, namely 0.5 mm for the 50 mm specimens 
and 1–2 mm for the 150 mm specimens, the equivalent ITZ layer has thus 
been at these thicknesses for 50 mm and 150 mm specimens, respectively. 
Considering that the strength of the real ITZ would be around 50% of the 
mortar, and that the equivalent ITZ layer is a combination of the real ITZ 
and a slice of mortar, it is reasonable to assume a reduced strength to be 
about 75% of the mortar strength for the equivalent ITZ. Calibration results 

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



238 Understanding the tensile properties of concrete

© Woodhead Publishing Limited, 2013

under a variety of loading conditions indicate that the above properties for 
the equivalent ITZ provide consistent and comparable overall results with 
relevant experimental data. It is also useful to note that the results are not 
very sensitive to further refi nement of the equivalent ITZ thickness (e.g. 
from 1 to 0.25 mm in the 50 mm specimens). 

 In the mesoscale model, the ITZ elements must be identifi ed out of the 
mortar phase fi rst. A convenient approach to doing this is to use a ‘select-
ing elements by path’ function which is available in ANSYS and other FE 
pre-processing tools. To pick out elements surrounding an aggregate, the 
path can be defi ned effectively by a polygon which is a slightly expanded 
version of the actual aggregate. Such paths can be conveniently generated 
during the creation of the aggregates in the take-and-place procedure. 

 The option to use zero-thickness interface elements for the modelling of 
ITZ in a general ITZ model depends, understandably, upon the capacity of 
the interface elements in catering to complex stress conditions. A classical 
cohesive model, as available in LS-DYNA ( 2007 ), is suited for modelling the 
interface failure involving interaction between mode I and mode II fractures. 
When the element is subjected to compression, the model implements a 
penalty algorithm to work out a repulsive force to avoid inter-node penetra-
tion. Such cohesive elements prove to work well under tension-dominated 
loading, but perform poorly when the specimen is subjected to compression, 
as will be shown in  Section 8.4.4 . 

 In the mesoscale model, the process of fracture initiation and coalescence 
will manifest as severe local non-linearity and material degradation, and 
this can create considerable numerical diffi culty in achieving a converged 
solution if an iterative non-linear solution approach is adopted. For this 
reason, and in view of an accommodation for dynamic analysis, an explicit 
time integration approach is adopted in solving the non-linear quasi-static 
and dynamical response, while elements with a single integration point 
are employed. The use of this type of elements helps to avoid the numeri-
cal problems that could occur in fully-integrated elements in case of large 
deformations, for instance shear locking and solution instability. However, 
such elements can be susceptible to the problem arising from the so-called 
‘hourglass’ modes. For a full discussion about the numerical considerations 
related to the integration scheme and the hourglass control, readers are 
referred to Tu and Lu ( 2011 ).  

  8.4.4     Validation of the model and the infl uence of 
non-homogeneity in mortar and aggregates 
on the bulk concrete behaviour 

 The above described mesoscale model is validated fi rstly under quasi-static 
loading, and the results are compared with experimental observations. 
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2D mesoscale models are fi rstly created for 150  ×  150 cubic specimens in a 
plane stress condition.  Figure 8.10  depicts a few samples of the created meso-
scale geometries. The specimens are subjected to axial compression which is 
imposed by applying displacement on the top end while the bottom end is 
fi xed in the loading direction. Two different lateral constraints are imposed 
on the top and bottom faces, i.e., free sliding and fully confi ned, to represent 
the lower and upper bounds of the frictions between the specimen and the 
loading platens as in a physical experiment. The target compressive strength 
is set at 30 MPa, for which mortar is assigned a strength of 35 MPa, and the 
equivalent ITZ has a reduced strength of 27 MPa.      

  Figure 8.11a  shows the achieved nominal compressive stress–strain curves, 
along with the fracture patterns. For a comparison, a set of experimental 
results is shown in  Fig. 8.11b . As can be seen, the computed stress–strain 
curves and the damage patterns agree favourably with the experimental 
observations.      

 By way of verifi cation, the sensitivity of the overall specimen response 
to the detail of a sample set of aggregates and to the randomness of the 
mechanical properties within the mortar and ITZ phases, respectively, are 
evaluated. The randomness of the properties within the mortar and ITZ 
phases are simulated by a random distribution of the properties within the 
collection of mortar and ITZ elements, respectively, in accordance with 
a prescribed probability distribution. As shown in  Fig. 8.12 , the infl uence 
of the randomness in the detailed aggregate geometry and in the proper-
ties within the mortar and ITZ is found to be limited mainly in the soft-
ening branch of the response. These results suggest that, comparing to the 
meso-heterogeneity with the three distinctive phases of aggregate, mortar 
and ITZ, the randomness within each phase plays a secondary role in affect-
ing the overall behaviour of the specimens and hence may be neglected. In 
all subsequent analyses, the properties for the mortar elements and ITZ 
elements are assumed to be homogeneous.      

 The behaviour of the above mesoscale model is also examined under uni-
axial tension. For the grade 30 MPa concrete under consideration, the direct 

 8.10      Typical samples of aggregate distribution (overall specimen size 

150  ×  150 mm).  
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tensile strength is expected to be around 2.5 MPa. A similar displacement 
controlled loading scheme as in compression is employed. A typical simu-
lated fracture process of concrete under uniaxial tension is depicted in  Plate 
XIIIa  (see colour section between pages 208 and 209). The corresponding 
tensile stress-strain curve is shown in  Plate XIIIb . 

 It can be observed that at the peak stress, numerous micro-cracks have 
developed and are located mostly in the mortar aggregate interface zones. 
As the strain increases, concentrated macro-cracks start to emerge, and this 
brings the specimen into the softening stage. Because of the stress relief, 
unloading and recovery of the elastic deformation takes place in areas 
outside the strain localization regions. The majority of micro-cracks that 
have developed earlier cease to open further (i.e. no further increase in 
the tensile damage). As the applied extension further increases, the con-
centrated macro-cracks propagate transversely, cutting through the mortar 
aggregate interface regions, and eventually coalesce to form virtually a sin-
gle major crack across the entire width of the specimen. The entire simu-
lated fracture process is in good agreement with experimental observations 
(Gopalaratnam and Shah, 1985; Ueda  et al ., 1993). 
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 8.11      Mesoscale simulation results under quasi-static compression 
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 Shown in  Plate XIIIb  is also the computed tensile stress–strain curves 
when the ITZ is modelled using the interface cohesive model. The result is 
almost identical with that obtained using the equivalent solid layer of ITZ. 
However, as mentioned earlier, the use of the cohesive elements becomes 
problematic when the interface is subjected to complex stress conditions, 
and this is evidenced from the results when the model is subjected to com-
pression, as illustrated in  Fig. 8.13 . The mesoscale model with cohesive ITZ 
elements fails to produce a realistic compressive response of concrete, while 
the model using the equivalent ITZ scheme shows a superior performance.      

 The poor performance of using the cohesive interface element may largely 
be attributable to the inability of this element in representing the shear frac-
ture strength of the ITZ under a compressive stress condition. As generally 
known, the shear fracture strength of the ITZ in concrete-like materials 
is strongly dependent on the normal stress at the interface. With the pres-
ence of a compressive stress, the shear strength is expected to increase sig-
nifi cantly, for example by 2–3 times at a moderate compressive stress level 
(Nagai  et al ., 2005). Unfortunately, this important mechanism is not well 
represented in a general cohesive material model as used herein.   
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 8.12      Sensitivity of compressive behaviour to randomness in aggregate 

arrangement and non-homogeneity within mortar and ITZ phases. 

(a) Different samples of aggregate geometry, (b) randomness within 

mortar and (c) randomness within ITZ.  
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  8.5     A pseudo-3D (sandwich) mesoscale model 
for the dynamic analysis of concrete 
in compression 

 The 2D mesoscale model proves to perform well under quasi-static com-
pression and tension. Considering the signifi cance of the 3D structural 
effects, in particular the inertia effect, in the response of concrete under 
high strain rate loading, it is necessary to address the simulation of the 3D 
effects before the mesoscale model may be reliably applied in the dynamic 
analysis. In this section a pseudo-3D mesoscale model (Lu  et al ., 2010) is 
discussed. 

  8.5.1     Model confi guration 

 In lieu of a true 3D mesoscale model, which would be considerably more 
complex in terms of the mesoscale geometry and the FE mesh when poly-
gon aggregates are involved, herein we employ a pseudo-3D model confi g-
uration on the basis of the above 2D mesoscale model. The key purpose of 
such a pseudo-3D model is to facilitate the development of a realistic 3D 
inertia effects as in a real 3D environment, while allowing the full mesoscale 
features to be represented within the primary mesoscale part of the model. 

 At this juncture, it may be worth commenting briefl y on the option of an 
axisymmetric model. From a global perspective a concrete cylinder under 
axial loading may be treated as an axisymmetric problem, and thus may 
simply be modelled using a 2D axisymmetric model. However, this treat-
ment cannot be extended to the case of mesoscale modelling, since with an 
axisymmetric model, the aggregates effectively become continuous circu-
lar hoops, which obviously do not represent the true effect of the discrete 
aggregates. 
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 8.13      Compressive stress-strain curves produced by mesoscale model 

with two different ITZ schemes.  
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 A sandwich layout can be well suited to achieve the desired 3D effects. Such 
a confi guration is composed of a layer of the plane mesoscale model and a body 
of the homogeneous concrete material, thus forming a complete 3D specimen 
shape. The mesoscale layer is sandwiched in the homogeneous concrete, and a 
sliding interface is enabled between the mesoscale layer and the homogeneous 
part of the model. In this way, the mesoscale layer will deform independently 
within its own plane, as in the case of a 2D mesoscale model, while in the direc-
tion normal to the plane it will be subjected to the confi ning stress from the 
homogeneous body of concrete. Provided the properties of the homogeneous 
portion of the model resemble the bulk properties of concrete, the lateral iner-
tia effect on the sandwiched mesoscale layer in the normal direction should be 
similar to that in a true 3D mesoscale model. Consequently, the behaviour of 
the mesoscale portion within its plane should closely resemble what happens 
in a true 3D mesoscale model. The effectiveness of such a pseudo-3D model 
confi guration will be illustrated in the following sections. 

 For a cubic specimen, a pseudo-3D mesoscale model can be set up by 
sandwiching the mesoscale model (plate) into the middle of a homogeneous 
cube. Considering the symmetry, only half of the cube is required in the 
analysis, as shown in  Plate XIV  (see colour section). For a 50 mm cubic 
specimen, the halved model will consist of a 50  ×  50  ×  24 mm homogeneous 
portion, and a 50  ×  50  ×  1 mm mesoscale portion. The symmetrical condition 
is imposed on the outer face of the mesoscale portion. 

  Plate XV  (see colour section between pages 208 and 209) shows a typi-
cal stress contour in the above sandwich model. The overall stress contour 
shows a clear resemblance of the 3D effect, while the essential mesoscale 
features are maintained in the mesoscale part of the model. 

 For the modelling of a cylindrical specimen using the concept of the 
pseudo-3D mesoscale model, a cylinder shaped sandwich confi guration is 
appropriate. With the consideration of symmetry, a half-cylinder model with 
a layer of mesoscale model attached to the symmetrical plane will suffi ce, as 
shown in  Plate XIV  (see colour section between pages 208 and 209). To save 
the computational cost, without affecting the accuracy, the mesh size in the 
homogeneous portion may be made coarser. For the mesh shown in  Plate 
XIV , the total number of elements is around 40 000, which is just about four 
times the number in the 2D mesoscopic model. 

 The effectiveness of the above sandwich model for cylinder specimens is 
verifi ed by comparing the general development of damage with a compar-
ative 3D homogenous model, as illustrated in  Plate XVI  (see colour section 
between pages 208 and 209). 

 It can be observed that the overall damage patterns agree well between 
the two models. Damage is initiated from the loading side and propagates 
towards the support end. The central zone of the specimen exhibits consid-
erably less damage than the outer region, indicating a signifi cant confi ning 
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effect. Besides, damage in the mesoscale model shows a clear effect of the 
aggregates, with the damage in the ITZ region occurring fi rst on the loading 
side and then developing around the aggregates. 

 A further check is made with regard to the infl uence of the mesoscale 
layer thickness on the simulated strength in the mesoscale part of the 
model. Three different thicknesses were analysed, namely 0.5, 1.0 and 2.0 
mm. Results indicate the variation of the strength is well within 2%, indicat-
ing good stability in this respect.  

  8.5.2     Mesoscale analysis of strain rate effect in dynamic 
compression 

 With the above pseudo-3D mesoscale, a series of calculations were car-
ried out to examine the variation of the apparent compressive strength 
of concrete with the increase of the strain rate. For a comparison, a 2D 
mesoscale model, a 2D homogeneous model and a 3D homogeneous 
model are also analysed for the same variation range of the strain rate. To 
observe the dynamic structural effect, in all these models no embedded 
strain rate enhancement factor is considered in the properties of the con-
stituent materials. From the simulation results, the DIF is calculated as the 
ratio between the nominal strength under the dynamic compression and 
that under a quasi-static compression. The nominal dynamic strength is 
obtained from the average stress on both the loading and supporting faces. 
This effectively resembles the ‘three-wave’ approach in standard SHPB 
tests. It should be worth noting that the adequacy of such an approach 
under a very high strain rate regime can be questionable, as will be dis-
cussed in  Section 8.5.3 . For the pseudo-3D mesoscale model, only the 
sandwiched mesoscale portion is considered in the above evaluation of 
the dynamic strength. 

  Figure 8.14  shows the variation of the DIF with the strain rate from the 
above numerical experiments. Shown in the fi gure are also four empirical 
curves for comparison, namely:     

   i)     CEB-FIP DIF model (CEB,  1993 ):     

   
FII s

s s
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⎧
⎨
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( / ) f 30 s

1 026 1
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⎩
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⎩⎩
⎨⎨⎨⎨

    
[8.6]

   

 where ε s = × − −30 10 6 S 1  (static strain rate), log .γ α. −α6 156 2s    , 
α s fcs+= 1 5 9/ ( / )cfc0    ,  f  cs  is static compressive strength, and  f  c0  = 10 MPa.  
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   ii)     Empirical model by Tedesco and Ross ( 1998 ):     
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+
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[8.7]
    

   iii)     Empirical model by Grote  et al . ( 2001 ):     
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  [8.8]    

   iv)       A regression model derived from semi-empirical data in Lu and Xu 
( 2004 ):     
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[8.9]

   

 It should be noted that the dimension of the concrete specimen (50 mm) 
in the numerical experiment is adequate for strain rates up to about 100 
s  − 1 . The simulations in the higher strain rate range do not satisfy the stress 
equilibrium and strain uniformity requirements for the size of the specimen, 

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

0.1 1 10 100 1000 10 000

Strain rate (1/s)

D
IF

2D Homogenous material
2D Mesoscale model
CEB FIP 1990
3D homogenous model
Pseudo 3D meso-model
Semi-empirical (Lu and Xu)
Tedesco and Ross
Grote et al.

8.14      Compression DIF from numerical experiments comparing to 
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therefore the DIF results in this range may be considered for a reference 
purpose only. Further discussion in this regard will be given in  Section 8.5.3 . 

 Based on the results shown in  Fig. 8.14 , the following observations may 
be drawn: (1) all the models exhibit a signifi cant increase in the nominal 
compressive strength as the strain rate increases, despite that no strain rate 
enhancement has been considered at the material constitutive property level, 
and all the simulated DIF curves resemble the general trend as given by the 
empirical formulas; (2) the lateral inertia confi nement effect, as demonstrated 
from the results using the homogeneous models, is shown to be a major con-
tributor to the observed DIF. It is noteworthy that, due to a lack of realistic 
representation of the lateral inertia confi ning effect, the 2D homogeneous 
model markedly underestimates the DIF in the specimen; (3) the mesoscale 
heterogeneity proves to also play a sensible role in the total DIF, especially in 
the high strain rate regime. The results from the pseudo-3D mesoscale model 
appear to be consistent with the results from the 3D homogeneous model, 
indicating an effective incorporation of the 3D confi ning effect. Compared 
to the 2D mesoscale model, the results from the pseudo-3D model shows a 
further increase in the DIF. 

 To further illustrate the magnitude of contribution from the material het-
erogeneity,  Fig. 8.15  depicts the proportion of the stresses that are developed 
in the aggregates as compared with the stress in the mortar matrix as the 
nominal strain rate increases. It can be clearly observed that, while the stress 
distribution is grossly uniform up to a strain rate of 10 s  − 1 , the stress in the 
aggregates is about 20% higher than in the mortar at a strain rate of 50 s  − 1 , and 
it further increases to about 30% under a strain rate of 200 s  − 1 . Considering 
that the volume ratio of aggregates is at around 50%, an increase in the aggre-
gate stress will manifest sensitively as an increase in the overall strength, and 
hence contributing to the increase of the DIF.       
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  8.5.3     The strain rate limit of concrete in the SHPB 
compression test and its implications for the 
interpretation of test data 

 Another issue that potentially has a great implication on the interpretation 
of high strain rate results from SHPB type of tests is the strain rate limit, 
which sets an upper bound if reasonable stress uniformity is to be achieved 
for a given size of test samples. It is generally accepted that 3–4 stress rever-
berations are required in an SHPB test for the establishment of a relatively 
uniform stress state. Accordingly, an upper limit strain rate can be estab-
lished for a given specimen of length as:  

ε
ε ε

= <f fε ε
<

st

c

nls

0        [8.10]   

 where  l  s  is the length of the specimen,   ε   f  denotes the failure strain,  c  0  is the 
acoustic wave speed, and n  ≥  3. To give an example, for a 30 MPa concrete 
specimen of 50 mm length, the strain rate limit according to the above for-
mula is roughly about 50 s  − 1 . This means for tests beyond such a strain rate 
limit, either a shorter specimen needs to be used, or stress non-uniformity at 
failure would occur, rendering the corresponding test results questionable. 
As a matter of fact, numerous existing tests in the literature did not strictly 
satisfy such a strain rate limit requirement. 

 In a recent study by Song and Lu ( 2011 ), the development of stress and 
the progressive failure in a concrete cylinder under very high strain rate com-
pression is scrutinized. A few key fi ndings are summarized in what follows. 
Artifi cially dividing the 50 mm length of a specimen into fi ve sequential strips 
along the loading direction, the developing stress distributions can be exam-
ined in detail as the stress wave propagates and reverberates between the two 
ends of the specimen.  Plate XVII  (see colour section between pages 208 and 
209) shows the time histories of the axial stresses in the fi ve individual strips 
for a nominal strain rate of 50 s  − 1  and 200 s  − 1 , respectively. As can be clearly 
observed under the strain rate of 50 s  − 1 , a relatively homogeneous stress state 
is attained throughout the entire specimen before the maximum stress is 
reached. In contrast, damage and failure develops in a layer by layer fashion 
under the strain rate of 200 s  − 1 . It is noteworthy that, despite the progressive 
failure pattern, the maximum stress developed in each individual layer does 
not differ signifi cantly. This implies that using the nominal stress either on the 
incident front or on the transmitter end can reasonably represent the bulk 
strength of the specimen, as illustrated in  Fig. 8.16 . Moreover, because of the 
considerable non-uniformity in the strain distribution within the specimen, 
such that part of the specimen is still unstrained while the front layers fail, it 
would be hard to estimate the actual local strain from the velocities inferred 
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from the two end faces; averaging out the velocity over the specimen length 
will obviously under-predict the local strains and hence can cause infl ated 
Young’s modulus. An appropriate correction would be required on the nomi-
nal strain before it could be used in an estimation of the Young’s modulus.        

  8.6     Mesoscale modelling of the tensile 
behaviour of concrete in dynamic 
splitting (Brazilian) tension 

 Splitting tests in a Brazilian disk confi guration are commonly used in deter-
mining the tensile strength of concrete-like materials under quasi-static 
loading. This technique has also been extended to high strain rate tests using 
an SHPB apparatus. The basic premise of this extension stems from the 
assumption that an equilibrium condition similar to that under static load-
ing can be established in the dynamic test before the test specimen reaches 
the tension failure. Such a condition would effectively impose a strict rate 
limit, beyond which readings from the SHPB splitting tests would not be 
valid for the inference of the tensile strength. This requirement is recognised 
in the literature but unfortunately has not always been observed in the past 
experiments, especially in the high strain rate regime. In this section, some 
recent numerical simulation studies using both homogeneous and meso-
scale models will be introduced. The issues to be examined include the tran-
sition of the stress conditions from relatively low to high strain rate regimes, 
the signifi cance of the structural effect in the apparent tensile strength of 
concrete, as well as the contribution of the mesoscale heterogeneity in the 
dynamic tensile strength enhancement. 
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 8.16      Stress–strain curves inferred from three different wave approaches 
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200 s  − 1 . F1 = force on incident face. F2 = force on transmission face.  
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  8.6.1     A brief review of numerical studies on 
Brazilian tests 

 There is a large body of literature concerning the experimental aspects of 
the dynamic Brazilian tests, which will not be discussed here. However, it is 
useful to provide a quick overview of some previous numerical studies using 
a Brazilian set-up to investigate the dynamic responses of the specimen. 

 Hughes  et al . ( 1993 ) performed FE analysis of high strain rate splitting ten-
sile tests. They examined the splitting stress distribution. By increasing the 
tensile strength (cut-off) in the material model to an appropriate value, the 
FE results match well the experimental data for a given stress (strain) rate; 
therefore, a tensile strength increase under dynamic loading was deemed to 
be a material property rather than any structural effect. It was also observed 
that the tensile strength enhancement becomes more pronounced at strain 
rates above approximately 5 s  − 1 . 

 Ruiz  et al . ( 2000 ) presented a 3D FE analysis of dynamic Brazilian tests on 
concrete cylinders, using a cohesive material model based on Camacho and 
Ortiz ( 1996 ). It was shown that because the cohesive model has an intrin-
sic time scale, the model was able to capture the rate dependency of the 
damage. This result also led the authors to attribute most of the strain rate 
sensitivity of concrete in tension to dynamic micro-cracking and fracture, in 
other words a material property from a macroscopic point of view. 

 The above model with a cohesive law was also applied in a modifi ed form 
by Yu  et al . ( 2004 ) to study the Brazilian experiments of ceramics tested by 
Galvez  et al . ( 1997 ). Similar resemblance with the experimental results was 
obtained in terms of fracture patterns as well as the overall rate enhance-
ment effect. 

 In the numerical calculations of the Brazilian tests, convenience loading is 
usually applied in a displacement controlled manner similar to the compres-
sion simulations described earlier. This is achieved via a prescribed velocity 
history at the contact between the striker bar and the specimen, i.e., on the 
loading strip. The width of the strip, as in physical tests, is typically set to 
1/8 (or 1/12) of the specimen diameter. When simulating a specifi c SHPB 
test, the velocity history profi le may be estimated to match a target incident 
stress profi le occurring in the incident bar according to the following equa-
tion (Nicholas and Recht,  1990 ):  

v
ci
i=

σ
ρc

       [8.11]   

 where   ρ   and  c  are respectively the one-dimensional density and wave speed 
of the incident bar, and  σ   i   is the incident stress. On the other hand, the con-
tact between the specimen and the transmitter bar, i.e., the support strip, 
may be assumed as rigid support. 
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 Besides, for comparison with experiments, the rise time and duration may 
also be determined in accordance with those from the selected physical tests. 
In the study by Ruiz  et al . ( 2000 ), such information was extracted from tests 
by Hughes  et al . ( 1993 ) and Tedesco  et al . ( 1993 ), and the rise time ranges in 
41~85  μ s, while velocity ranges in 1.5–6.7 m/s and the corresponding incident 
stress varies in 60.2~264.3 MPa. The constant velocity duration was kept at 
100  μ s in all cases. It should be noted that, while the above rise time range 
may be adequate for the velocity (and hence strain rate) examined in the 
comparison with experiments, in their parametric studies where the velocity 
was allowed to vary in a broad range of 1~100 m/s, the use of a standard rise 
time of 50  μ s could be problematic, especially in the higher-velocity end as 
will be discussed in the next section.  

  8.6.2     The limiting strain rate and the load rise time 
for a Brazilian test 

 The basis of the splitting test is established from the elastic theory. When a 
pair of compression forces,  P , are applied on the opposite sides of a disk, the 
material in much of the central region of the diameter in the loading axis is 
subjected to a uniform tensile stress in the perpendicular direction,   σ  t  , and a 
varying compressive stress,   σ  c  , in the loading direction:  

   σ
πt

P
LD

=
2

       [8.12]    

   σ
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( )D z−
    [8.13]   

 where  P  is the compression force, z is the distance of the element to the 
point of loading, and  L  is the thickness (length) of the disk. 

 From Equation [8.12] it is possible to determine the tensile strength 
from the maximum compression force recorded,  P  max . (It should be noted, 
though, that the rupture zone is under a biaxial stress state, and the pres-
ence of a compressive stress will increase somewhat the tensile strength thus 
obtained. This needs to be taken into account when comparing the results 
with direct tension tests.) 

 With an SHPB apparatus, the applied forces at the loading (incident) and 
supporting (transmitter) ends may be determined from the strains mea-
sured in the incident and transmitter bars, respectively, as:  

   P AE1PP = AE( )i r+i +i        [8.14]    

   P AE t2PP ε        [8.15]   
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 where ε ε εi rε εε t,rε ,rε     are the incident, refl ected and transmitted strains, respec-
tively,  A  and  E  are the cross section area and Young’s modulus of the 
Hopkinson bars, respectively. Assuming a similar equivalent state as in the 
static condition, the tensile stress in the specimen can be determined by 
using Equation [8.11] with  P  equal to either  P  1  or  P  2 , or an average of both. 
Depending upon the applied load pulse profi le, an estimation of the effec-
tive strain rate may be made by the following equation:  

ε σ
t

t

cEc

=
Δ
( )t

       [8.16]   

 where  Δσ   t   denotes the increment of the tensile stress over a time duration 
Δ  t  and  E  c  is the Young’s modulus of concrete. 

 Concerning the validity of the splitting SHPB test in terms of the estab-
lishment of an equilibrium state, and hence a uniform tensile stress state 
over the splitting diameter, Rodriguez  et al . ( 1994 ) carried out a simple but 
quite illustrative elastic FE analysis. The specimen was 10 mm in height and 
20 mm in diameter, and had the elastic properties of a ceramic material, 
with Young’ s modulus of 200 GPa, Poisson’s ratio of 0.33 and density of 
2690 kg/m 3 . The dynamic load was applied through imposing a trapezoidal 
velocity history to one end of the specimen with a maximum value of 13 m/s 
and a rise time of 20  μ s, as obtained from their Hopkinson bar tests. The 
observation was made by examining the development of (elastic) stress so 
as to determine whether the specimen would fail before or after reaching 
the quasi-static equilibrium. It was found that with the stress wave reverber-
ations taking place a more uniform stress distribution was being established, 
and in that particular specimen 8  μ s was found to be the minimum time to 
complete the process in reaching a symmetrical distribution and the equilib-
rium state. After that time, the tensile stress in the splitting region was well 
represented by Equation [8.12]. 

 A quick deduction from the above result to the test of concrete would 
point to a timescale of around 50  μ s for the establishment of a uniform 
stress distribution in a normal concrete specimen of 50 mm in diameter. It is 
interesting from here to make an estimate of the tensile strain rate limit that 
would permit 50  μ s of loading time before reaching the tensile failure strain. 
For this estimation, we assume a gradual increase of the loading (strain) rate 
until the dynamic tensile strength is attained, thus,  

   ε ε ε τdtε tεεdtε ≅εdtε∫
1

2
,max        [8.17]   

 and  

   ε α αεdt
dt

c

st

c
st

fd

E
fα s

E
= = =        [8.18]   
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 where fdt and fst are the dynamic and static tensile strength, respectively, and 
Ec is the Young’s modulus.   ε  dt   is the dynamic tensile failure strain,   ε  st   is the 
quasi-static tensile failure strain,   α   is the tensile dynamic strength increase 
factor, and   τ   denotes the duration of loading before failure. Thus,  

   ε αε
τt

st
,max =

2
       [8.19]   

 For an indicative purpose, let us assume a quasi-static tensile failure strain 
of 100  με , hence for τ = 50 μs , ε αtεε ,max 4 sα 1− . From here one can easily cal-
culate a limit strain rate that would be on the order of 10 s  − 1  for a concrete 
cylinder of diameter 50 mm. Even for smaller cylinders, for example with 
a diameter of 10 mm for a mortar sample, the maximum allowable strain 
rate would still just be about 50 s  − 1 . It is worth noting here that attempting 
to boost the maximum strain rate by adopting a very short rise time (ulti-
mately using a step increase) would only make the situation worse, as in that 
case the specimen would reach the failure strain even faster, making it more 
diffi cult to reach an equilibrium state. Moreover, employing a very short 
rise time would render the specimen more susceptible to premature local 
failure, as will be illustrated later. 

 The above estimation raises a logical question with regard to the extent to 
which the past experimental data on the dynamic tensile strength increase as 
derived from Brazilian tests would have been reliable. An in-depth investi-
gation into this subject is beyond the scope of the present discussion. In what 
follows we shall demonstrate a few numerical simulations on the dynamic 
splitting tests, with a particular interest in observing the variations in the 
stress and fracture (damage) distributions under different targeted strain 
rates and the effect of the rise time. For generality, we shall fi rstly exam-
ine the development of the splitting failure process using a homogeneous 
model. Similar analyses are then performed using the mesoscale model to 
illustrate the possible infl uence the meso-heterogeneity may introduce in a 
dynamic splitting test condition. 

  Figure 8.17  shows the basic confi gurations for both homogenous and meso-
scale models. The concrete employed in these examples is of 30 MPa grade, and 
the diameter of the disk is 50 mm. Load is imposed on the incident end by a 
velocity condition with a gradual rise stage followed by a constant velocity.      

 The cap velocity in the constant stage is set at 12.5 m/s. The corresponding 
nominal tensile strain rate, as confi rmed from an elastic analysis assuming no 
premature failure before reaching an equilibrium state, would be on an order 
of 50 s  − 1 . As we shall see slightly later this would not actually be attainable, due 
to the limited failure strain of the material; as a result the achieved strain rate 
will be far lower than the above indicative level. Four different rise times are 
numerically examined, namely, 5, 10, 20 and 40  μ s, respectively.  Plate XVIII  (see 
colour section between pages 208 and 209) shows the damage (crack) patterns. 
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 From Plate XVIII it can be observed that the specimen is subject to 
severe local impact damage when the rise time is less than 20  μ s, which 
means the specimen cannot develop into a splitting tension mode before 
the onset of local failure, and this in effect invalidates the results in terms 
of splitting tension. When the loading rise time is increased to 40  μ s, a split-
ting damage pattern indeed occurs. However, upon a close examination of 
the tensile stress– strain history (not shown) it can be found that failure 
(and the peak incident force) is reached much earlier than the attainment 
of the target strain rate, and the actually achieved strain rate is much lower 
at only about 20 s  − 1 . 

 The above exploratory results further confi rm the conceptual discussion 
made earlier that an upper strain rate limit does have a binding effect for 
a valid Brazilian test for the dynamic tension of concrete. For normal con-
crete in a 50 mm disk, a 10 s  − 1  limit appears to be realistic, and higher tensile 
strain rates would not be attainable either because of a premature failure 
(in the case of a prolonged rise time) or a much distorted stress distribution 
(in the case of a steep rise phase). 

 Next we shall examine the damage patterns of the specimen when the 
target strain rate is adjusted to 1 s  − 1  and 10 s  − 1 , respectively. For these strain 
rates the imposed velocity cap is set at 0.25 and 2.5 m/s, respectively, while 
the rise time for both scenarios is set at 50  μ s.  Plate XIX  (see colour section 
between pages 208 and 209) depicts the typical damage patterns. As can be 
seen, satisfactory uniformity is achieved in the distribution of tensile stress 
and damage under the strain rate of 1 s  − 1 . For the strain rate of 10 s  − 1 , a 
reasonable uniformity persists; however, progressive development of dam-
age (fracture) starts to emerge, indicating that a strain limit on the order of 
10 s  − 1 , as conceptually established earlier, indeed holds. In both cases, the 
achieved tensile stress and that calculated using Equation [8.11] correlates 
very well, with a difference well within 10% for both strain rate cases. 

 The simulation results in terms of the tensile strength as inferred using 
Equation [8.11] tend to support the previous observations in that, unlike 

 8.17      Dynamic splitting simulation: homogeneous vs mesoscale 

models.  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



254 Understanding the tensile properties of concrete

© Woodhead Publishing Limited, 2013

the case of the dynamic compression, the dynamic structural effects play a 
rather insignifi cant role in the increase of the splitting forces. The majority 
of the increase in the splitting forces from physical tests tends to be attrib-
utable to non-structural, micro-processes at the local material level (e.g. 
Weerheijm  et al .,  2007 ). Without incorporating the DIF in the constitutive 
strength of the concrete material model (or for this effect a timescale in the 
material constitutive description), the specimens would exhibit no apparent 
increase in the splitting forces as the strain rate increases. 

 It is also worth mentioning that in the simulation for the nominal strain 
rate of 50 s  − 1  with a steep rise stage, the maximum acting forces (thereby the 
deduced ‘dynamic tensile strength’) tends to show a much increased value 
than in the lower strain rate simulations. As explained earlier this increase is 
largely due to the non-splitting effect and therefore should not be misinter-
preted as a valid dynamic structural effect on the splitting tensile strength. 

 The simulation is then carried out using the mesoscale model under a sim-
ilar loading condition for each of the three loading rates mentioned above. 
The resulting damage patterns are shown in  Plate XX  (see colour section 
between pages 208 and 209). As can be observed, the general fracture patterns 
from the mesoscale analysis agree with those from the homogeneous models; 
however, the detailed distributions are apparently affected by the presence of 
the aggregates. Further comparison of the failure splitting forces (and hence 
the splitting tensile strength) with the results from the homogeneous models 
indicates that the presence of the heterogeneity (stronger aggregates) tends 
to introduce an appreciable amount of increase in the dynamic splitting ten-
sile strength. For the range of strain rates investigated, the increases that may 
be attributable to the heterogeneity ranges are on the order of 20%.   

  8.7     Modelling of heterogeneity in concrete with 
stochastic material properties 

 A seemingly effi cient approach to represent non-homogeneity in a com-
putational model, without the need to involve a detailed description of the 
morphology of the actual heterogeneity, is to introduce a stochastic distri-
bution of material properties among the elements in the computational 
domain. In a way, such treatment may be regarded as an equivalent tech-
nique, wherein the heterogeneities larger than the spatial discretization are 
virtually diffused and therefore could not be fully represented. 

  8.7.1     A brief overview 

 Rossi  et al . were among the fi rst to propose a probabilistic description of 
the material properties in a fi nite element model to capture the initiation 
and propagation of cracks in concrete specimens, see e.g. Rossi and Richer 

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



 Modelling the dynamic response of concrete 255

© Woodhead Publishing Limited, 2013

( 1987 ) and Rossi and Wu ( 1992 ). In their models, concrete strength, Young’s 
modulus, element volume ratio (to the largest aggregates) were taken into 
account in the derivation of the probabilistic distribution functions for the 
concrete properties associated with each individual elements. The volumet-
ric ratio was introduced to refl ect the varying probabilistic properties (vari-
ance) at different levels of observations. 

 A number of studies have been reported using essentially a similar prob-
abilistic approach, as mentioned above in numerical simulation of the 
behaviour and failure of rock materials, e.g. Blair and Cook ( 1998 ), Tang 
et al . ( 2000a ,  2000b ), Fang and Harrison ( 2002 ), Ma  et al . ( 2006 ), Dong  et al . 
( 2006 ). The heterogeneities in these studies are modelled by random sam-
pling of the basic material properties for each individual element following 
a Weibull distribution:  
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 where  C  denotes the random parameter variable, e.g., strength, and C 0  is its 
mean value.  m  is the shape parameter and it translates herein as a homo-
geneity index of the material; a larger value of  m  implies a more homoge-
neous material, see  Fig. 8.18 . Considering the fact that the basic mechanical 
properties, such as the Young’s modulus and tensile/compressive strength, 
are usually closely correlated, it may be appropriate to choose a governing 
parameter, such as the compressive strength, to be sampled randomly in 
accordance with the Weibull distribution. The remaining property parame-
ters are then determined on the basis of the sampled compressive strength.      
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8.18      Probability density functions generated from Weibull distribution 

with different shape parameter (homogeneity index).  
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 In the section that follows, an illustrative application of the generalized 
heterogeneous concrete model involving stochastic distribution of concrete 
material properties at each individual material point (element), reported in 
Dong  et al . ( 2006 ), is given. The models are applied for the analyses of the 
strain rate effect on 50 mm cylindrical specimens under splitting tension and 
compression, respectively.  

  8.7.2     Stochastic heterogeneous modelling of concrete 
and its application in analysing dynamic tension 
and compression 

 In this modelling study with stochastic material properties, the computa-
tional model is developed using the smoothed particle hydrodynamics 
(SPH) solver. However, the general model consideration is not restrictive, 
and a similar analysis may be carried out using a classical fi nite element 
model. Being a meshless technique, SPH can be employed for solving com-
putational continuum dynamics problems involving the development of dis-
continuities. Its particular advantage over the classical grid-based Lagrange 
method is the ability to track large deformations without involving the grid 
tangling problem. Thus, SPH is well suited for simulating fracture and frag-
mentation of brittle solids (Benz and Asphaug,  1995 ), as well as complex 
fracture in geological rock formations and in brittle materials (e.g. Gray 
 et al .,  2000 ; Ma  et al .,  2006 ; Ma  et al .,  2010 ). 

 In this simulation, the concrete material is modelled with Johnson 
Holmquist (JH) model (Johnson and Holmquist,  1994 ) using the dynamic 
analysis code AUTODYN ( 2005 ). The choice of JH model was partly because 
of its comprehensive capability in describing pressure-dependent strength 
and evolution of damage, and partly because of the ease in customizing the 
model to accommodate random properties for individual elements. 

 The JH model is essentially a generalized Mohr Coulomb model. Similar 
to the Concrete Damage Model described earlier in  Section 8.4.3 , it includes 
a representation of the intact and fractured strength, a pressure–volume 
relationship that can include bulking, and a damage model that transitions 
the material from an intact state to a fractured state. To represent the het-
erogeneity in the numerical model, each element (SPH particle herein) has 
its individual material property represented by a characteristic parameter 
such as compressive strength, which is sampled randomly from a specifi ed 
Weibull distribution function.  Figure 8.19  depicts several example model 
material distributions with different degrees of heterogeneity.      

 The infl uence of the degree of heterogeneity as represented by the sto-
chastic material properties can be studied readily by subjecting models 
with different heterogeneity parameter  m  to a given load condition.  Figure 
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8.20  illustrates the distribution of the cracks in a cubic specimen when sub-
jected to dynamic compression with a nominal strain rate of 50 s  − 1 . It can 
be observed clearly that as the degree of heterogeneity increases, the crack 
pattern becomes increasingly diffused and tends to exhibit general resem-
blance to the patterns obtained from the mesoscale model. However, due to 
the inability of such a stochastic model to represent the meso-geometry, it 
will not be possible to capture the crack distribution in line with the actual 
layout of the heterogeneity, especially when larger aggregates are involved.      

  Figure 8.21  illustrates the development of the damage (crack) patterns 
from simulations of Brazilian splitting tension under different loading rates, 
which correspond to a nominal tensile strain rate of 2, 10 and 50 s  − 1 , respec-
tively. Similar to the observations made in  Section 8.5 , the failure patterns 
of the concrete specimen change with the increase of the loading velocity or 
strain rate. Under a relatively low strain rate (2 s  − 1  herein), the failure pat-
tern is similar to the generally observed quasi-static splitting failure mode. 
Major fracture initiates around the centre of the disc and it propagates in 
both directions towards the loading/support ends. Finally the specimen is 
split into two halves. Comparing to the splitting fracture from the mesoscale 
model, it is clear that in the stochastic model herein the fracture distribution 

m = 5 m = 3 m = 2

 8.19      Close-up of numerical specimens with increasing degree of 

heterogeneity (decreasing  m ): higher contrast indicates higher 

heterogeneity and vice versa.  

m = 5 m = 3 m = 2

 8.20      Variation of crack patterns as degree of heterogeneity increases.  
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in the centre area tends to trace the path of the weakest elements, whereas 
in a mesoscale model it is apparently affected by the meso-geometry such 
that the splitting fracture is in line with the path of the aggregate–mortar 
interface within a certain band of the central area of the disc.      

 The simulated failure processes for a statistical model under compression 
with a loading rate ε     equal to 10 s  − 1 , 50 s  − 1  and 100 s  − 1 , respectively, are depicted 
in  Fig. 8.22 . The general observations are consistent with those presented in 
 Section 8.5.2 . At the relatively lower strain rate of ε = 10s 1−  ( Fig. 8.22a) , no 
signifi cant damage occurs before the specimen enters a global failure state, 
and there are a few major crack lines as generally observed in quasi-static 
loading regimes. When ε = 50s 1−  ( Fig. 8.22b) , crack initiates from the inci-
dent loading end but in general damage is still well distributed over the entire 
specimen before fi nal failure. It is noteworthy that radial fractures are formed 
during the propagation of the stress wave along the loading axis. When the 
loading rate reaches a high value of ε = 100s 1−  ( Fig. 8.22c) , failure occurs 
almost instantaneously on the incident end when load is applied, and propa-
gates as the stress wave travels towards the opposite end. The phenomena are 

(a) 

(b)

(c)

 8.21      Failure processes of heterogeneous specimen under different 

loading rates. (a) Nominal tensile strain rate = 2 s  − 1 , (b) nominal tensile 

strain rate = 10 s  − 1  and (c) nominal tensile strain rate = 50 s  − 1 .  
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consistent with the observations made earlier with the mesoscale model. The 
bulk dynamic compressive strength in the statistic model also exhibits a simi-
lar increase trend as observed in the mesoscale modelling results. The results 
in terms of the apparent DIF from the compression simulations are consistent 
with other numerical observations in that the dynamic structural effect tends 
to be the major cause of the observed bulk DIF under compression.        

  8.8     Modelling of spalling and fragmentation in 
concrete structures with a stochastic material 
property distribution 

 In many applications of concrete structures under high rate loading such as 
blast, it is often required to predict in fi ner detail the break-up process and 
the throw of fragments after the structure has failed. 

62 μs 93 μs 109 μs

12 μs

11 μs 15 μs 23 μs

15 μs 21 μs

(a)

(b)

(c)

 8.22      Failure processes of heterogeneous concrete specimens under 

different strain rates. (a) Nominal compressive strain rate = 10 s  − 1 , 

(b) nominal compressive strain rate = 50 s  − 1  and (c) nominal tensile 

strain rate = 100 s  − 1 .  
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 There exist a range of techniques in the literature that may be employed to 
handle large and discontinuous deformations in a complex loading environ-
ment (Lu,  2009 ), for example the meshfree methods, such as SPH described 
in the previous section, and DEM. However, for cases where the response 
of the structure in its continuum state constitutes an essential part of the 
analysis, especially where complex geometrical layout is involved, the use of 
fi nite element method is still an indispensable choice. In such a situation, the 
incorporation of the statistical property distribution scheme in conjunction 
with a controlled use of the element erosion technique provides an effective 
means to simulate fracture and fragmentation while minimizing the prob-
lem with mesh distortion. This is in addition to the apparent advantage of 
such a scheme in representing the physical heterogeneity in the material. 

  Figure 8.23  illustrates a FE model with a stochastic property distribu-
tion for a concrete slab subjected to a close-in blast causing considerable 
fracture and fragmentation of the slab. The analysis was performed using 
LS-DYNA, with which the blast load may be applied either by a coupled (via 
blast-structure interaction) or uncoupled (as imposed loading) approach. 
For simplicity and without losing generality, a limited number of material 
types (sub-groups) are defi ned to represent the statistical distribution of 

(a)

(b)

 8.23      Modelling of concrete slab fragmentation under blast load. (a) FE 

model of concrete slab with heterogeneity by material randomization 

and (b) Simulation results under high intensity blast loading.  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



 Modelling the dynamic response of concrete 261

© Woodhead Publishing Limited, 2013

the concrete being modelled. The proportion of elements falling into each 
subgroup and the characteristic material properties for the subgroup can be 
determined in accordance with a prescribed probability density function, 
such as the Weibull distribution with a specifi c value for the shape parame-
ter. The allocation of each individual element into a particular subgroup can 
then be done through random sampling.      

 The use of such a heterogeneous model allows for the realization of a 
progressive fragmentation process even in areas of excessive deformation 
as failure will tend to initiate in weaker elements. Where an erosion or 
element elimination technique needs to be invoked, different elimination 
criteria may be considered for different groups of elements, and this helps 
alleviate the issue with loss of mass in the calculation cycles, and at the same 
time enables realization of fragmentation. 

 In the current example, the concrete material is assumed to have a nomi-
nal strength of 50 MPa, and it is modelled by six material sub-groups. The 
simulation of the break-up and fragmentation of the slab is achieved via 
the erosion technique, with a varying erosion limit for different groups of 
materials.  Figure 8.23b  depicts the break-up and throw of fragments in the 
concrete slab. 

 In summary, the material randomization scheme mentioned above resem-
bles some essential effects of a detailed mesoscale model, with however a 
considerably simplifi ed implementation procedure as compared to a large-
scale mesoscale model. Such a simplifi cation makes it possible to include 
the material heterogeneity in real applications where a non-homogeneous 
distribution of the material properties in the model is desirable.  

  8.9     Conclusions 

 Concrete is inherently heterogeneous. Homogenization in the numerical 
modelling of concrete is strictly justifi able only for applications where the 
stress and strain distribution does not vary considerably over a size scale 
comparable to a representative volume element or a characteristic length, 
which is typically a few times of the aggregate size. This general condition 
can hardly be satisfi ed when the loading rate is high. Therefore, modelling 
of the material heterogeneity becomes a particularly signifi cant topic in the 
analysis of concrete under high strain rate loading. 

 Mesoscale models of concrete may be developed with various degrees 
of sophistication, and the choice is largely dependent upon the response 
characteristics as well as the scale of observation. Due to the complexities 
associated with transient stress waves and the evolution of damage under 
high strain rate loading, a more realistic mesoscale model would be desired 
for investigations into the meso-mechanical processes underlying the bulk 
dynamic behaviour of such heterogeneous material. Such a model should 
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preserve the essential mesoscale compositions of the material, namely the 
three distinctive phases of aggregates, mortar matrix, and the ITZ, as well 
as the geometry of the heterogeneity. As an alternative approach, simplifi ed 
mesoscale models with regular grid discretization but a stochastic distribu-
tion of material properties may be employed. The latter option can be well 
suited in the analysis of large specimens or structural components involving 
extensive fracture and fragmentation processes. 

 Numerical experiments using mesoscale models provide new insight into 
the meso-mechanical processes of concrete under high rate loading. For con-
crete under compression, results demonstrate an increasingly more signifi cant 
contribution of the meso-heterogeneity in the dynamic strength enhancement 
or the DIF, and this is in addition to the generally known dynamic structural 
effect, namely the inertia confi nement. For concrete in tension, however, no 
evidence from the numerical investigations tends to show any signifi cant struc-
tural effect in the increase of the bulk tensile strength. This is in agreement 
with previous numerical studies, and such observations effectively suggest that 
the increase in the dynamic tensile strength should indeed be attributable to 
micro-mechanical reasons, and thus be treated primarily as a material prop-
erty from a modelling point of view, unless such micro-mechanical mecha-
nisms can be well represented in the computational model. 

 Numerical simulations also clearly demonstrate the complications that 
tend to arise when the strain rate exceeds a certain limit for a particular 
specimen dimension, such that propagating failure occurs before a desired 
uniform stress distribution may possibly be established. An implication is 
that averaging of the externally measured data on the specimen becomes 
less representative of the true material response, and this is particularly the 
case on the high strain rate end of the dynamic regime. For dynamic tension 
tests using a Brazilian disc set-up, attempting to test the specimens at strain 
rates beyond a suitable limit could ultimately render the test data irrelevant 
for observing the tensile behaviour of the material.  
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(a) Homogeneous model 

(b) Mesoscale model 

0.00 0.17 0.33 0.50 0.67 0.83 1.00

 Plate XI (Chapter 8)      Comparative simulation of damage patterns using 

homogeneous and mesoscale models, respectively. 

Strain rate = 100 s  − 1 , colour scale 1.0 = total failure.  

Experimental fracture position
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Xc = 65.8 mm  

Xc2 = 69 mm  Xcl = 41 mm  
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 Plate XII (Chapter 8)      Numerical simulation of fracture in spalling tests 

and post-mortem velocities of ejection (after Brara  et al .,  2001 ).  
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Prior to reaching peak stress Post-peak stress (Failure)

(a) Development of crack patterns (red lines indicate total fracture / macro crack)

(b) Stress-strain curve (nominal strain across whole length)
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 Plate XIII (Chapter 8)      Typical simulation results under uniaxial tension.  

(a) Sandwich mesoscale model for cylinder

(b) Pseudo 3D stress environment 

Mesoscale
layer

Plane of
symmetry

Homogenized
material

Loading
direction

Out-of-plane inertia stress
enabled by coupling with
equivalent 3D body of mass

In-plane inertiaby
mesoscale layer itself

Meso-plane of
observation

 Plate XIV (Chapter 8)      Sandwich model (cylinder).  
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(a) Geometry of the sandwich model
contour 

(b) Representative stress 

Plane of
symmetry

 Plate XV (Chapter 8)      Confi guration of a pseudo-3D mesoscale model 

for a cubic specimen and representative stress distribution.  

(a) Pseudo 3D mesoscale model

(b) 3D homogeneous model

 Plate XVI (Chapter 8)      Comparison of damage patterns in the pseudo-3D 

mesoscale model and 3D homogeneous model, strain rate 50 s  − 1 .  
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(a) Nominal strain rate = 50 s–1

(b) Nominal strain rate = 200 s–1
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 Plate XVII (Chapter 8)      Stress time histories in fi ve equally divided strips 

along loading direction.  
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 Plate XVIII (Chapter 8)      Damage patterns for a target strain rate of 50 s  − 1  

with different rise times (colour scale: 2.0 indicates total failure).  
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τ=150 μs

τ=30 μs τ=40 μs

(a)

(b)

τ=60 μs

τ=175 μs τ=220 μs

 Plate XIX (Chapter 8)      Typical damage patterns for strain rates of 1 s  − 1  

and 10 s  − 1 . (a) Nominal tensile strain rate = 1 s − 1, (b) Nominal tensile 

strain rate = 10 s − 1.  

(a)

(b)

(c)

 Plate XX (Chapter 8)      Typical damage characteristics in mesoscale 

model under different splitting tensile strain rates. (a) Nominal tensile 

strain rate = 1 s − 1, (b) Nominal tensile strain rate = 10 s − 1, (c) Nominal 

tensile strain rate = 50 s − 1.  
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 Mesoscopic modeling of concrete 

under different moisture conditions and 
loading rates   
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  Abstract :   We present a mesoscopic fi nite element model for simulating 
the rate- and moisture-dependent material behavior of concrete. 
The idealized mesostructure consists of aggregates surrounded by an 
interfacial transition zone embedded in the bulk material. We examine 
the infl uence of the most signifi cant constitutive model parameters 
on global and local response. Different distributions and shapes of 
the aggregates are tested. Three model parameter sets, corresponding 
to different moisture conditions, are employed in the analysis of two 
specimens in which the applied loading rate is signifi cantly different. The 
results indicate that the loading rate has a stronger infl uence than the 
saturation level on fracture processes and global strength. 

  Key words : mechanical properties, mesoscopic modeling, concrete, fi nite 
element analysis. 

    9.1     Introduction 

 Experimental results show that concrete is a heterogeneous brittle material 
that fractures through the formation, growth and coalescence of microcracks. 
Failure processes in concrete depend on the loading rate and are signifi -
cantly infl uenced by micro-inertia of the material adjacent to a propagat-
ing microcrack and moisture in the capillary pores. These phenomena show 
that fracture processes of concrete involve multiple length scales defi ned at 
various levels (from small length scales associated to microcracks to macro-
scopic length scales characterizing the width of the fracture process zone). 
Realistic numerical simulations of fracture processes should adequately 
represent the infl uence of these length scales on the mechanical response. 
An explicit model of the mesostructure, coupled with a regularized bulk 
material model, is a simple yet effective approach to the characterization of 
length scale effects at different levels. In this contribution we will employ 
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a two-dimensional plane-stress rate-dependent visco-elastic visco-plastic 
damage (VEVPD) continuum model,  1   developed by the authors, which suc-
cessfully reproduced, in macroscopic simulations, rate-dependent tensile 
strength results obtained in an experimental campaign conducted at Delft 
University of Technology.  2         –   6   With the VEVPD macroscopic model we were 
also able to provide an estimate of the rate- and moisture-dependent size of 
the fracture process zone (FPZ). This measure, however, was in poor agree-
ment with the corresponding experimental observations. Here we will show 
that the prediction capabilities of the VEVPD continuum model can be 
greatly improved by explicitly modeling the mesostructure including aggre-
gates and interfacial transition zone (ITZ). 

 While the literature abounds with mesoscopic models of concrete, only 
a handful of them  7–    10   has been adequately designed to describe their behav-
ior. Leaving aside the issue of mesoscopic representation of concrete  11   –   13  , here 
discussed in  Section 9.3 , a key component of concrete modeling is the correct 
management of its strain-softening behavior. Lattice models  14–    20   have been 
abundantly used for this purpose because of their simplicity. Their major draw-
back is, however, the strong dependence of the results on the lattice geometry     
 Fig. 9.8 . Some authors have nevertheless reported that mesh dependency can 
be eliminated  22   or strongly reduced  23   by considering lattices with a fi xed min-
imum distance between lattice elements  24   representing the distance between 
aggregates. Such an approach is, however, questionable since the stress fi eld is 
so poorly described that key phenomena such as damage initiation in the ITZ 
cannot be adequately represented. Even when a detailed characterization of the 
stress fi eld is achieved, the quality of the solution is strongly related to the qual-
ity of the employed discretization technique. Although the use of aggregates 
might alleviate the issue of mesh dependency when the continuum is not reg-
ularized      17   ,    25–    28   or when the cohesive surface methodology  29,       30   is employed,  31   –   33   
only a mesoscopic model based on a regularized continuum description can 
effi ciently deliver reliable results.      7–10   ‘Weakly’ regularized continuum descrip-
tions  34,     35   cannot for instance deliver information about the width of the damage 
band based on the fracture energy approach. The constitutive model employed 
in this study, proposed in Reference 1     and summarized in  Section 9.2 , is regular-
ized and accounts for the essential dependencies of the global tensile strength 
and local fracture characteristics on the saturation level and the applied loading 
rate. The model parameters must, however, be calibrated so that the numerical 
results in terms of local data (FPZs) as well as global data (tensile strength) 
refl ect the experimental fi ndings. This is not a trivial task, and a trial-and-error 
procedure was used in order to determine a suitable set of model parameters 
for each saturation level that could be consistently adopted for all applied load-
ing rates. 

 With reference to the experimental results,  2         –   6   we have studied a Split 
Hopkinson Bar (SHB) apparatus subjected to intermediate loading rates 
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and a Modifi ed Split Hopkinson Bar (MSHB) apparatus subjected to high 
loading rates. These test set-ups are used to determine the infl uence of the 
loading rate and saturation level on the formation of fracture planes during 
the failure process as infl uenced by the shape and spatial arrangement of the 
aggregates and the properties of the ITZ material. More specifi cally, in the 
analysis of the SHB apparatus ( Section 9.4 ), the normal saturation level is 
considered and a model parameter that controls the moisture content in 
the numerical model is varied to examine the infl uence on the global ten-
sile strength of the sample and the characteristics of the FPZ in various 
mesoscopic realizations. The impact of the aggregate shape on the mechan-
ical response is studied by means of the MSHB apparatus in  Section 9.5  
where we have chosen a single mesoscopic representation and shown local 
comparisons between experimental and numerical results for three differ-
ent saturation levels.  

  9.2     Constitutive modeling of concrete 

 We summarize the governing equations of the constitutive model that 
will be employed for the mesoscopic analyses. The model, which includes 
visco-elasticity and coupled visco-plasticity and damage degradation mech-
anisms, has been applied to the macroscopic description of dynamic fracture 
in concrete.  1   For the sake of completeness, relevant aspects of the model are 
reported below. 

 It is well known that the mechanical properties of concrete depend on the 
loading rate – the physical mechanisms responsible for these rate effects have 
been thoroughly discussed in Rossi  et al.   36   and Klepaczko and Brara.  37,    38   The 
dependence of the tensile strength on the loading rate can be represented 
in terms of the ratio of the dynamic to static strength, known as dynamic 
increase factor, by the curve sketched in  Fig. 9.1  (refer also to Fig. 9.2 in 
Reference 59). The curve can be approximately divided into three branches, 
representing low (σ  < 10 MPa/s), intermediate (10 MPa/s < σ  < 100 MPa/s) 
and high (σ  > 100 MPa/s) loading rates. For low and intermediate loading 
rates, the measured rate effect is associated with a viscous phenomenon 
known as the Stefan effect, which takes place in the capillary pores.  39   ,   40   This 
phenomenon can be reproduced by considering two circular plates separated 
by a thin water fi lm. The force necessary to pull the plates apart depends 
on the loading rate and the adhesion forces between water and the plate 
material. The Stefan effect in this idealized mechanical system is described 
by the Stefan-Reynolds equation,  41   ,   42   according to which the adhesion force 
between the two plates can be expressed as  43          

   f
V

w
V
w

wtvff = +
2 3V

22

2

5

γ φVV s η3

π
,    [9.1]   
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 where  w  is the distance between the plates, related to the pore size, w   is 
the rate of the opening/collapse of the pores,  V  is the water volume,  η  is 
the water viscosity,   γ      s   is the surface tension, and   φ   is the wetting angle. 
The water volume  V  can be determined from a quasi-elastic neutron scat-
tering technique,  44   and the pore-size distribution can be estimated from 
mercury-intrusion porosimetry tests.  45   According to Equation [9.1], the 
viscous strengthening effect associated with the presence of water in the 
pore system depends mainly on the porosity, the degree of saturation, and 
corresponding water-induced stresses.  1,46         Therefore, when the pore system, 
water-induced stresses or moisture level changes, the viscous hardening 
forces are affected accordingly. The water-induced stresses are, for instance, 
affected by the deformation of the concrete specimen; furthermore, the 
appearance of microcracks certainly changes the initial state of the pore 
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9.1      The increase of tensile strength as a function of the loading rate. 

Three regions can be identifi ed: low (a), intermediate (b), and high 

(c) loading rate.  

ftv σ̃
σ

1 ω

q κ χ

1−ω E2

d χ̇

E1

εve εvp εe

η1
d χ̇η2

9.2      Rheological representation of the VEVPD model (adapted from 

Reference 1    ).  
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system and the corresponding adhesion forces. In this respect, an important 
component of the constitutive model is the defi nition of a function  q , which 
takes the above physical aspects of the viscous hardening effect into account. 
This hardening force is made a function of both the equivalent visco-plastic 
strains associated with failure and equivalent visco-elastic strains associated 
with the viscous forces (Stefan effect) in the pores according to  

   q f g h( , , ) ( )( ) ( , ),χ( f g) ( χ,hf) ( ) (ff     [9.2]   

 where  f  t  is the static tensile strength. The function  g , defi ned as an expo-
nential softening curve and function of the equivalent visco-plastic strain 
  κ  , reads  

   ) p( ),κ ) exp(exp(     [9.3]   

 with   β   1  a parameter governing the slope of the softening branch. The second 
function,  h , refl ects the complex physical interaction between moisture and 
microstructural solid skeleton. Here, the viscous hardening force  
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s

       [9.4]   

 proposed by Sercombe  et al .,  47   is adopted. In Equation [9.4], by using the log 
function, small values of the equivalent visco-elastic strain   χ  , relatively to   χ    s  , 
result in an increase of the tensile strength. The parameter   χ    s   is the maximum 
value of the equivalent visco-elastic strain when the Stefan effect is active. 
When   χ   exceeds this value, i.e. when there is no Stefan effect, the  h  function is 
less than 1. Consequently, under static loading conditions and a high degree 
of saturation, the initial tensile strength decreases. The rate-dependent fac-
tor χχ d ( )χ , where χ  is the rate of the equivalent visco-elastic strain, sets 
the evolution rate of the increase factor. From these considerations, the ini-
tial yield stress  f  tv  depends on the visco-elastic response according to  f  tv  = 
 f  t  h (  χ  , χ ). Upon increasing loading rates, the evolution rate of the equiv-
alent visco-elastic strain decreases. This implies a slower decay of the vis-
cous hardening force compared to static loading conditions. Physically, this 
corresponds to the retardation effect of microcracking. The evolution of the 
equivalent visco-elastic strain  χ  can be computed from a rheological Kelvin 
element as  

   η χ χ1 1
dηη ∂

∂
−=

t
E| || | ,     [9.5]   

 where  E  1  is the visco-elastic spring stiffness, η1
dηη  is the dynamic viscosity 

defi ned in Equation [9.11], and  s  is the deviatoric stress tensor. When the 
value of the equivalent visco-elastic strain is known, the visco-elastic strain 
tensor can be computed from  
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e ve = χbχ ,     [9.6]   

 where  b  is a scaling matrix defi ned as  

b s s/ | | .     [9.7]   

 It is important to emphasize that the viscous hardening effect is only valid for 
relatively low loading rates, with a dynamic increase factor below 1.5 (refer 
to region (b) in  Fig. 9.1 ). The strengthening effect at higher loading rates 
is mainly caused by a change of fracture planes and by the effect of micro/
meso-inertia.  4,37,38,48       These phenomena are the consequence of the extremely 
short time to failure and a fast energy transfer from the bulk material into 
the crack tips  49   –   51   which generate crack branching and an increase of energy 
dissipation. Under these conditions, cracks propagate through parts of the 
material with a high tensile strength and the fi nal fracture planes do not nec-
essarily propagate through the weakest parts of the material. 

 A visco-plastic model is adopted to represent the rate effects associ-
ated with the inertia effect at the micro-and meso-scale. The visco-plastic 
strain contribution is expressed according to the formulation proposed by 
Perzyna.  52   When the yield criterion is violated in the effective stress space, i.e. 
when f  ≥  0 with f the yield function, the visco-plastic strain rate is expressed 
in the associative form as  

   e svp d
,=

1

2τdd
φfsφ     [9.8]   

 where f fff s∂ff ∂ .s/ ∂  The visco-plastic relaxation time τ η2
d

2
d

tv/ ft , where η 2
d is 

the viscosity and  f  tv  is the initial tensile strength function of the visco-elastic 
strain rate χ . The overstress function  φ  is defi ned as  

   φ =
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

f
f

N

tvff
,        [9.9]   

 where  N  is a real number  ≥ 1. From the above considerations, the total strain 
in the VEVPD model is expressed as  

   e e e e= +e e ve+ e ve+ pv ,     [9.10]   

 where the strain tensor is split into elastic, e e , visco-elastic, e ve, and 
visco-plastic, e vp, contributions. With this strain decomposition, it is pos-
sible to distinguish between the separate effects of visco-elasticity and 
visco-plasticity, representing the Stefan effect and the micro-inertia of the 
material surrounding the crack tip, respectively. A rheological representa-
tion of the model is reported in  Fig. 9.2 . The viscosity parameters in the 
visco-elastic visco-plastic element are rate-dependent according to the 
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following relationship between static, η i
s and dynamic, η i

d, viscosities (i = 
1, 2):  

   η υi iη ηη
n

nd s +ηiηsη ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−

1
1

( )( )χ ,        [9.11]   

 where the function  υ  is defi ned as  

   υ( ) = { }    [9.12]   

 with n a real number between 0 and (1–  n ) controls the sensitivity of the 
viscosity parameters to the applied loading rate. 

 The elastic stiffness  E  2  is reduced by the damage variable  ω  as indicated 
in the rheological model in  Fig. 9.2 . The coupling between plasticity and 
damage is based on the effective stress concept and the hypothesis of strain 
equivalence.  1,53       The Cauchy stress tensor  σ  is then computed according to  

   s e=(1 ) pdD : ,e     [9.13]   

 where Dpd  is the consistent tangent operator,  1     ε   is the strain tensor, and the 
damage variable   ω   (0  ≤    ω    ≤  1) in Equation [9.13] is updated through  

   ω p( )β κ2κ ,     [9.14]   

 where   β   2  regulates the slope of the damage evolution law, and  κ  is a history 
term representing a measure of the deformation accumulated in the plastic 
regime. To add further fl exibility to the model, the damage evolution param-
eter   β   2  is made a function of the damage parameter   ω   according to  

   β β2β ββ*β βββ ,2ββ2β { }ω ω(ωβωωββ1 )( )ββββββββ+11     [9.15]   

 where   β     ω    (0  ≤    β     ω     ≤  1) is a factor refl ecting the brittleness of the material 
(β 2

*

 is therefore adopted in the model in place of   β    2 ;    β     ω   = 1 implies β β2β ). 
Further details regarding the implementation of the model can be found in 
Pedersen  et al .  1   A nomenclature of the VEVPD model parameters is pre-
sented in  Table 9.1  and the adopted values of the parameters for dry, normal, 
and wet concrete specimens can be found in  Table 9.2 .        

  9.3     Mesoscopic modeling of concrete 

 The model described in the previous section can reproduce the global 
response observed in experiments when employed in a macroscopic model, 
that is, when the microstructure is not explicitly represented. However, the 
estimation of the model parameters from experimental data conducted 
by Pedersen  et al .  1   revealed several limitations of the model, which were 
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partially solved through the recalibration of some model parameters. We 
have, for instance, noticed that the size of the FPZ is extremely sensitive 
to the applied loading rate. The source of this problem lies in the defi nition 
of the value of the relaxation time  τ  2 , which is responsible for the regu-
larization of the strain-softening regime through the introduction of rate 
effects in quasi-static simulations. Without a proper calibration of  τ  2 , the 
numerical process zone obtained in dynamics simulations resulted wider 
than the experimental one at high loading rates, while being comparable 

Table 9.1     Model parameters in the mesoscopic VEVPD model 

 Parameter  Unit  Description 

  E  2   MPa  Young’s modulus in elastic material 

  E  1   MPa  Young’s modulus in visco-elastic material 

   ρ    Ns 2 /mm 4   Mass density 

  v   –  Poisson’s ratio 
 η1

sηη   MPa s  Viscosity in visco-elastic material 
 τ2

sττ   s  Relaxation time in visco-plastic material 

  χ  a   –  Amplitude in viscous hardening function 

  χ  s   –  Threshold in viscous hardening function 

   β   1   –  Softening parameter in plastic hardening function 

   β   2   –  Softening parameter in damage evolution function 

   βω    –  Parameter to control the damage softening parameter 

  f   t    MPa  Tensile strength 

  N   –  Exponent in visco-plastic overstress function 

  n   –  Exponent in rate-dependent viscosity function 

Table 9.2     Macroscopic model parameters used in the SHB and MSHB tests for 

different degrees of saturation 

 Parameter  Unit  Degree of saturation 

 Dry  Normal  Wet 

E  2   MPa  38 000  44 000  46 000 

E  1   MPa  60 000  60 000  60 000 

ϑ   –  0.2  0.2  0.2 

ρ    Ns 2 /mm 4   2200  ×  10 –12   2300  ×  10 –12   2400  ×  10 –12  
 η1

sηη   MPa s  2000  10 000  60 000 

 τ2
sττ   s  0.08  0.08  0.08 

  χ  a   –  0.025  0.025  0.025 

  χ  s   –  0.000 04  0.000 04  0.000 02 

   β   1   –  1250  1250  1250 

   β   2   –  12 100  8600  4400 

   βω    –  0.20  0.15  0.10 

  f   t    MPa  3.0  3.0  2.4 

  N   –  1  1  1 

  n   –  0.6  0.6  0.6 
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at smaller loading rates. An indirect recalibration of  τ  2  was performed by 
considering an evolving damage evolution parameter   β   2  in Equation [9.15]. 
The observed brittle behavior just after the peak load could be captured 
and, at the same time, the far post-peak response could be reproduced as 
well. However, although we observed an improvement in terms of global 
response, the local FPZ remained still not comparable to the experimental 
results. 

 The explicit representation of microstructural features has a strong 
impact on the defi nition of the localization zone width. As such, a meso-
scopic representation of concrete, in which the ITZ is explicitly represented 
and shape, size and distribution of aggregate particles resemble realistic 
concrete in a statistical sense, might avoid the recalibration of the relaxa-
tion time parameter  τ  2  just described. Special procedures have been devel-
oped for the generation of representative random aggregate structures.  7,11         
In the examples reported in this paper, we have considered both circular 
and polygonal aggregates, keeping the same aggregate volume fraction as 
shown in  Fig. 9.3 . Considering circular aggregates, a Mori-Tanaka homoge-
nization scheme can be used to determine the stiffness of the constituents 
at the meso-level so that the homogenized stiffness refl ects the material 
stiffness in the macroscopic model. Since the polygonal aggregates occupy 
the same physical volume, we have used the same homogenized stiffness as 
for the circular aggregates. The value of the Young’s modulus and Poisson’s 
ratio of the three constituents is calibrated to be similar to the homogenized 
stiffness and Poisson’s ratio of the macroscopic model listed in  Table 9.2 .    

 The relative infl uence of the aggregate distribution on the fracture char-
acteristics is analyzed by examining the three particle distributions shown 
in  Fig. 9.4  with the VEVPD constitutive model. Although the aggregate vol-
ume fraction is the same, differences in the spatial distribution of the aggre-
gates might lead to different fracture planes. Furthermore, the aggregates 
and their spatial distribution introduce a physically more realistic FPZ. In 
this respect the width of the fracture zone is controlled by both the relax-
ation time and the aggregate distribution.    

(b)(a)

 9.3      Typical circular (a) and polygonal (b) aggregates.  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



 Mesoscopic modeling of concrete 277

© Woodhead Publishing Limited, 2013

 The ITZ around each aggregate is characterized by a different micro-
structure compared to the surrounding cement paste. Instead of describ-
ing its complex structure, we restrict ourselves to variations of its tensile 
strength,  f   ITZ , which is assumed to follow the Weibull statistical distribution  

p
k f

e
k

k= ⎛
⎝
⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

−
−

λ λ⎝⎝⎝
λtff ITZ

ITZ

1

( /ftff ITZ )λλ ,     [9.16]   

 where  k  and   λ   are shape and scale parameters, respectively – we used   λ   = 10 
and  k  = 1 − 3 for t

ITZ= 1 3−  MPa. Each fi nite element associated with the ITZ 
material is therefore given a random tensile strength; the values in neigh-
boring elements are not correlated. The remaining model parameters of the 
ITZ follow the model parameters related to the macroscopic bulk material 
given in  Table 9.2 . Note that the Young’s modulus and Poisson’s ratio of 
the ITZ and aggregate materials are calibrated employing the Mori-Tanaka 
homogenization scheme as discussed above. The aggregates follow a linear 
elastic material behavior. Accordingly, the material densities for the con-
stituents are determined from the volume fractions and the macroscopic 
density from  Table 9.2 . Furthermore, except for the Young’s modulus, the 
Poisson’s ratio, the density, and the initial tensile strength, the same mate-
rial parameters are used for ITZ and bulk materials i.e. the two materials 
obey the same evolution laws for damage, softening and the Stefan effect — 
ITZ and bulk materials are in reality characterized by different porosity and 
should therefore be represented using different parameters in the evolution 
law describing the Stefan effect; here we neglect these differences and focus 
on the relative infl uence of aggregate shape and tensile strength of the three 
constituents (this issue is further discussed in  Section 9.4.3 ). 

Realization 1 Realization 2 Realization 3

100 mm
74

 m
m

9.4      Three different realizations with the same volume fraction of 

aggregates. The ITZs shown in white separates the aggregates 

(dark gray) from the cement paste (light gray). Particle density is 

approximately 30%; maximum aggregate diameter dmax  ≈  8 mm.  
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 In the following sections we will study in detail the role of the hetero-
geneous mesostructure of concrete on the impact response of a SHB and 
a Modifi ed Split Hopkinson Bar (MSHB) test set-up. In the SHB test we 
focus on the infl uence of different conditions on the fracture characteristics 
and the global tensile strength such as (i) the saturation level, by chang-
ing the viscosity parameter η i

s, (ii) the initial tensile strength, and (iii) the 
aggregate shape and confi guration. The material defi nition for normal sat-
uration level from  Table 9.2  is adopted in these analyses. In the MSHB test 
we examine the infl uence of the different saturation levels from  Table 9.2  
on the global and local response and compare the results to experimental 
fi ndings.  

  9.4     The Split Hopkinson Bar test 

 A gravity driven SHB apparatus was used in Reference 54     to study the 
behavior of concrete in the intermediate loading rate range in region (b) 
depicted in  Fig. 9.1 . With this numerical exercise we want to illustrate three 
important issues: (i) the infl uence of the tensile strength of the ITZ material 
on the global tensile strength of the specimen, (ii) the infl uence of different 
distributions of aggregates, including their shape, on the overall dynamic ten-
sile strength, and (iii) the role of the rate-dependent properties of the bulk 
material. The material parameter set for normal saturation level reported in 
 Table 9.2  is adopted in this section. 

 The SHB set-up consists of two vertical cylindrical aluminum bars (diam-
eter 74 mm) between which the concrete specimen is glued. The geometry 
and boundary conditions of the SHB specimen are shown in  Fig. 9.5  along 
with the simplifi ed model used in the numerical analyses. In the numerical 
model, the two aluminum bars have been shortened for numerical conve-
nience. Consequently, their material properties have had to be altered so that 
(i) the arrival time of the tensile wave from SG 1 to the specimen is compara-
ble to that measured in the experiments (elastic wave velocity C Ee / ρ ), 
and (ii) acoustic impedances (z A E / ρ ) of aluminum and concrete 
are identical. With these constraints, Young’s modulus and density of the 
two aluminum bars are taken equal to E a

2 = 4570 MPa and  ρ  a  = 19 950  ×  
10 −12  Ns 2 /mm 4 , respectively. Wave refl ection is avoided using elements with 
a reduced Young’s modulus, but similar acoustic impedance, at both ends 
of the two aluminum bars as shown in  Fig. 9.5a . Plane-stress three-node ele-
ments have been used in all the analyses.    

 In the analyses, we considered realization 3 shown in  Fig. 9.4  with mate-
rial properties according to a normal degree of saturation as listed in  Table 
9.2 . The ITZ material properties follow those of the bulk with the excep-
tion of Young’s modulus and Poisson’s ratio, which are determined from 
the homogenization scheme in Appendix A, and tensile strength. There is 
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no exact relation between the tensile strength of the bulk material and the 
strength f t

ITZ of the ITZ material. However, it is well known that f t
ITZ is 

lower than the bulk tensile strength. Thus, in a preliminary t analysis, we 
have tested three different values of the ITZ tensile strength (1, 2 and 3 
MPa) – note that these values are given as input to the Weibull distribu-
tion of the ITZ tensile strength in Equation [9.16]. The numerical study on 
the infl uence of the tensile strength of the ITZ material revealed that this 
parameter has a signifi cant impact on the global tensile strength of the spec-
imen as evident from the transmitted strain wave reported in  Fig. 9.6 . The 
corresponding fi nal fracture planes related to the different tensile strengths 
are shown in  Plate XXI  (see colour section between pages 208 and 209). The 
local response in  Plate XXIc  is similar to the macroscopic FPZs reported 
in Reference 1,     suggesting that the infl uence of the mesostructure is, in this 
case, minor. A similar observation holds for the global response shown in 
 Fig. 9.6 . As evident from  Plate XXIa , the most vulnerable material points 
are located in the ITZ elements and in the regions connecting them. When 
the tensile strength of the ITZ is increased, relatively more bulk material is 
damaged and the fracture planes become less defi ned ( Plate XXIc ).      

 Experimental evidence suggests that the tensile strength of the ITZ 
material is lower than the bulk tensile strength. Consequently, the numeri-
cal results presented in  Fig. 9.6  indicate that the experimental results can 
be reproduced only if the model parameters in the mesoscopic model are 
redefi ned – we will show how we have approached this issue in Sections 
9.4.2 and 9.4.3. Next, we analyze the impact on the mechanical response of 
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9.5      A two-dimensional model of the SHB test set-up: (a) material 

properties and boundary conditions – the properties of the material on 

the right- and left-hand sides have been calibrated in order to represent 

a wave-absorbing material, whereas the white and gray zones are 

given the properties of steel and concrete, respectively and (b) the drop 

weight that introduces the tensile stress wave F(t ). All dimensions in 

mm.  
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the different realizations shown in  Fig. 9.4  for different tensile strengths of 
the ITZ material. 

  9.4.1     Different aggregate distributions 

 The realizations in  Fig. 9.4  are considered in order to determine the infl u-
ence of the aggregate distribution on the global strength and number of 
fracture planes. We consider variations of the ITZ tensile strength for a nor-
mal degree of saturation ( f t

ITZ =1, 2, 3 MPa for each distribution).  Figure 9.7  
shows that there is no signifi cant variation of the t global tensile strength for 
the three aggregate distributions. The overall tensile strength is obtained by 
multiplying the measurement of the transmitted strain wave reported in  Fig. 
9.6  with the Young’s modulus of the aluminum upper bar. The fi nal fracture 
patterns are shown in  Plate XXII  (see colour section between pages 208 and 
209) for different aggregate distributions with f t

ITZ = 1 MPa. In the three t 
realizations, the fi nal failure consists of one or two dominant fracture planes. 
For realization 2 damage initiates at the notches, whereas for realizations 1 
and 3 failure initiates between aggregates and the free boundary.    

 The characteristics of the FPZ from the remaining combinations of f t
ITZ 

and aggregate distributions follow the same trend as shown in  Plates XXI  
and  XXII . This is also confi rmed by a low variation of the global strength 
obtained from the different realizations as shown in  Fig. 9.7 . When f t

ITZ is 
lower compared to that of the bulk t material, cracks are mainly located in the 
ITZ materials. However, more cracks are formed in the bulk material when 
f t

ITZ is increased. The previous analyses showed that f t
ITZ = 2 MPa provided 

Numerical
Experiment normal

ft     = 3 Mpa
ITZ

ft     = 2 Mpa
ITZ

ft     = 1 Mpa
ITZ

Time (ms)

με

0.80.60.40.20

120

100
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0

 9.6      Time–strain curves at the upper bar (SG 3) for the normal saturation 

level material set. The corresponding fracture planes are shown in 

 Plate XXI (see colour section between pages 208 and 209) .  
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the best results in terms of the global strength and the FPZ. Therefore, in 
the following simulations we choose f t

ITZ

 = 2 MPa in the Weibull distri-
bution (Equation [9.16]). Since the global tensile strength turns out to be 
lower than the strength obtained with the macroscopic model (refer to  Fig. 
9.6 ), a recalibration of the material properties of the bulk and ITZ material 
is necessary. In the   following examples, we show the infl uence of variations 
of the parameter η i

s on the mechanical response.  

  9.4.2     Infl uence of bulk viscosity 

 The previous set of analyses proved that the tensile strength of the ITZ 
material is an important parameter that infl uences both global and local 
response, whereas the global tensile strength is almost independent of the 
aggregate confi guration. In the following analyses we use f t

ITZ = 2 MPa and 
 f  t  = 3 MPa for the bulk material. We now consider variations of the viscos-
ity parameter η i

s in the bulk material for a normal degree of saturation by 
keeping all remaining model parameters fi xed. The viscosity parameter η i

s 
refl ects the Stefan effect and is related to the microstructure via the mois-
ture content and the pore-size distribution as discussed in Reference 1.     The 
Stefan effect is responsible for the increase in the tensile strength observed 
in the experiments for intermediate loading rates (region (b) in  Fig. 9.1 ) 
through the hardening function in Equation [9.4]. 

 The results of our simulations, reported in  Fig. 9.8 , indicate that the infl u-
ence of η i

s in the bulk material on the global tensile strength is not signifi -
cant. Indeed, the results are qualitatively identical to those shown in  Fig. 9.6  

Realization 3
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Realization 1
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9.7      Tensile strength of the concrete specimen as a function of the 

tensile strength of the ITZ for the three realizations in  Fig. 9.4 .  
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with f t
ITZ

 = 2 MPa and η i
s = 10 4  MPa/s (normal saturation level) for both 

the bulk and ITZ material. This conclusion, which holds for the other sat-
uration levels as well, is a further indication of the relatively low infl uence 
of the bulk properties with respect to those of the ITZs. The corresponding 
FPZs are reported in  Plate XXIII  (see colour section between pages 208 and 
209). The number and orientation of the fracture planes are independent 
of the viscosity parameter η i

s. However, increasing the viscosity in the bulk 
material reduces the diffusion of damage around the aggregates as a conse-
quence of the strength increase of the material. Further, we observe that the 
fracture planes shown in Plates XXI and  XXIII  are comparable. The small 
deviations in the results can be explained from a different distribution of 
the tensile strength of the ITZ material in the simulations.       

  9.4.3     Infl uence of bulk and ITZ viscosity 

 Next, the viscosity η i
s is varied in both bulk and ITZ material considering the 

same values as in the previous example. The time strain response is reported 
in  Fig. 9.9 . Unlike the results reported in  Fig. 9.8 , the viscosity parameter η i

s 
has now a higher impact on the global tensile strength. Actually, we see that 
it is possible to approach the experimental measurement when a viscosity η i

s 
= 10 6  MPa/s is used. Therefore, it is important to properly defi ne the material 
properties of the ITZ elements, as they are the fi rst active elements in the 
localization process while the surrounding bulk material is predominantly 
elastic. However, the overall failure process does not seem to be infl uenced, 
as evident from the comparison of the fi nal fracture planes reported in  Plates 
XXIII  and  XXIV  (see colour section between pages 208 and 209).    
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 9.8      Time–strain measurement of transmitted wave for different 

viscosities η i
s of the bulk material.  
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 The recalibration of the VEVPD model is further complicated when dif-
ferent nonlinear material behaviors are considered in the same mesoscopic 
model. In general, the ITZ material has a higher porosity than the bulk mate-
rial and its pore-size distribution is different. Therefore, the viscosity param-
eter η i

s, related to the Stefan effect, and the tensile strength must be different 
in the two systems. Hence, in principle, in our mesoscopic model we need to 
calibrate a viscosity parameter for each porous system, i.e. defi ne a viscosity 
parameter for both the ITZ and bulk material. However, we do not have 
any experimental evidence of the characteristics of the different porous sys-
tems. Therefore, we use the same viscosity parameter for both systems. We 
emphasize that the experiments can be reproduced both if a relatively high 
or low viscosity parameter is used for the ITZ material compared to the bulk 
material. The only restriction is that the selected parameters must be consis-
tent, so that the numerical results fi t the experimental output for a range of 
applied loading rates – with the parameters listed in  Table 9.2  we are able to 
fi t the experimental output obtained with three different loading rates.  

  9.4.4     Infl uence of aggregate shape 

 The analyses in  Section 9.4.3  showed that the properties of the ITZ mate-
rial have a signifi cant infl uence on the global response and a less marked 
infl uence on local fracture characteristics. Next, we compare results 
obtained with circular and polygonal aggregates. We use the input param-
eters corresponding to the normal saturation level. 

 In  Fig. 9.3 , polygonal aggregates are employed for realization 1 shown in 
 Fig. 9.4  – note that in both cases volume fraction and center of gravity of 
the aggregates are the same. Fracture patterns obtained with the mesoscopic 
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9.9      Time–strain measurement of transmitted wave for different 

viscosities η i
sof bulk and ITZ material.  
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analyses with polygonal and circular aggregates are reported in  Plate XXV  
(see colour section between pages 208 and 209). We obtain approximately 
identical widths of the FPZs. Further, both aggregate geometries activate 
the same fracture planes. The only difference can be observed in the fracture 
planes, which in the case of polygonal aggregates are more distinctive and 
well defi ned. Furthermore,  Fig. 9.10  shows that the time strain response is 
not signifi cantly affected by the aggregate shape. Hence, the total energy dis-
sipation is almost identical in the two cases. These results are in line with the 
fi nding in Reference 26.          

  9.5     Modified Split Hopkinson Bar test 

 The Modifi ed Split Hopkinson Bar (MSHB) is now analyzed, considering a 
high loading rate (region (c) in  Fig. 9.1 ). We use the rate-dependent meso-
scopic model and the model parameters from the SHB simulations in the pre-
vious section. This is in line with the defi nition of a set of model parameters 
that is consistent with all possible loading rates as previously discussed. In 
the same spirit, through an extensive parametric study, we have determined 
a parameter set for each saturation level (refer to  Table 9.2 ). This parametric 
study also showed that an improved grading of polygonal aggregates had a 
signifi cant impact on the results, which is in contrast with the conclusions 
from the SHB tests. Therefore, we focus on more realistic microstructures 
with improved grading plus polygonal aggregates, as shown in  Fig. 9.11 .    

 In this section we will focus on the analysis of the effect of variations in 
the tensile strength of the ITZ material and the saturation level. The exper-
imental data reported by Vegt  et al .  2     –   6   will be compared to the numerical 
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 9.10      Strain measurement of the transmitted tensile wave from 

simulations with polygonal and circular aggregates in the mesoscopic 

model.  
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results. Note that the character of the structural set-up in the experiments 
makes it very diffi cult to obtain reliable data for the FPZ. 

 However, estimates of the width of the FPZs from the MSHB tests are 
presented in Reference 5     for the three saturation levels. Here we use the 
measured strains in the comparison between numerical and experimental 
results. The FPZs obtained with the numerical mesoscopic model are shown 
in order to illustrate the infl uence of the saturation level on the size of the 
fracture zones. 

 The computational model of the MSHB test set-up is reported in  Fig. 
9.12 . In the experiments, a compression wave, generated from an explosive 
charge, propagates in the steel bar and is transmitted to the concrete spec-
imen. In the model, the load  F ( t ) is applied to the middle of the steel bar. 
This results in a tensile wave propagating to the left-hand side and a com-
pression wave propagating to the right-hand side. Refl ection of the tensile 
wave at the left free end is avoided using elements with a reduced Young’s 
modulus but with similar acoustic impedance. The length of these zones and 
the position where the load is applied depend on the stress-wave velocity. 
Failure is initiated at the notches when the compression wave is refl ected 
at the right free end. Consequently, the position of the notches controls the 
stress state around them and in this way failure initiation. The optimal posi-
tion of the notches depends on the wave length, the wave velocity, and the 
geometry of the specimen. In the experiments, each saturation level was 
characterized by a different wave velocity. Therefore, the dynamic Young’s 
modulus E 2  is calibrated to 45 000, 48 000 and 53 000 MPa for low, medium 
and high saturation level, respectively (see  Table 9.2 ). The Young’s modu-
lus and Poisson’s ratio for the three constituents are determined using the 
homogenization procedure described in Appendix A although the aggre-
gates are polygonal.    

  9.5.1     Tensile strength of ITZ 

 Classical visco-plastic models are known to be very sensitive to the applied 
loading rate as discussed in Reference 1.     For a specifi c relaxation time, both 
the material tensile strength and the width of the damage zone increase 
with the applied loading rate. However, the problem lies in the relatively 
fast increase, compared to the tensile strength, of the width of the dam-
age zone. Therefore, if a visco-plastic model is employed to reproduce the 
increase in tensile strength reported in  Fig. 9.1c , a simple remedy to avoid 
this problem consists in using an artifi cially high initial tensile strength and 
a low relaxation time. However, in the VEVPD model a physically realistic 
value for the tensile strength can be used with a relatively high relaxation 
time because part of the strengthening effect is covered by the Stefan effect, 
which is controlled by the visco-elastic model. 
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 The Stefan effect is less pronounced in the high loading rate regime, where 
the local inertia effect is the predominant contribution to the observed 
increase in tensile strength. The literature distinguishes between local iner-
tia effect and structural inertia effect. Local inertia effect is assumed to be 
a material property and covers the complex mechanisms taking place in 
the crack tip zone of a fast propagating crack.  5   In Reference 55, an explicit 
model of the local inertia effect stemming from the growth of microcracks 
is presented. The model is based on a non-local damage approach, where 
the equivalent damage equation is extended with an inertia term. Structural 
inertia  56   is related to the type of boundary and load conditions and should 
automatically contribute to the mechanical response independently of the 
applied constitutive relation if a transient analysis has been considered. 
However, Cotsovos and Pavlovi ć   57   concluded that a signifi cant change in 
the density has a relatively small effect on the response of concrete speci-
mens under high rates of loading. In our rate-dependent mesoscopic model, 
micro-inertia effects are included automatically because the relaxation time 
 τ  2  is very sensitive to the applied loading rate – this results in spreading of the 
FPZs. Furthermore, we observe from our results that structural inertia  56   is 
separated from the material inertia because the set of model parameters can 
be used for three different structural test set-ups with different strain rates. 

 Next we examine the infl uence of the strength of the ITZ material. The 
number of fracture planes related to the tensile strength of the ITZ material 
is examined with reference to the model parameters corresponding to the 
normal saturation level (see  Table 9.2 ). The damage patterns are shown in 
 Plate XXVI  (see colour section between pages 208 and 209) for three differ-
ent tensile strengths of the ITZ material. As previously discussed in  Section 
9.4 , the width of the macroscopic damage profi le in the mesoscopic SHB 
tests is recovered when the tensile strength of the ITZ and bulk material is 
identical. However, this is not the case in the MSHB tests where an opposite 
trend is observed.  

 9.11      Mesostructure with bulk material, aggregate, and ITZ (linear 

triangular elements are used).  
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  9.5.2     Infl uence of saturation level 

 The MSHB test set-up with three different moisture levels is considered 
using the mesoscopic model and the model parameters from the SHB tests. 
The model parameters are listed in  Table 9.2 , and the tensile strength f t

ITZ

 
follows the same distribution as that used in the SHB tests with an average 
input strength f ft

ITZ = 2 MPa – in the defi nition of the ITZ tensile strength 
we have followed the arguments described in  Section 9.4 . Note that the 
reported strain measurements are from SG 3 in  Fig. 9.12 . 

  Dry material 

 The local and global response for the dry material are reported in  Plate 
XXVII  (see colour section between pages 208 and 209). The numerical strain 
follows approximately the normal strains measured in the experiments. 
Quantitatively, we can say that the size of the numerical FPZ increases com-
pared to the numerical results obtained with the SHB tests. This is in line 
with the conclusions in Reference 5.      

  Normal material 

 The local and global response for the material with a normal saturation level 
are reported in  Plate XXVIII  (see colour section between pages 208 and 209). 
When the global response is matched for the normal saturation level, the 
corresponding FPZ is very similar to the FPZ obtained with the dry material. 
Therefore, the conclusions reached in the dry material test hold in this case 
as well. The results agree with the experimental results on the fracture zones 
reported in Reference 5.  

  Wet material 

  Plate XXIX  (see colour section between pages 208 and 209) shows the local 
and global response for the case of material with a high saturation level 
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9.12      A two-dimensional model of the MSHB test set-up. The properties 

of the material on the left-hand side have been calibrated in order to 

represent a wave-absorbing material, whereas the white and gray 

zones are given the properties of steel and concrete, respectively. 

Dimensions in mm.  
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i.e. wet material. The experimental observations  5   indicate that the amount 
of microcracks depends on the applied loading rate and the saturation 
level. Normal and dry material show a very similar behavior, whereas more 
microcracks are observed in the wet material experimental data.  5   Therefore, 
numerical and experimental results are in disagreement in this case. 

 A wider FPZ can be obtained if the amplitude of the incoming com-
pression wave is increased. We observe from the time strain plot in  Plate 
XXIX  that the amplitude can be increased by approximately 15% and still 
fi t within the experimental measurement. This implies that more material 
points are damaged. We also know that the strength increase originating 
from the Stefan effect is higher for the wet material as compared to normal 
and dry materials. Consequently, the material is in this case characterized by 
a higher tensile strength. This might explain  Plate XXVI  where less material 
points are damaged when compared to the FPZ from materials with dry and 
normal saturation levels. It is also worth noting that the value of the dam-
age softening parameter   β   2  from Table 9.2 for the wet material is the small-
est amongst the three materials. A small   β   2  value implies a ductile material 
behavior and correspondingly a slow damage progress. Furthermore, the 
loading time (length of loading wave) compared to the SHB tests is much 
smaller. Therefore, the fast loading wave and the slow damage process could 
explain the narrow FPZ when compared to experiments. Finally, according 
to Reference 6    , the standard deviation on the fracture energy for wet mate-
rial is approximately 35%. We assumed a similar behavior for the width of 
the FPZ. Therefore, with some effort, adjusting the softening parameter   β   2  
for the wet material, the numerical FPZ may come closer to the experimen-
tal result when experimental uncertainties are considered. In conclusion, 
the experimental observations on an increased width of the FPZ for wet 
material may be reproduced numerically with the above mentioned modifi -
cations. This means that no clear trend on the dependence of the FPZ on the 
saturation level can be extracted from the numerical results of the MSHB 
tests. However, the numerical results showed the clear trend that the width 
of the FPZ is very sensitive to the applied loading rate. The FPZs in the 
MSHB tests are clearly larger that those obtained in the SHB tests. Hence, 
the width of the FPZs grows with increasing loading rate.    

  9.6     Summary and conclusions 

 The main objective of this work was to analyze the dynamic response of con-
crete specimens subjected to different degrees of saturation and different 
loading rates. Experimental results from Delft University of Technology  2     –   6   
show that failure processes in concrete depend on the loading rate and mois-
ture in the capillary pores. In this contribution we have proposed a mesoscopic 
model that combines a regularized constitutive model  1   and an explicit model 
of the mesostructure including aggregates and ITZ. The resulting mesoscopic 
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model was used to predict the above mentioned experiments. We have shown 
that an improved prediction of the tensile strength and the size of the FPZ 
as a function of loading rate and saturation level can be achieved with the 
proposed mesoscopic model. In this numerical exercise we studied the role 
of four relevant model components on global tensile strength and size of the 
FPZ: (i) the tensile strength of the ITZ material, (ii) the model parameter that 
controls the moisture content, (iii) the aggregate shape and distribution, and 
(iv) the applied loading rate. We found that the tensile strength of the ITZ 
material is an important parameter that defi nes the global strength as well as 
the fi nal size of the FPZ. This holds for both intermediate and high loading 
rates. The moisture content is responsible for the initiation of microcracks in 
the specimen. Therefore, the distribution of the aggregates and correspond-
ing ITZs defi nes the initial damage state. However, the results clearly indicate 
that the loading rate has the strongest impact on the fi nal size of the FPZ and 
the global tensile strength. 

 The results presented in this study demonstrate that a mesoscopic model 
clearly improves the description of failure processes in concrete and makes 
the comparison to experimental observations more objective.  
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  9.9     Appendix A: computation of the homogenized 
material tensor for different saturation levels 

 Next, we use the Mori-Tanaka homogenization scheme to determine 
the material tensor for the constituents of the mesoscopic model. In the 
Mori-Tanaka scheme a combined stiffness DcD  is formulated as  

D DcD D { }⎡⎣⎡⎡ ⎤⎦⎤⎤
−

0DD 1
1

I + ( )fff ( )f { } L}I−     [9.17]   

 where S is the Eshelby tensor for spherical particles.  58   The volume fraction 
of the embedded material is denoted by  f  and  I  is the unit tensor. The tensor 
 L  in Equation [9.17] reads  

   D− D[( ) ]S D+S ( )D D− ,0DDDD )S DD+S 1 DD     [9.18]   

 where  D  and  D  0  are the material stiffness tensor of the embedded material 
and reference material, respectively. 

 The Mori-Tanaka homogenization is performed in two steps as shown 
in  Fig. 9.13 . In the fi rst step, , the aggregates with material tensor  D  are 
embedded in the ITZ material with material tensor  D  0 , which results in a 
material with a material tensor  D  c . In the second step, 2, the material ten-
sor  D  is set equal to this combined material tensor  D  c  and is embedded 
in the bulk material with the material tensor  D  0 . Finally, this provides the 

ITZ

Bulk

Aggregate1

2

9.13      Mesostructure with bulk material, aggregate and interfacial 

transition zone –  refers to the fi rst step in the Mori-Tanaka scheme, 

where aggregates are embedded in the ITZ material; and  refers to the 

second step, where the output from  is embedded in the bulk material.  
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combined macroscopic material tensor  D  c , which can be compared to the 
macroscopic material tensors used in Reference 1.        

 In order to use the Mori-Tanaka scheme to determine the homogenized 
material tensor for the adopted mesostructures, we need to defi ne the volume 
fractions  f  to be used as inputs in Equation [9.17]. The volume fraction of aggre-
gate material in the ITZ material is found to be 72% and the volume fraction of 
ITZ and aggregate material in the bulk material is 33%, see  Fig. 9.4 . 

 The material tensor for the reference material when using Lam é  param-
eters reads    

   D0DD = +
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

λ μ+ λ
λ λ μ

μ

iλ μλ + i

i iλ λλ i

i

0μ λiμ i
2 0μ i

0 0
    [9.19]   

 where  i  (= 1, 2, 3) refers to the three different constituents (aggregate, ITZ 
and bulk material), and the material tensor for the embedded material  D  is 
defi ned in the same way. The Lam é  parameters are determined using the itera-
tive scheme for the different constituents until the macroscopic material tensor 
used in Reference 1   is achieved. The Eshelby tensor for spherical inclusions   28   
is defi ned as  
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.     [9.20]   

 For linear elastic problems and spherical or elliptical inclusions, the Eshelby 
tensor is exact. 

 The two-step Mori-Tanaka scheme is now employed to compute the 
material tensor for a material with high saturation level using the Young’s 
modulus and Poisson’s ratio of the three constituents (E a  = 51 150 and  v  a  
= 0.28 for aggregate material, E ITZ  = 25 000 and  ν  ITZ  = 0.22 for ITZ mate-
rial, and  E  b  = 40 000 and  ν  b  = 0.22 for bulk material). The fi nal macroscopic 
material tensor reads:     

 macrDD o =
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

48800 15900 0
15900 48816 0

0 0 16 700
.     [9.21]   

 In  Table 9.2 , Poisson’s ratio  v  = 0.2 and Young’s modulus E = 46 000 MPa 
for wet material. In a plane-stress confi guration these values result in a mac-
roscopic constitutive tensor  D  with  D  11  = 47 917 MPa, which compares well 
with the value of  D  11  in the predicted macroscopic material tensor above.     
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(a) (b) (c)

Realization 1 Realization 2

ω = 1

ω = 0
Realization 3

 Plate XXII (Chapter 9)      Fracture planes for the realizations reported in 

 Fig. 9.4 . The tensile strength of the ITZ is set equal to 1 MPa.  

(a)

ft    = 1 MPaITZ ft    = 2 MPaITZ ft    = 3 MPaITZ

(a) (b) (c) ω = 1

ω = 0

 Plate XXI (Chapter 9)      Fracture planes corresponding to different values 

of the strength of the ITZ in realization 3.  

η1 = 103 MPa ss η1 = 104 MPa ss η1 = 106 MPa ss

ω = 1

ω = 0

(a) (b) (c)

 Plate XXIV (Chapter 9)      Fracture planes corresponding to different 

values of the viscosity  η s1    for bulk and ITZ material in realization 3.  

η1 = 103 MPa ss η1 = 104 MPa ss η1 = 106 MPa ss

ω = 1

ω = 0

(a) (b) (c)

 Plate XXIII (Chapter 9)      Fracture planes corresponding to different 

values of the viscosity  η s1    MPa s for the bulk material in realization 3.  �� �� �� �� �� ��
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(a)

Circular Polygonal

(b) ω = 1

ω = 0

 Plate XXV (Chapter 9)      (a) circular (b) polygonal. Damage profi les in 

specimens with different aggregate shapes in realization 1.  

ft      = 1 MPaITZ ft      = 2 MPaITZ ft      = 3 MPaITZ

ω = 0 ω = 1

 Plate XXVI (Chapter 9)      FPZs for different tensile strength of the ITZ 
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 Plate XXVII (Chapter 9)      Results for dry material. Left: experimental 

and numerical strain measurement. Right: the FPZ obtained with the 

mesoscopic model.  
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 Plate XXVIII (Chapter 9)      Results for normal material. Left: experimental 

and numerical strain measurement. Right: the FPZ obtained with the 

mesoscopic model.  
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 Plate XXIX (Chapter 9)      Results for wet material. Left: experimental 

and numerical strain measurement. Right: the fracture process zone 

obtained with the mesoscopic model.  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



© Woodhead Publishing Limited, 2013

295

     10 
 Modelling the response of concrete 

structures from strain rate effects 
to shock induced loading   
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    W.   RIEDEL   ,    Ernst Mach Institut, Germany    

   DOI : 10.1533/9780857097538.2.295 

  Abstract : Impact loading on concrete gives rise to a strain rate infl uence 
on strength, stiffness, ductility and failure mode. Moreover, inertia is 
activated, which infl uences the resistance and failure mode of concrete 
structures. In most macroscopic models currently used in engineering 
applications, the infl uence of inertia forces on dynamic strength 
enhancement is still part of the constitutive law, instead of emerging 
automatically from dynamic analysis. Detailed numerical analysis based 
on the microplane model shows that the progressive increase of apparent 
tensile strength can be attributed to structural inertia invoked by the 
softening of concrete, and not to material strength. 

  Key words : dynamic fracture, impact, rate sensitivity, true and apparent 
strength, fi nite element analysis. 

    10.1     Introduction to the modelling of 
loading-rate effects on concrete 

 The experimental and theoretical evidences show that loading rate signif-
icantly infl uences the resistance and failure mode of concrete structures 
(Kipp  et al .  1980 ; Mihashi and Wittmann  1980 ; Reinhardt  1982 ; Reinhardt 
 et al .  1985 ; Banthia  et al .  1987 ; Brandon  1987 ; Curbach  1987 ; Bischoff and 
Perry  1991 ; Reinhardt and Weerheijm  1991 ; Holmquist  et al .  1993 ; Lu and 
Xu  2004 ; Schuler  2004 ; O ž bolt and Reinhardt  2005 , O ž bolt  et al .  2006 , 
 2011 ; Ortlepp,  2006 ; Pedersen  2009 ; Larcher  2009 ; Reinhardt  et al .  2010 ; 
Mechtcherine  et al . 2011; O ž bolt and Sharma  2011 ,  2012 ). In the case of lin-
ear elastic material there is no rate sensitivity. However, in materials that 
exhibit damage and fracture phenomena, such as concrete, there is signifi -
cant loading-rate infl uence on material and structural response. This implies 
that rate sensitivity is closely related to damage (softening) of the mate-
rial, i.e. more damage and a higher level of heterogeneity (larger softening 
zone) will enhance the infl uence of loading rate on the structural response. 
Confi rmation of this is to be found in the fact that concrete-like materials 
exhibit the highest rate sensitivity for dominant tensile load. 
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 The response of concrete structures depends on time-dependent loading 
through three different effects (O ž bolt  et al .  2006 ,  2011 ): (1) the rate depen-
dency of the growing micro-cracks (infl uence of inertia at the micro-crack 
level), (2) the viscous behaviour of the bulk material between the cracks 
(creep of concrete or viscosity due to the water content), and (3) the infl uence 
of structural inertia forces, which can signifi cantly change the state of stresses 
and strains in the material. The fi rst two effects can be accounted for by the 
constitutive law (see  Chapter 9 ) and the third effect should be automatically 
accounted for with dynamic analysis, whereby the rate-dependent consti-
tutive law interacts with structural inertia (O ž bolt  et al .  2011 ). Depending 
on the material type and the loading rate, the fi rst, second or third effect 
may dominate. For quasi-brittle materials, such as concrete, the fi rst two 
effects are important for relatively low and medium strain rates. However, 
for higher strain rates (impact) the last effect dominates. Moreover, struc-
tural inertia can change the failure mode, e.g. from a mode-one failure at 
low loading rates to a mixed or punching failure at very high loading rates. 
Finally, inertia at the crack tip (fracture process zone) of a single propagat-
ing crack is also responsible for crack branching phenomena. As discussed 
by O ž bolt  et al . ( 2011 ), inertia changes the stress distribution around the 
crack tip, which forces a single crack to split into two cracks. 

 Experimental evidence shows that concrete under tensile load exhibits 
the strongest infl uence on loading rate. To experimentally study the uniaxial 
tensile behaviour of concrete is diffi cult even under static load. Therefore, 
indirect methods, such as the Brazilian test, compact tension tests, etc., are 
often employed. Moreover, even numerically it is very diffi cult to perform 
the direct dynamic uniaxial tests to study/describe the tensile behaviour of 
concrete, since at high loading rates the failure always occurs locally, near 
the loading points. Therefore, under dynamic loads the problem is studied 
through indirect tests, such as split Hopkinson bar tests (Reinhardt  et al . 
 1985 ; Weerheijm  1992 ; Schuler  2004 ; Pedersen  2009 ; Mechtcherine  et al . 
 2011 , see  Chapter 10 ). In the split Hopkinson bar test, the measurement 
of concrete strength is based on the theory of uniaxial wave propagation 
through elastic media and measurements of strain and strain rates in the 
bar. The results of experiments show that for strain rates larger than approx-
imately 1 s -1 , resistance increases progressively with increase of strain rate. 
The question that arises, and is still under discussion, is the reason for such 
an increase, and whether the experimentally measured resistance should be 
attributed to the material strength only or whether there are other effects 
that need to be considered. 

 Regardless of the infl uence of strain rate, the complex transfer of energy 
between two or more colliding bodies, or in the case of explosion, is an addi-
tional problem. For this reason, strain rate is not the only problem to be con-
sidered. According to Bentur  et al . (1987) and Banthia  et al . ( 1987 ), because 
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of very high strain gradients it is experimentally diffi cult to meet the energy 
balance for very high loading rates (see also  Chapter 8 ). On the other hand, 
it is numerically relatively simple to calculate the transfer of kinetic energy 
into other energy forms. Accordingly, it is useful to perform numerical simu-
lations in order to better understand the processes that take place in a very 
short period of time. 

  10.1.1     Overview of modelling frameworks 

 There are different frameworks for modelling of rate-dependent behaviour 
of concrete-like materials. The rate theory is employed to explain the fi rst 
two above-mentioned reasons for strain-rate sensitivity (micro-cracking 
and viscosity) (Mihashi and Wittmann  1980 ; Krausz and Krausz  1988 ). 
The theory assumes that crack initiation on an atomic scale is governed 
by the activation energy, i.e. in a non-stressed material there is an equal 
number of bond-breaking and bond-healing steps in time. When an external 
force acts on the material there is a surplus of energy, which causes more 
bond-breaking than bond-healing steps. Since the number of bond-breaking 
steps is assumed to be constant in time, a longer loading time causes more 
ruptures than a shorter loading time. Expressed in terms of strength, it 
means that sustained loading and creep causes a reduction of strength, 
whereas very short loading causes an increase of strength. This means that 
high loading rates increase the apparent strength of the material. According 
to Mihashi and Wittmann ( 1980 ) the increase of strength, compressive, ten-
sile and fl exural, can be expressed by:  

f
f
dff

sff
= ⎛

⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞σ

σ

α

0σσ
    [10.1]   

 with  f  d  = dynamic strength,  f  s  = static strength under monotonic load, 
σ = stressrate under     dynamic load, σ 0 = stressrate under     static load 
and   α   = parameter dependent on load and type of material and the 
way of loading. Equation [10.1] accounts for the effect of inertia at the 
micro-scale; however, it does not consider the effect of inertial forces on 
the macro-scale. 

 The model of Ba ž ant  et al . (2000a) is based on the same principle. Again, 
the infl uence of macro-inertia forces is not considered. The infl uence of the 
loading rate is divided in two parts: (i) the effect of viscosity, and (ii) the effect 
of strain-dependent growth of micro-cracks. The fi rst effect is described by a 
relatively simple visco-elastic model. The infl uence of the strain-dependent 
growth of micro-cracks on the other hand is based on the theory of activa-
tion energy. Both parts are captured in the relation:  
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 where   σ   = stress at dynamic load,   σ   0  = stress at static load, ε = strain rate   , 
and  C  1  and  C  2  are constants determined from experiments. This model has 
been used in various forms in the microplane model for concrete (Ba ž ant 
 et al . 2000a; O ž bolt  et al . 2001,  2006 ,  2011 ). 

 Inertia effects at the material macro-level are taken into account in the 
model of Reinhardt and Weerheijm ( 1991 ), and by Lu and Xu ( 2004 ). The 
authors look at a cluster of penny-shaped cracks in a plane perpendicular 
to the tensile-loading direction. When a crack propagates into the material 
with a certain velocity, the crack faces move. For this movement, the energy 
balance is computed, which is the sum of external work  W , deformation 
energy  V , kinetic energy  T , fracture energy  D  and initial energy  E  0  at time 
 t  0 , thus:  

   − + − =W V+ T D+ E0 0        [10.3]   

 The faster the crack propagates, the larger are the kinetic energy and the 
deformation energy. The calculations show that the rate of energy supply 
becomes too high to be absorbed in the fracture process, resulting in an 
equilibrium in which a major part of the supplied energy is stored as kinetic 
and deformation energy around the crack tip. This means that the stress 
distribution around the crack tip changes, and the stress-intensity factor 
decreases with increasing loading rate. This is in agreement with Freund 
( 1972a , 1972b), who predicts that the stress-intensity factor even vanishes 
when the crack propagates with the speed of the Rayleigh wave. The conse-
quence of this result is that the strength of a material increases with loading 
rate. The rate of strength increase is not constant for all loading rates, but is 
rather small for low and medium strain rates, while there is a steep increase 
at high loading rates. At very high loading rates the strength increases with 
the cube root of strain rate (Kipp  et al .  1980 ). 

 The major problem with this and similar modelling approaches that 
account for the infl uence of inertia forces on material strength at the con-
stitutive level is the fact that in reality at high loading rates the increase 
of strength is always related to the change of the failure mode and crack 
branching phenomena. From the physical point of view it would be more 
appropriate that in the modelling the constitutive laws were responsible 
only for the increase of the true material strength due to strain rate. These 
effects should come automatically out of the model if the modelling were 
performed at the micro-scale – discrete modelling of the structure of con-
crete. The effects of inertia on the macro-scale (e.g. crack branching), or 
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increase of material strength due to the interaction between constitutive 
law and inertia (e.g. lateral confi nement through inertia in case of uni-
axial compression), should come automatically from dynamic analysis 
performed at the macro-scale. For instance, in the case of uniaxial com-
pression, increase of the overall resistance by higher loading rates should 
not be a priori implemented into the constitutive law, but must come 
implicitly from the interaction between macro-inertia and rate-dependent 
constitutive law. Of course, for this it is important that one has a consti-
tutive law that is able to properly account for the interaction with inertia 
forces, i.e. crack branching and change of the failure mode should be an 
outcome of the model. 

 In the literature, there are various two- and three-dimensional phe-
nomenological models, continuous or discrete, that are based on the cou-
pling of elastic, plastic, damage and viscose units in different combinations 
(Curbach  1987 ; Holmquist  et al .  1993 ; Rabczuk and Belytschko 2004; Ožbolt 
et al. 2006, 2011; Larcher  2009 ; Pedersen 2009). Depending on the model, 
the strain-rate dependent material behaviour in the entire strain-rate range 
described will be either better or worse. 

 The result of several theories is summarized in  Fig. 10.1 . As can be 
seen, for strain rates larger than about 10 s  − 1 , the total resistance starts 
to increase progressively. It has been recently discussed that for low and 
medium strain rates up to 10 s  − 1 , the total resistance is controlled by vis-
cosity and strain-dependent micro-crack growth (O ž bolt  et al .  2011 ; O ž bolt 
and Sharma  2012 ). However, at very high strain rates (impact), the inertial 
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α = 1/18

.ε (s–1)
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 10.1      The material resistance as a function of stress- and strain-rate: 

(a) Mihashi and Wittmann ( 1980 ), (b) Reinhardt and Weerheijm ( 1991 ) 

and (c) Kipp  et al . ( 1980 ).  
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forces dominate and cause progressive increase of structural resistance and 
have dominant infl uence on failure mode and crack propagation (O ž bolt 
 et al .  2011 ; O ž bolt and Sharma  2012 ). In the concrete community, there is 
still discussion as to whether the progressive strength increase is true mate-
rial strength or apparent material strength. Comparing the results of the 
models shown in  Fig. 10.1 , it can be seen that according to the model of 
Mihashi and Witmann ( 1980 ) the material strength increases linearly in the 
log-log scale. All other models predict the progressive increase of material 
resistance in the case of very high loading rates, as also observed in experi-
mental investigations. This important question is discussed in more detail in 
the following section.    

 Due to the complexity of the problem, the above-mentioned phenomena 
can best be studied by using numerical methods. In the numerical model-
ling, which can be of smeared or discrete type, different constitutive laws 
and modelling techniques can be used (Rabczuk and Belytschko 2004; 
O ž bolt  et al .  2006 ; Larcher  2009 ; Pedersen  2009 ). The infl uence of viscosity 
and the strain-rate dependent growth of micro-cracks (micro-scale effects) 
are accounted for by the constitutive law. These two effects take place in the 
pre-peak regime of the material behaviour, and are relevant for the increase 
of true material strength due to strain rate. Because of the infl uence of 
local inertia at the tips of micro-cracks, the stress-intensity factor decreases 
with increase of strain rate. Consequently, material resistance (strength) 
increases. The viscosity effect (Stefan effect) and the rate-dependent 
micro-crack growth take place at the level of the material structure (pore 
system and micro-cracks). They can be modelled only on the micro-scale. 
Therefore, in the meso- or macro-scale analysis these effects should be a 
part of the constitutive law. The same is principally valid for rate-dependent 
concrete fracture energy, with the difference that post-peak micro-cracking 
also infl uences fracture energy. 

 In contrast to micro-inertia effect (micro-scale), the infl uence of struc-
tural inertia can be accounted for in the macro-analysis. At macro-scale 
there are principally two groups of inertia forces: (i) inertia, due to the 
softening (post-peak) that takes place in the fracture process zone, and 
(ii) inertia, activated in the undamaged part of the material (e.g. between 
cracks). 

 The fi rst group, which will be later discussed in more detail, is related 
to the size of the fracture process zone. With increase of ductility and 
non-homogeneity, the size of the softening (process) zone increases and the 
infl uence of inertia becomes stronger. For normal strength concrete, this 
size is in the range of approximately 100 mm. Therefore, this infl uence can 
be taken into account in macroscopic analysis, for instance using fi nite ele-
ment methods. It becomes important in case of higher loading rates and is 
not related to the true material strength. The second group, that of inertial 
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forces activated between macro-cracks, interact with the constitutive law. 
For instance, in the case of uniaxial compression lateral inertia has the effect 
of confi nement, which increases axial resistance of concrete. This should be 
automatically accounted for in dynamic analysis and it should not be a part 
of the rate-dependent constitutive law. 

 To account for the effects of inertia forces at macro-scale it is important 
that constitutive law and (or) the corresponding discretization method are 
employed, which can account for realistic interaction between structural 
inertial forces and constitutive law. Discrete models and microplane mod-
els are able to account for these effects automatically; however, tensorial 
models (e.g. plasticity and damage-based models) seem to be incapable 
of accounting for these effects. Therefore, in tensorial models the effect of 
structural inertia forces is usually indirectly accounted for through constitu-
tive law, which is principally incorrect on the scale of material sample calcu-
lations (see discussion below).   

  10.2     Measuring the strain-rate dependent 
strength of concrete 

 Hopkinson ( 1914 ) experimentally tested the behaviour of various materi-
als at high strain rates. On a long bar he generated a compressive pulse by 
explosive charge or impacting bullet. On the end of the bar the compressive 
loading wave refl ected as a tensile-loading wave and would cause fracturing 
of brittle materials such as concrete, rock, etc. Later, Kolsky ( 1953 ) made the 
method operable for practical measurements. The method is known as the 
split Hopkinson (pressure) bar, schematically shown in  Fig. 10.2  for com-
pressive testing. The bar can be modifi ed such that the specimen can also be 
tested for different loading conditions.    

Striker bar Incident bar Transmitter bar

Dash pot

Strain gauges

εtεr

εi

A, E A, E
As

l

1

1

2

2

 10.2      Schematic of split Hopkinson bar.  
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 The theory of uniaxial wave propagation through elastic media (Kolsky, 
 1953 ) leads to the following relations:  

   ε ε ε ε
s rε ε s

rc
l

dt
c
l

= −∫
2 2tc

d∫0

0∫∫
0and     [10.4]   

 where  c  0  is the wave propagation velocity,   ε   r  the refl ected pulse in the inci-
dent bar and  l  the specimen length. The stress in the specimen can be cal-
culated as:  

   σ εs tε
s

E
A
A

       [10.5]   

 where  E ,  A  and   ε   t  are Young’s modulus, cross-sectional area and transmitted 
pulse in the transmitter bar, respectively, and  A  s  is the cross-sectional area 
of the specimen. High strain rates are reached if   ε   r  is large, which can be 
achieved by using a specimen diameter that is small compared to the inci-
dent bar or when the bar material is much stiffer than the specimen. 

 The refl ected and transmitted strain can be measured and then, using 
Equation [10.5], the stress in the specimen can be calculated as a function of 
strain rate from Equation [10.4]. By recording stresses   σ   s  at different strains 
  ε   s  it is also possible to calculate the fracture energy of concrete. However, 
the question is whether the stress   σ   s  can be attributed solely to the resis-
tance of the material, or if there are some other causes that contribute to the 
stress   σ   s .  Figure 10.3  schematically shows the specimen between incidental 
and transmitted bar, and the state of equilibrium of forces when concrete 
starts to soften (micro-cracked continuum).    

 From the equilibrium condition it follows:  
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 10.3      State of equilibrium of forces when concrete softens.  
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 where  M  c  and   ü   c  are equivalent mass and acceleration of the concrete softening 
zone, respectively. Note that   ü   c  is the acceleration activated in the micro-cracked 
continuum as a consequence of material softening. Obviously, when the mate-
rial exhibits softening in a non-negligible proportion of the material volume 
(quasi-brittle materials), the measured stress   σ   t  in the split Hopkinson bar test 
cannot be attributed only to material strength. It comprises the material resis-
tance   σ   t,s  and the contribution of the inertia forces   σ   t,I . 

 As discussed before, the rate-sensitive material resistance derives from 
the pre-peak rate-dependent response (viscosity and rate-dependent growth 
of micro-cracks), whereas the contribution of structural inertia comes from 
inertia forces that are activated as a consequence of softening that takes 
place in the fracture process zone. The larger the fracture process zone of 
the material, the larger will be the contribution of inertia. Moreover, it can 
be expected that for the same size of the fracture process zone, the infl u-
ence of inertia will be stronger in case of larger specimen, since then for the 
same crack extension the energy released from the structure is also larger. 
This will invoke higher accelerations in the process zone, and consequently 
higher inertia forces will be activated. 

 The above effects also confi rm experimental observations, e.g. extremely 
brittle materials, such as glass, exhibit almost no rate sensitivity due to the 
fact that the size of the fracture process zone is very small (Peroni  et al . 
 2011 ). Furthermore, it should be pointed out that, at higher loading rates 
and with larger test specimens, there is more than only one discrete crack, 
i.e. with increase of loading rate the size of the softening material volume 
increases. This explains the progressive increase of the contribution of iner-
tia to apparent strength   σ   t . 

 Equation [10.4] is based on the theory of elasticity. However, due to 
micro-cracking of concrete in a non-negligible part of the specimen volume, 
the stiffness of the concrete specimen is reduced, which implies that wave 
propagation through softened part of concrete is slower. The consequence is 
that strain rate from Equation [10.4] is not calculated correctly. 

 According to Equation [10.6] the measured resistance in the split 
Hopkinson test consists of two contributions: (1) the true material strength, 
and (2) the contribution of stress that comes from inertia of the softening 
zone (fracture process zone). For concrete, the true stress is an approxi-
mately linear function of the strain rate (log-log scale) and it is due to the 
rate-dependent micro-crack growth and viscous behaviour of cement paste 
of concrete (Freund 1972; Mihashi and Wittmann  1980 ; Ožbolt et al. 2006, 
2011; Pedersen  2009 ). This contribution can be modelled by the constitutive 
law, which can be calibrated based on the experimental results on relatively 
low or medium strain rates, where inertia due to fracture process zone (FPZ) 
is negligible. Although there are constitutive models that explicitly account 
for the infl uence of inertia forces on the macro- and meso-scale (see  Fig. 
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10.1 ), the contribution of these inertia forces (  σ   t,I ) should come automat-
ically from dynamic analysis; however, the constitutive law must be real-
istic, in order to account correctly for the interaction with inertia (O ž bolt 
 et al .  2011 ). It is important to note that as long as the modelling scale allows 
representing cracks individually, no additional inertia term coupled to the 
softening volume needs to be added to the constitutive law. 

  10.2.1      True and apparent dynamic tensile resistance 
of concrete 

 To confi rm the theoretical considerations discussed in the previous section, 
fi nite element analyses for two geometries are carried out. In the fi rst study, 
a relatively simple cohesive-elastic fi nite element (FE) model is investi-
gated. This model principally corresponds to the measurement set-up of 
the split Hopkinson bar. Subsequently, to demonstrate that in real structure 
concrete dynamic fracture is controlled only by the true material strength, 
the simulation of the compressive pulse in a concrete bar, which is refl ected 
from the free end-surface of the bar and causes tensile fracture, is carried 
out. In numerical analyses, the rate-dependent microplane model is used as 
a constitutive law (O ž bolt  et al .  2011 ). As a regularization method, a simple 
energy criterion (crack band method) is employed (Ba ž ant and Oh  1983 ). 

  Simple cohesive-elastic FE model 

 The geometry of the numerical specimen consists of two 3D eight-node solid 
fi nite elements. It approximately represents the experimental set-up from 
 Fig. 10.3 . The fi rst element is cohesive, and represents a concrete specimen 
which, after reaching tensile strength, undergoes softening (micro-cracked 
continuum). The second element is linear elastic and corresponds to the 
part of the experimental set-up from  Fig. 10.3 . The properties of the cohe-
sive element (concrete) are taken as: Young’s modulus  E  c  = 30 000 MPa, 
Poisson’s ratio   ν   = 0.18, tensile strength  f  t  = 3.5 MPa, uniaxial compressive 
strength  f  c  = 40 MPa, concrete fracture energy  G  F  = 0.09 N/mm and mass 
density   ρ   c  = 2400 kg/m 3 . It is assumed that the elastic element has the same 
elastic properties and density as the cohesive element. The model is loaded 
by controlling the displacement rate of the nodes at the free surface of the 
elastic element in the axial direction (see  Fig. 10.4 ). Loading force and reac-
tion are monitored. Compared to the experimental set-up from  Fig. 10.3 , the 
reaction represents true material resistance and the load is the resistance 
measured in the split Hopkinson bar test set-up. The analysis is performed 
for three different specimen sizes,  a  = 25, 50 and 100 mm, where  a  is ele-
ment size, i.e. half the concrete specimen size. Note that in this simple model 
the size (volume) of the cohesive zone is equal to the element size. The 
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constitutive law of the cohesive model is the rate-dependent microplane 
model (O ž bolt  et al .  2011 ).    

 In static analysis the load and reaction must be the same. This is also 
the case in dynamic analysis, but only if both elements are linearly elastic. 
However, the question is whether they are the same in the case of dynamic 
analysis, where the concrete element, after reaching tensile strength, under-
goes softening. If they are not equal, the material resistance measured in the 
split Hopkinson bar test is not the true material strength, i.e. it is apparent 
strength. 

 In  Fig. 10.5  are plotted typical reaction forces – and the load-time response 
( a  = 50 mm) for two different loading rates, 0.2 s  − 1  and 200 s  − 1 . The strain 
rates are calculated as the prescribed displacement rate over the length of 
the cohesive element. For a relatively low strain rate, the load and reaction 
are almost the same; however, for a very high strain rate, the reaction is 
much smaller than the load. This implies that because of softening of the 
cohesive material the inertia forces are activated. These forces in the elastic 
element generate stresses that are much higher than the stresses in the cohe-
sive element. Therefore, the numerical results show that, in general, strength 
as measured in the elastic element cannot be the true material strength. This 
is apparent strength, which consists of the true material strength and the 
contribution of inertia forces, as discussed in previous section. The same can 
also be shown by the analytical solution recently presented by Ko ž ar and 
O ž bolt ( 2010 ).    

Concrete

Linear
elastic

a

a

a

a

 10.4      Simple cohesive-elastic FE model.  
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 Due to the fact that inertia forces are related to the size of the soften-
ing zone (FPZ), it can be expected that for brittle materials (e.g. glass) the 
infl uence of inertia on the apparent strength is negligible. To prove this, the 
above analysis is repeated but assuming brittle behaviour of cohesive ele-
ment. The fracture energy of the cohesive material is taken as  G  F  = 0.0009 
N/mm. All other properties are taken as before. In  Fig. 10.6  reaction- and 
load-time response ( a  = 50 mm) for loading rate of 200 s  − 1  (a) for the cohe-
sive element, and (b) the brittle element, are again plotted. It can be seen 
that for the brittle element, even at very high strain rates, the reaction and 
load are nearly the same. This proves that for brittle material the strength 
measured in the elastic element is the same as true material strength, i.e. the 
apparent strength is nearly the same as true strength. However, due to iner-
tia, the load oscillates with respect to time.    

 Similar to the brittleness of the material, the size of the FPZ should have 
infl uence on inertia forces. The same fracture energy but a larger fracture 
zone should cause stronger infl uence of inertia on apparent strength. This 
also shows the experiments, e.g. the Dynamic Increase Factor (DIF) of low 
quality concrete is larger than that of high quality concrete (CEB  1988 ; 
 fi b   2010 ). Furthermore, the same is the case with mass density and size of 
the specimen. In  Fig. 10.7  calculated DIF for true (reaction) and apparent 
(load) strength are plotted for three different specimen sizes ( a  = 25, 50, 100 
mm) and for different strain rates. It can be seen that for strain rates up to 
approximately 2 s  − 1  the true and apparent strengths are almost the same. 
However, for higher strain rates the true strength increases approximately 
linearly in semi-log scale, whereas the apparent strength exhibits a progres-
sive increase. As expected, the increase is stronger if the element size is 
larger. Contrary to this, the true strength shows almost no sensitivity to the 
size of the element. The increase of the true strength with increase of the 
strain rate is controlled by the energy activation theory, which is the part 
used in the microplane constitutive law.    
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 In  Fig. 10.8  numerical results for apparent strength are compared with the 
apparent strength measured in the experiments. Note that the experimental 
data represent measurements on specimens of different sizes and shapes, 
different concrete qualities and different water content. Therefore, it is not 
surprising that there a relatively large scatter of test data with respect to the 
measured strain rate. It is surprising that, in spite of the very simple numeri-
cal model, the numerical results nicely fi t a band of experimental results.     

  Compressive pulse in a concrete bar 

 In the previous simple numerical example it is argued that in the split 
Hopkinson bar test the experimentally measured rate-dependent strength 
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is not true strength but apparent strength, which is for very high strain rates 
much larger than the true material strength. In the second example simu-
lation the compressive pulse in a concrete bar (original Hopkinson bar), 
which is refl ected from the free end-surface of the bar and causes tensile 
fracture, is carried out for different loading rates. The aim is to demonstrate 
the effect of high strain rates on material strength and concrete fracture 
energy by evaluating the results of the numerical analysis. Moreover, it will 
be demonstrated that because of inertia more than only one mode-I cracks 
in concrete specimen are generated. 

 The geometry, fi nite element discretization and loading of the concrete 
bar are shown in  Fig. 10.9 . To prevent local crushing of the concrete at the 
application of the loading impulse, the bar is assumed to be confi ned in the 
lateral direction (plane strain loading). The properties of concrete are taken 
as: Young’s modulus  E  c  = 30 000 MPa, Poisson’s ratio   ν   = 0.18, tensile strength 
 f  t  = 2.75 MPa, uniaxial compressive strength  f  c  = 40 MPa, concrete fracture 
energy  G  F  = 0.06 N/mm and weight density   ρ   c  = 2400 kg/m 3 . The dynamic 
analysis is performed for different loading impulses that are applied at the 
top of the concrete bar. The applied impulses are: 0.5 mm/10 –4  s (loading rate 
5 m/s), 1 mm/10 –4  s (loading rate 10 m/s), 2 mm/10 –4   s (loading rate 20 m/s) 
and 4 mm/10 –4  s (loading rate 40 m/s). The constitutive law is the same as the 
cohesive constitutive law of the model shown in  Fig. 10.4 .    

 In  Fig. 10.10  are shown failure modes (cracks in the form of maximal 
principal strain) for three different lading rates: 10 m/s, 20 m/s and 40 m/s. 
For low loading rates no cracking of the concrete bar is observed; however, 
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with increase of the loading rate (impulse) the release wave refl ected from 
the free surface of the concrete bar superimposed with the release from the 
loading surface causes cracking. For 10 m/s loading rate (impulse) a single 
mode-I crack is obtained  (Fig. 10.10a ). However, as in experimental inves-
tigations, with an increase of loading rate the number of cracks increases 
and the typical crack spacing of 50 mm is obtained ( Fig. 10.10b  and 10.10 c ). 
Moreover, at high loading rates there is a tendency for crack branching, 
which will be later discussed in more detail. The reason for multiple crack-
ing is inertia forces, which are generated as a consequence of the softening 
of a relatively large zone of the material due to superposition of loading and 
refl ecting pulses.    

 The strain rates at cracks are evaluated from numerical results for the load-
ing rates of 5 m/s, 10 m/s, 20 m/s and 40 m/s as 10 s  − 1 , 65 s  − 1 , 90 s  − 1  and 200 s  − 1 , 
respectively. To show the infl uence of strain rate on the true strength and frac-
ture energy of concrete, maximal average stress (strength) over the cracked 
cross-section of the bar (single crack, fi rst from the free end of the bar, see  Fig. 
10.11 ) is evaluated from numerical results for quasi-static loading and for four 
loading rates, which correspond to strain rate of: 10 s  − 1 , 65 s  − 1 , 90 s  − 1  and 200 s  − 1 . 

100

100

1000

Direction of
loading 

 10.9      Geometry (all in mm) and FE discretization of the analysed 

original split Hopkinson bar.  

(a) (b) (c)

 10.10      Failure modes for the bar at different lading rates: (a) 10 m/s, 

(b) 20 m/s and (c) 40 m/s. Cracks (dark zones) are plotted in terms of 

max. principal strain.  
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The crack opening rates, which are obtained by multiplying strain rate with 
the element size (10 mm) are: 0.1 m/s, 0.65 m/s, 0.9 m/s and 2 m/s. Dynamic 
fracture energy is calculated as work of fracture over the same crack.    

  Figure 10.11  shows the DIF for concrete strength as a function of strain 
rate. It can be seen that there is an approximately linear increase of strength 
with increase of strain rates in semi-log scale and that the fi t of calculated 
data coincide with the data coming out of the constitutive law. For strain 
rates of 10, 65, 90 and 200 s  − 1 , DIF are 1.52, 1.51, 1.54 and 1.54, respec-
tively. This was expected since the true material strength depends only on 
the constitutive law, i.e. on the outcome of the rate sensitive microplane 
model. 

  Figure 10.12  plots the DIF for concrete fracture energy. Similar to the 
results obtained for dynamic strength, it can be seen that the dynamic frac-
ture energy of concrete exhibits approximately linear increase in semi-log 
scale. For the evaluated strain rates the corresponding values for DIF are 
1.49, 1.56, 1.60 and 1.60, respectively. The increase of fracture energy is 
almost the same as the increase of strength. Since brittleness of the material 
is inversely proportional to fracture energy and proportional to the square of 
strength, as far as only one crack is concerned it is obvious that with increase 
of strain-rate brittleness increases. However, the increase of brittleness at 
high strain rate can be compensated by the fact that for high strain rates 
more than only one crack is generated. For strain rates of 65 and 200 s  − 1  the 
brittleness is almost the same. However, comparing Fig. 10.10a and 10.10c, 
it can be seen that in the case of higher strain rate (Fig. 10.10c) the energy 
consumed by fracture is much higher due to the multiple cracking and crack 
branching phenomena.    
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 10.11      DIF for concrete strength as a function of strain rate.  
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 If one were to account for the total fracture energy consumed by con-
crete fracture, instead of only for the specifi c fracture energy as shown 
in  Fig. 10.12 , then an increase of strain rate from 65 s  − 1  (single crack, see 
 Fig. 10.10a ) to 200 s  − 1  (approximately four cracks, see  Fig. 10.10c ) would 
indicate a progressive increase of the total fracture energy as a function of 
strain rate. Unfortunately, in the literature this kind of evaluation of results 
of impact experiments on Hopkinson bar and other geometries is some-
times performed, i.e. the total energy is not related to the total crack sur-
face. Schuler ( 2004 ) made an estimation to account for multiple cracks in 
un-notched specimens correlating with single cracks in notched specimens. 
Nowadays, the latter type is mostly used to confi ne the crack to one plane as 
described in Section 6.3.4 and shown in  Fig. 6.10 . This means accepting the 
compromise of a slightly disturbed one-dimensional stress propagation to 
circumvent the problem of multiple crack planes. 

 The evaluation of the numerical results shows that the true material 
strength is controlled by the rate-dependent constitutive law, i.e. by the 
micro-cracking phenomena (inertia at the micro-cracking level) and viscos-
ity at the pre-peak regime. The same is the case for fracture energy. The 
phenomena that control rate-dependent strength and fracture energy are 
taking place at micro-level. They should be distinguished from the effects 
of inertia forces at macro-scale which are, among other effects, responsible 
for the apparent strength. In the rate-sensitive microplane model used here 
the pre- and post-peak regimes at the micro-scale are modelled based on 
the energy activation theory. Due to the fact that the microplane model, 
similarly to the discrete models, accounts for the interaction between dif-
ferent directions in the material, the infl uence of structural inertia comes 
automatically from dynamic analysis.   
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 10.12      DIF for fracture energy as a function of strain rate.  
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  10.2.2      Modelling phenomena related to rate-dependent 
fracture of concrete 

 Theoretical, experimental and numerical studies show that the failure mode, 
crack pattern and velocity of the crack propagation are infl uenced by the 
loading rate (Freund  1972a ,b; Curbach and Eibl 1990; O ž bolt and Reinhardt 
 2005 ; O ž bolt  et al .  2006 ,  2011 ; Trava š   et al .  2009 ). Principally, with increase 
of loading rate, the failure mode tends to change from mode-I to mixed 
mode. Responsible for this are, as already discussed, the structural inertia 
forces, which homogenize material in the impact zone and force the damage 
(crack) to move away from the zone of high inertia forces. Therefore, there 
is a change of mode-I fracture to mixed mode. Moreover, when a crack starts 
to propagate relatively quickly, inertia forces at the crack tip tend to prevent 
crack propagation. Consequently, single cracks split into two inclined cracks 
(branching) because the stress-intensity factor at the crack tip decreases 
with increase of crack speed. 

 The velocity of crack propagation also depends on loading rate. The max-
imal theoretical crack velocity is equal to Rayleigh wave speed  v  R  =  C  R  
( G  c /  ρ   c ) 0.5  where the constant  C  R  depends on Poisson’s ratio,  G  c  is the shear 
modulus and   ρ   c  is the density of the material. For normal strength concrete, 
the Rayleigh wave speed is approximately equal to 2100 m/s (see  Chapter 
11 ). However, experimental (Curbach and Eibl 1990), theoretical (Freund 
 1972a , 1972b) and numerical investigations (Rabczuk and Belytschko 2004; 
O ž bolt  et al .  2011 ) indicate that a single mode-I type of crack cannot reach 
this theoretical speed of propagation. According to these investigations, the 
maximal crack speed in concrete is between 500 and 600 m/s. Moreover, 
after the crack speed reaches a certain critical value there is crack branch-
ing (Freund  1972a , 1972b; Rabczuk and Belytschko 2004; Ko ž ar and O ž bolt 
2009; Reinhardt  et al .  2010 ; O ž bolt  et al .  2011 ). These phenomena are here 
illustrated in examples of the compact tensile specimen and L-shaped 
specimen. 

  Compact tensile specimen 

 Because of its relatively compact size, the so-called compact tension speci-
men (CTS) is frequently used to measure the fracture properties of concrete 
and other quasi-brittle materials. To demonstrate the infl uence of loading 
rate on the resistance, failure mode and speed of crack propagation, tran-
sient 3D fi nite element analysis of the CT specimen using the rate-sensitive 
microplane model was carried out (O ž bolt  et al .  2011 ). 

 The geometry, boundary conditions and fi nite element mesh of the spec-
imen are shown in  Fig. 10.13 . The dimensions of the specimen are: width –
 height-thickness = 200  ×  250  ×  50 mm and the notch length is 100 mm. 
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The analysis is carried out for normal strength concrete with the following 
macroscopic properties: Young’s modulus  E  c  = 30 000 N/mm 2 , Poisson’s 
ratio   ν   = 0.18, uniaxial compressive strength  f  c  = 40.0 N/mm 2 , tensile 
strength  f  t  = 3.50 N/mm 2 , fracture energy  G  F  = 0.09 N/mm and concrete 
mass density   ρ   c  = 2400 kg/m 3 . The spatial discretization is performed by 
standard four-node solid fi nite elements with constant strain fi eld (see  Fig. 
10.13 ). The load is applied by controlling horizontal displacement of the 
notch, applied 50 mm from the top of the specimen. The specimen is fi rst 
analysed assuming a quasi-static loading condition. Subsequently, dynamic 
analysis is carried out with the following displacement rates  Δ / dt  = 10, 100, 
500, 1000, 2500, 5000 and 10 000 mm/s. Moreover, in order to demonstrate 
the infl uence of inertia forces and rate sensitivity on the response of the 
specimen, additional rate-sensitive static analysis and dynamic analysis 
using rate insensitive constitutive law are carried out.    

 It has to be pointed out that, especially for the very high tension speeds 
above 1000 m/s, compressive and shear failure around the loading points 
are supressed in order to obtain the highest crack opening speed. In real 
experiments the highest speeds would not be realised, because the specimen 
would fail on the loading points rather than on the notch tip. Nevertheless, 
the ‘numerical experiment’ with elastic loading area and fast failure modes 
starting from the notch is deemed useful to explain the change of failure 
modes. 

5

50
50

50

250

200

 10.13      Geometry of the CTS (all in mm), fi nite element mesh, loading 

(displacement control) and boundary conditions. Failure supressed 

around loading points for very fast tension speeds.  
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 The peak load measured relative to the quasi-static resistance is plot-
ted as a function of displacement rate in  Fig. 10.14a . It is assumed that the 
quasi-static load corresponds to a displacement rate of 0.01 mm/s. As can be 
seen from  Fig. 10.14a , up to a displacement rate of 100 mm/s there is a rela-
tively low increase of resistance with increase of displacement rate. However, 
for higher displacement rates there is progressive increase of resistance. As 
already discussed, this progressive increase is due to structural inertia forces, 
which have in the case of higher displacement rates a major infl uence on 
structural response (O ž bolt  et al .  2006 ). To confi rm this, two additional series 
of analysis are carried out, i.e. static analysis with rate sensitivity, and dynamic 
analysis without rate sensitivity. The results are summarized in  Fig. 10.14b  
for displacement rates up to 2500 mm/s. The comparison of results shows 
that for displacement rates up to 10 mm/s, strain rate controls the response; 
however, for higher displacement rates structural inertia (dynamic analysis) 
dominates and strain rate has much less infl uence on the total response. The 
results of static rate-sensitive analysis show that the resistance increases as 
a linear function of the displacement rate (log-log scale). The results for the 
CT specimen show that the true tensile resistance of the concrete specimen 
increases as a linear function of the loading rate. The progressive increase 
(apparent strength) can obviously be attributed to inertia.    

  Plate XXX  (see colour section between pages 208 and 209) shows pre-
dicted crack patterns in terms of maximal principal strains, assuming a critical 
crack width  w  cr  = 0.2 mm. It can be seen that for a quasi-static load and for 
relatively low displacement rates (up to 100 mm/s) there is a single mode-I 
crack, which propagates from the notch tip. However, for higher displacement 
rates ( Δ / dt >500 mm/s) there is a branching of the crack and multiple cracking. 
For instance, for displacement rate  Δ / dt  = 1000 mm/s a single crack starts from 
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the notch tip and subsequently branches into two inclined cracks. For higher 
displacement rates ( Δ / dt >2500 mm/s) the crack branching starts already at the 
crack tip at onset of cracking and subsequently additional branching (multi-
ple branching) is observed. Obviously, for higher displacement rates there is a 
cluster of multiple cracks with a rather complex mixed failure mode. 

 Structural inertia forces are responsible for the change of the failure 
mode. The analyses without inertia forces (static analysis with rate sensi-
tivity) indicate no change of the failure mode, i.e. independent of the dis-
placement rate there is mode-I fracture (single crack). In distinction to this, 
dynamic analysis without rate sensitivity predicts the same failure modes 
and crack branching as shown in  Fig. 10.9 . When in dynamic analysis the 
crack reaches the critical velocity of approximately 500 to 600 m/s, crack 
branching is observed. This is illustrated in  Plate XXXI  (see colour section 
between pages 208 and 209). The fi gure shows crack velocities at different 
cracking stages ( Δ / dt  = 1000 and 2500 mm/s). The data are obtained by the 
evaluation of the numerical results. It is interesting to observe that crack 
branching always takes place when the crack velocity reaches approxi-
mately 500 m/s. Furthermore,  Plate XXXI  also shows that the crack velocity 
depends on the crack path. For instance, in the case of a displacement rate 
of 1000 mm/s the maximal crack propagation of 480 m/s is observed before 
crack branching and the minimal crack velocity of 40 m/s is measured, close 
before the termination of the analysis. Although the displacement rate is 
constant during the entire loading history (1000 mm/s), there is a span of the 
crack velocity from 40 to 480 m/s. 

 The main reason for the crack branching are structural inertia forces at 
the crack tip, which prevent mode-I propagation and force the crack to split 
(branch) into two new cracks. The direction of propagation of a new crack 
depends on the propagation of the loading waves in the damaged structure, 
which in turn depends on material properties, current fracture confi guration, 
geometry and displacement (loading) rate. The inertia that causes branch-
ing is principally the same as the inertia responsible for apparent strength 
in the case of the split Hopkinson bar test. The difference is due only to the 
state of stresses and strains. In the case of Hopkinson bar there is a uniaxial 
stress–strain state and possibility for crack branching is much lower than in 
the CT specimen where the stress–strain state is different. However, at high 
loading rates in both cases inertia of the FPZ controls the response and not 
the pre-peak and post-peak micro-cracking and viscosity, which are respon-
sible only for true material strength and fracture energy. 

 Although the inhomogeneity of concrete is not the major reason for 
crack branching, it probably also plays an important role. It can be expected 
that a higher level of inhomogeneity tends to generate crack branching at 
lower crack velocities. In the split Hopkinson bar tests branching is more 
related to material inhomogeneity, whereas in the CT specimen branching 
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is more infl uenced by the stress – strain state. Note that for the concrete used 
here Rayleigh wave speed  v  R  =  C  R  ( G  c /  ρ   c ) 0.5  = 2140 m/s with  C  R  = 910 (for 
crack velocity in m/s). The results are also in good agreement with theoret-
ical and experimental measurements of the crack speed, showing that max-
imal crack speed cannot reach the theoretical limit of the Rayleigh wave 
speed (Freund  1972a ,b; Curbach and Eibl 1990; Rabczuk and Belytschko 
2004; Larcher  2009 ). The maximal measured crack velocity in concrete was 
approximately 500 to 600 m/s (Curbach  1987 ; Larcher  2009 ). 

 The results of the analysis are obtained using spatial fi nite element dis-
cretization as shown in  Fig. 10.13 , which is based on the randomly generated 
four-node simple constant strain solid elements, together with the localization 
limiter based on the energy criteria (crack band method). In order to confi rm 
that the crack branching predicted by the fi nite element model from  Fig. 10.13  
is mesh independent, additional analysis is performed, where relatively fi ne 
standard eight-node solid elements with linear strain fi eld are employed. The 
comparison of the crack path and calculated crack velocities ( Δ / dt  = 1000 mm/s) 
for two completely different spatial discretizations show that the results of the 
analysis are principally mesh independent (see  Plate XXXII  in  colour section 
between pages 208 and 209), in the sense that the observed crack branching 
does not depend on the discretization. The crack path is slightly infl uenced by 
the mesh since, in case of four-node fi nite elements, the discretization is rela-
tively coarse compared to the eight-node element mesh. Furthermore, for the 
fi ner hexa-mesh the evaluation of crack velocities is more precise due to the 
fi ner spatial discretization. Note that a more serious mesh sensitivity study, 
which is out of the scope of the present paper, would require detailed and sys-
tematic variation of mesh size and shape. 

 The results of the analysis show that crack velocity depends on the crack 
path and on the displacement rate. Principally, the crack speed is highest at 
the onset of crack branching, where it reaches a velocity of approximately 500 
to 600 m/s. Furthermore, the crack velocity at the onset of cracking (notch 
tip) depends on the displacement rate. It increases with the displacement 
rate and reaches a maximal value of 625 m/s ( Δ / dt  = 10 000 mm/s). The crack 
velocity at the onset of cracking as a function of displacement rate is plotted 
in  Fig.  10.15. It can be seen that the crack velocity increases with the increase 
of displacement rate up to  Δ / dt  = 2500 mm/s. With further increase of dis-
placement rate the crack speed at the onset of cracking does not increase, 
and instead crack branching at the onset of cracking is observed.     

  L-shaped specimen 

 The L-specimen poses a very interesting problem from the point of view 
of crack propagation and fracture of concrete and is often used to demon-
strate the capabilities of material models as well as the phenomenon of mesh 
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sensitivity (Winkler  et al .  2001 ; O ž bolt  et al .  2002 ). The L-specimen tested by 
Winkler  et al . ( 2001 ) was considered for this numerical study ( Fig.  10.16). In 
the fi rst instance, the specimen was analysed under static loads to compare 
the results of analysis with experiment. The same model was then subjected 
to high loading rate to investigate the infl uence of loading rate on failure 
mode and fracture propagation of the specimen (O ž bolt and Sharma  2012 ).    

 In the numerical model, meshing was done with eight-node solid elements 
with linear strain fi eld. To keep the number of elements low, only one row 
of elements was considered for the analysis (plane stress condition), with 
the thickness of the slice as 2.5 mm. The analysis is carried out for normal 
strength concrete with the following properties: Young’s modulus  E  c  = 25 
850 N/mm 2 , Poisson’s ratio   ν   = 0.18, uniaxial compressive strength  f  c  = 31.0 
N/mm 2 , tensile strength  f  t  = 2.70 N/mm 2 , fracture energy  G  F  = 0.095 N/mm 
and concrete mass density   ρ   c  = 2400 kg/m 3 . 

  Figure  10.17 shows (a) experimental, and (b) numerically obtained results 
for the specimen loaded under static loads. It can be appreciated that the 
numerical model could replicate the failure pattern and crack propagation 
for the L-specimen quite well. Thus, the same model was then utilized to 
perform the analysis under higher displacement rates. Similar to the case of 
the uniaxial tension specimen, the displacement rates considered were 100 
mm/s, 300 mm/s, 500 mm/s, 1000 mm/s and 1500 mm/s.    

  Figure 10.18  shows the failure patterns obtained for the following dis-
placement rates: (a) 100 mm/s, (b) 300 mm/s, (c) 500 mm/s, (d) 1000 mm/s, 
and (e) 1500 mm/s. It is very interesting to observe how the crack propa-
gation changes with the increasing loading rate. Although in this case the 
specimen is un-notched, the junction point acts as the critical region due to 
stress concentration. Therefore, the crack always initializes at the junction 
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 10.15      Crack speed at onset of cracking as a function of displacement rate.  
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conjugate of the crack observed under the static loading case. At 1000 mm/s 
( Fig. 10.18e ), it becomes vertical and small branching in the end can be seen, 
which is attributable to the free edge, instead of crack propagation velocity. 
On further increasing the displacement rate to 1500 mm/s ( Fig. 10.18f ), the 
failure fi rst occurs adjacent to the point of loading, and then the crack starts 
to appear at the junction point. This shows that the displacement rate is so 
high that it leads to local failure. It is diffi cult to comment on the propaga-
tion of the crack from the junction point, since a large amount of energy is 
dissipated by the local crack.    

 In order to verify the reason for change in the crack propagation direction, 
the analysis for the displacement rate of 500 mm/s was repeated once while 
considering only rate sensitivity of crack propagation (static analysis) and 
once only as dynamic analysis without rate sensitivity. The results are sum-
marized in  Fig.  10.19.  Figure 10.19a  shows the failure pattern obtained by 
performing static analysis with respect to rate sensitivity. The failure pattern 
remains the same as shown in  Fig. 10.17b  for the static loading case, with-
out any rate sensitivity, clearly indicating that rate sensitivity has no infl u-
ence on crack propagation.  Figure 10.19b  shows the failure pattern obtained 
by performing dynamic analysis but neglecting rate sensitivity. This fi gure 
shows that dynamic analysis (i.e. inertial forces) has a large infl uence on 
crack propagation. The crack propagates almost vertically and the failure 
pattern is very similar to that shown in  Fig. 10.18d  for 500 mm/s loading rate. 

(a) (b) (c)

(d) (e) (f)

 10.18      Failure pattern and crack propagation for the specimen under 

dynamic loads: (a) quasi-static, (b) 100 mm/s, (c) 300 mm/s, (d) 500 

mm/s, (e) 1000 mm/s and (f) 1500 mm/s.  
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speeds c P  and c T . The dashed lines extrapolated from the shock measurement 
points between particle velocities from 450 m/s across 70 m/s down towards 
0 m/s end up astonishingly well at the theoretical bulk sound speeds. The 
reader should note that (0,c B ) is not part of the linear fi t through the higher 
shock intensities, but that it is well matched by it. 

 From this observation originated the concept of describing weak acoustic 
excitation to strong shocks in solids by formulating an equation of state for 
the hydrodynamic portion of the stress tensor, which is described in detail 
in several books, such as (Meyers  1994 ) and (Hiermaier  2008 ). While the 
pressure term, or the fi rst invariant of the Cauchy stress tensor, describes 
the compression wave, the shear dominated (or deviatoric) response is inde-
pendently described using the second and third invariant. This aspect will be 
further described below. 

 The problems in statics and moderate dynamics treated in Sections 10.1 and 
10.2 deal with situations where concrete is not strongly compacted and most 
of the energy is dissipated by cracking or quasi-plastic behaviour. Severe den-
sity changes additionally occur in shock waves with substantial shock heating. 
Therefore, the governing Equations [10.10a] − [10.10c] of the so-called hydro-
codes, which describe materials under high-rate to shock loading, are derived 
from the conservation of mass and energy in addition to momentum conser-
vation. In the differential, non-conservative form Equation [10.10a] − [10.10c] 
the quantity  ρ  denotes density, v velocities and  σ  Cauchy stresses. i and j are 
the spatial indices in Einstein’s summation notation.  

d
dt

vi

ρ ρ= − ∇⋅ρ        [10.10a]    

dv
dt

i
ij= ∇⋅

1

0ρ
σ        [10.10b]    

ρ de
dt

vij i= ∇dij        [10.10c]   

 Since all wave lengths, especially the very sharp shock wave portions, are 
important for the solution of the dynamic material state, explicit time 
integration is a necessary requisite of hydrocodes. Simple elements with 
single-point integration are mostly used, together with appropriate shock 
treatment techniques (Hiermaier  2008 ).   

  10.3.2      Hydrocode plasticity models based on 
tensorial invariants 

 Concrete models in hydrocodes extend the successful practice of metal 
plasticity models for high-rate to shock-load cases. The material description 
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is based on the fi rst, second and third invariants of the stress tensor  σ  ij  
(stress deviator tensor S ij  or the principal stresses  σ  I,II,III ). The fi rst invari-
ant I 1  (Equation [10.11]) describes the purely volumetric stresses, the sec-
ond invariant J 2  (Equation [10.12]) the purely distortional stresses and the 
third invariant J 3  (Equation [10.13]) the stress triaxiality.  

   /1 xx yy zz / // ///= + + = + +σxx +xx σzz =zz σ σ// +//        [10.11]    
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 Across the disciplines of civil engineering, continuum mechanics and numer-
ical methods, a number of different notations are derived from these three 
invariants. I 1  can be written as hydrostatic pressure p (used hereafter), mean 
stress  σ  m , octahedral stress  σ  oct , or hydrostatic length  ξ . Derived from the 
second invariant J 2  are von Mises stress or effective stress  σ  eff  (used below), 
octahedral shear stress  τ  oct , mean shear stress  τ  m , deviatoric length  ρ  and 
principal stress difference  Δσ . The most common property derived from the 
third invariant J 3  is the Lode angle  θ  in the deviatoric section. 

  Dynamic stiffness derived as meso- and macro-scale shock properties 

 The modifi ed Hopkinson bar experiment (MSHB, see  Chapters 6  and  7 ) 
represents the highest possible tensile loading (strain rates of up to 200/s for 
concrete) without prior damage of the specimen in compression. In prac-
tical applications, due to the strong wave dispersion in concrete members, 
high-rate spallation opposite the loading face only occurs if the concrete is 
charged on the loading side by sharp and short duration waves beyond the 
compressive strength. Examples are a contact detonation in  Plate XXXVIII  
and  Plate XXXXII  (see colour section between pages 208 and 209) and 
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dynamic tensile cracking during ballistic penetration in  Fig. 5.1  and  Plate 
VII . The accurate description of the dynamic compression properties is 
therefore a necessary precondition to propagating correct amplitudes and 
wave lengths of loading across the member to the opposite spall surface. 

 The shock compression properties are governed by the fi rst invariant of 
the stress tensor often described in the form of hydrostatic pressure p. Its 
dependency on the density and internal energy is commonly called the ‘equa-
tion of state’. Holmquist, Johnson and Cook (1993) pioneered combining a 
multi-linear porous equation of state of concrete with a plasticity model for 
deviatoric strength. Malvar ( 1997 ) deployed a similar approach using the tab-
ular EOS 8 with non-linear compression and compaction in Dyna. However, 
in both approaches the theoretical treatment of porous compaction was still 
simplistic and the model calibration suffered from large scattering of con-
crete shock data (see  Fig 10.20 , right). Riedel  et al . ( 2008 ), Riedel ( 2004 ) and 
Hartmann ( 2010 ) applied the more physical approach of Herrmann’s ( 1969 ) 
p- α  equation of state, which treats the porosity  α  as an additional state variable 
and links the compaction work with internal energy of the pore-free matrix 
material. In Equation [10.14] are the material parameters of initial porosity 
α  init , elastic pore crush pressure p el , lockup pressure p comp  and exponent N.  

   p f e
p p

p p

N

f e +
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
( , ) with 1 ( )− p

p el

, α +1= (     [10.14]   

 Equation-of-state data for concrete from instrumented contact detonations 
suffered up to the mid-1990s from large scattering because of concrete het-
erogeneity, as visible in  Fig. 10.20  right. Grady ( 1996 ) made major improve-
ments by introducing the inverse plate-impact test on mostly unscaled 
concrete. Combination of this method with mesomechanical analysis (Riedel 
 2004 ,  2008 ), (Gebbeken and Hartmann  2010 ) reduced the experimental effort 
and the scattering. Furthermore, it explained the porous compaction as the 
reason for the drop in the shock – particle–velocity relationship (see  Fig 10.20  
right), a major dissipation phenomenon in compressive waves between 500 
MPa and 5 GPa amplitude. In the mesomechanical simulations the ITZ was 
shown to have a negligible infl uence on macroscopic shock properties (Riedel 
 2004 ), see  Plate XXXIV  (see colour section between pages 208 and 209). 
Gebbeken (2006) found general agreement with equation-of-state measure-
ment using explosive plane wave generators. 

 Beyond plasticity models, the non-linear volumetric response was also 
introduced into Bazant’s microplane model using a ‘volumetric-deviatoric 
split’ to capture shock compression states (Bazant 2000b; Caner and Bazant 
 2000 ). However, the works still refer to static high pressures up to 600 MPa 
rather than shock compression, the difference of which is highlighted in 
 Plate IX  of  Chapter 5 .  
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  Deviatoric limit surfaces 

 The second invariant J 2  (or the effective stress  σ  eff ) is used in the 
plasticity-based models to describe strength surfaces. They limit the elastic 
stresses accumulated from deviatoric strain rates using the shear modulus 
Holmquist, Johnson and Cook (1993) were the fi rst to propose a pragmatic 
model including the key phenomena of:

   (1)     Porous equation of state to describe shock compression and compaction  
  (2)     Ultimate strength surface up to high pressures, depending on pressure 

and strain rate  
  (3)     Damage evolution based on plastic strains, accounting for increasing 

ductility under high confi nement  
  (4)     Residual friction resistance of fully failed material under compressive 

pressures    

 The pragmatic simplicity (see Equations [10.15] and [10.16]), probably 
inspired by the outstanding success of the ‘Johnson-Cook Model’ for met-
als, contributed to the fast spread and implementation into many fi nite ele-
ment codes. This wide use quickly demonstrated the ‘JH-model’ to be useful 
in dynamics, especially when describing penetration load cases into con-
crete structures. In the sensitivity analysis depicted in  Fig.  10.23, discussed 
in detail later, the four infl uences (1) – (4) are confi rmed again to be of key 
importance in the simulation of penetration resistance of reinforced con-
crete targets close to the ballistic limit.  

   f J J f Cff( ,p . ) ’
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0

2J3 2J 1 0
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 A, B, C, N strength model parameters  

    ε  p ,  ε  p  f       deviatoric plastic strain, deviatoric plastic strain to 
failure  

   μ  p ,  μ  p  f       volumetric plastic strain, volumetric plastic strain to 
failure  

  p*       hydrostatic pressure normalized over uniaxial com-
pressive strength f ’ c   

  D1, D2, EFMIN     damage model parameters    

 As shortcomings were noted, in the region of low pressure regime from 
uniaxial tension, pure shear and uniaxial compression, major compromises 
have to be taken with form (Equation [10.15]) when fi tting to high-pressure 
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triaxial failure stresses (i.e.  Plate VI, see colour section between pages 208 
and 209 ). Not described is the further dependence of concrete on the stress 
triaxiality or third invariant dependence J 3 , resulting in different compres-
sive and tensile meridians, as shown in  Fig. 10.21 . This property accounts for 
the fact that the concrete failure stress across the pressure range is sensitive 
to the combination of the principal stresses. Triaxial compressions are char-
acterized by combinations with  σ  I < σ  II = σ  III  (compressive meridian,  σ  i  denot-
ing tensile principal stresses),  σ  I > σ  II = σ  III  (tensile meridian) denote triaxial 
extensions. Especially in the low pressure regime, this defi ciency leads to 
insuffi cient modelling of brittleness.    

 At the Ernst-Mach-Institut and University of Armed Forces of Munich 
the principal track of Holmquist  et al . ( 1993 ) was continued by Riedel ( 1999 , 
 2004 ,  2009a , ‘RHT-model’), Gebbeken and Ruppert ( 2000  ‘RGGP-model’ 
(RGGP – Ruppert, Gebbeken, Greulich and Pietsch)) and Hartmann  et al . 
(2010); Hartmann and Gebbeken ( 2010 , ‘HGP-model’. (HGP – Hartmann, 
Greulich and Pietsch)). They all deal with variations of the limit surfaces as 
shown in  Figure 10.21, left , neglecting detailed stress – strain paths. Damage 
descriptions are based on accumulated and normalized plastic deviatoric 
and volumetric strains, similar to Equation [10.16a] and [10.16b] without 
localization limiters. The RHT model uses, in contrast to the form of the fi rst 
communication in 1999, one single logarithmic low-rate strength enhance-
ment, separately in tension and compression. The HGP uses a power law 
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 10.21      Left: compressive and tensile meridian of the ultimate strength/

failure surface (blue); residual friction surface for failed material (red); 

initial elastic limit and hardening surface (green); right: deviatoric 

section of various plasticity models with and without dependence on 

stress triaxiality J3.  
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in compression and a double logarithmic law for tension, with high rate 
enhancement described. This family of still relatively simple plasticity mod-
els proved to be useful for many dynamic load cases such as ballistic impact, 
contact detonations and blast in the strain-rate regime from 1/s to 10 6 /s. The 
RHT model has been, because of its implementation as a serial model in 
ANSYS-Autodyn from 2000, the most widely used model within this family 
(Riedel  2009b ) and the most familiar to the author. Therefore, it is used for 
sensitivity analysis and further discussion of dynamic load cases below. 

 In the same hydro code have been implemented the DYCAPS (Itoh  et al . 
 2000 ) and CAPROUS (Itoh  et al .  2011 ) plasticity models in Japan, which 
focus initially more on detailed stress – strain paths and dynamic beam 
bending tests. The recent edition uses a porous equation of state based on 
confi ned Hopkinson pressure bar experiments for application in the shock 
regime. It uses a separate double logarithmic strain rate enhancement factor 
for low and high rates and no regularization. 

 Malvar and colleagues (1997) undertook a slightly different track for the 
‘K&C Concrete Model’, implementing it into DYNA3D and later LS-Dyna. 
Their plasticity model also describes the phenomena (1)–(4) reviewed at the 
beginning of the section. But they formulated limit surface and plastic fl ow 
algorithms to replicate in detail stress – strain paths under various (moderate 
and low) confi nements. Furthermore, they included the effect of shear dila-
tion, thus volumetric expansion, upon purely deviatoric stresses. This effect 
is a noticeable fl ow effect at low confi nements, but at the same time compro-
mises the classic split of volumetric (I 1 ) and deviatoric (J 2 ) response, which 
forms the basis of the theory of hydrocodes (see Section 10.3.2). Moreover, 
Malvar introduced a localization limiter into the strain-based damage accu-
mulation. Separate double logarithmic strain-rate enhancement factors are 
used for tension and compression. Implemented in LS-Dyna as model 73R3 
for roughly ten years now, it has proved to be suitable for high-rate loading 
situations as well as for analysis of material experiments, as in  Chapter 8 . 
Defi ciencies might be suspected for very strong shock propagation prob-
lems, since a precision fi t of the equation of state to shock experiments is 
lacking, and the hydrodynamic theory of shock waves in solids is compro-
mised by the shear dilation formulation. 

 At Gramat Research Center and University of Grenoble the ‘PRM-Model’ 
(Pontiroli  et al .  2010 ) has evolved from the mid-1990s until recently. The 
strain-based damage descriptions for compression and tension are based on 
the framework of irreversible thermodynamics with a Hillerborg type regu-
larization method. Single and double power laws are used for low and high 
rate strength enhancement factors in compression and tension. A modifi ed 
Krieg plasticity model (Krieg  1978 ) is used for the high-pressure merid-
ians. A porous equation of state describes non-linear compression proper-
ties based on static high-pressure triaxial compression experiments on the 
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GIGA-press of Grenoble, accounting also for different moisture saturation 
states. The model is implemented in Abaqus explicit, and applications from 
low velocity structural dynamics up to high velocity impact and penetration 
problems have been reported. 

  Table 10.1  summarizes again the key aspects of the rate enhancement and 
softening descriptions under tension. Most macro-models for hydrocodes 
use explicit high rate enhancement in the constitutive model. In contrast to 
that, the fi rst sections of the chapter highlights that with a suitable model-
ling approach and with suffi cient resolution to represent crack propagation 
speed and branching, no high rate enhancement is needed. In future, it is to 
be critically reviewed if the condition of necessary resolution can be satis-
fi ed for 3D models of building components. In most design applications of 
hydrocode models, each cell will contain several cracks, describing a ‘dam-
age zone’. The discussion will continue and has to converge, whether in this 
case of ‘structural modelling’ the high rate enhancement, caused by inertia 
around the crack tips, has to be included in the material law or not.        

  10.3.3      Analysing sensitivities and model complexity 

 The following example will serve to highlight the importance of chosen con-
crete modelling aspects in a penetration simulation, where the projectile is 
stopped closed to the ballistic limited in a highly dynamics tensile membrane 
mode of the remaining cross-section. The test case has been performed at 
test site of the Bundeswehr Technical Center WTD 91 in Meppen, Germany 
and is documented in (Riedel  2004 ). A penetrator of 426 kg weight (diam-
eter D = 363 mm, ogival nose radius R ogive  = 520 mm, length L = 1200 mm, 
see  Fig. 10 . 23 , left) hit at 260m/s in normal direction to a 38 MPa concrete 
wall of 7.20  ×  7.20  ×  1.60 m with a weight of about 200 t. The wall contained 
36 bars horizontally and vertically with bar diameters D = 14 mm of front 

 Table 10.1     Overview of rate enhancement description in chosen hydrocode 

concrete models 

 Tension  Compression  High rate 

enhancement 

 Localization limiter 

 JH  Single log  No  No 

 K&C  Double log  Double log  Yes  G f /h 

 RHT 99  Double log  Double log  Yes  No 

 RHT  Single log  Single log  No  No (optional G f /h)* 

 HGP  Power law  Double log  Yes  No 

 CAPROUS  Double log  Double log  Yes  No 

 PRM  Power law  Double 

power law 

 Yes  G f /h 

    *Clegg  et al . ( 2002 ).    
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reinforcement. The rear reinforcement contained the double number of 
bars with D = 16 mm. 7  ×  22 bars of shear reinforcement were placed hori-
zontally and vertically. The tests were additionally replicated in scale 1:4 in 
the laboratories of the Ernst-Mach-Institut, site Efringen-Kirchen. 

 In Riedel ( 2004 ) the test case was modelled using ANSYS-Autodyn, with 
concrete volume elements and discrete rebar modelling. In 2D axisym-
etry, the rebar was simplifi ed as shells with equal overall cross-section and 
strength, and in 3D the rebar was modelled by discrete beams. In each case 
they were cinematically coupled to the concrete elements exclusively. The 
concrete was modelled using the RHT model as presently still implemented 
in the commercial code.  Figure  10.22 shows a convergency study in compar-
ison to the experimental results. The simulations converge very reasonably 
into the scatter range of the experiments. Despite the lack of regularization, 
clear convergence is noted, supported by the presence of the rebar close to 
the rear surface.    

  Figure  10.23 shows a range of simulations with varied material properties 
of the modular RHT model. The blue curve denotes the reference curve 
with the full complexity of the model. The green curves denotes the result 
without J3 dependency and pre-peak hardening, thus the material proper-
ties are very similar to the JH-model. It can be observed that the model of 
Holmquist ( 1993 ) still captures the reference computation quite well.      

 Dramatic deviations occur if the porosity is disregarded (red curve) or if the 
fully damaged concrete is modelled without shear resistance under compres-
sion (yellow curve). Both cases totally fail to predict the penetration resistance 
of the target, and the penetrator perforates at 80% of the initial velocity. 

 Instructive also is the last variation, where the full complexity concrete 
model is used, but the shear reinforcement is disregarded. It becomes 
apparent that the shear reinforcement does not play a major role in the ini-
tial deceleration and the penetration phase. However, when the penetrator 

1200

1000

800

600

400

P
en

et
ra

tio
n 

de
pt

h 
(m

m
)

P
en

et
ra

tio
n 

de
pt

h 
(m

m
)

200

0

1200

1400

Exp 1:4

Exp 1:1
1000

800

600

400

200

0
0 4 8

Time (ms)

12

6 cells
18 cells
27 cells
34 cells
68 cells

16 0 20

Number or cells across penetration

40 60

 10.22      Left: convergence analysis of the penetration simulation shown 

in Figs 10.28 and 10.29; Right: validation against the range of full (black 

810–930 mm) and quarter (grey 960–1220 mm) scale experiments; 1:4 

penetration depth is scaled up for easier comparison.  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



 Modelling the response of concrete structures 331

© Woodhead Publishing Limited, 2013

approaches the rear surface around 6 ms, the target fails to maintain pres-
sure on the penetrator nose and the rear reinforcement fails in membrane 
deformation. 

 One numerical artefact needed for body-fi xed or Lagrangean compu-
tational meshes is the erosion of heavily distorted cells.  Plate XXXV  (see 
 colour section between pages 208 and 209) shows a parametric study of the 
infl uence of the geometric erosion strain. This numerical mechanism is used 
to disregard highly distored cells in favour of a stable timestep, once they 
do not play a role on the target or impactor resistance anymore. It can be 
seen that for this example and for the chosen discretization minimum 80%, 
better than 150% erosion strain should be chosen. Further increase will not 
infl uence the computational result. It should be noted that the cells with 
completely damaged concrete have to be maintained in the computation 
as long as the failed material provides friction resistance to the penetrator 
nose. Each cell may only be deleted, once it has fl own far enough around the 
penetrator nose, having lost its infl uence on the penetration resistance.  

 This example shows that material softening and numerical erosion of dis-
torted elements have to be treated separately in penetration calculations. In 
some publications a pressure-dependent yield surface with perfectly plastic 
fl ow from the yield point is used together with erosion criteria. In this sense, 
the (necessary) numerical artefact of erosion will act as a material failure 
criterion. Such a practice will limit the range of predictiveness of the mod-
elling approach when the same parameters are used for different load cases 
or discretizations.  

  10.3.4     Model complexity versus range of application 

 The review of plasticity models and applications cited in Section 10.3.2 may 
allow some discussion about the context of complexity and applicable range 
of the models. 

300

No R3, EI.pI., Gsoft, Cap (JH)
No shear reinforcement
No porosity
Bfail = Nfail = 0
Reference fric = 0.03 eros = 150%

250

200

V
el

oc
ity

 (
m

/s
)

150

100

50

0

–50
0 3 6

Time (ms)

9 12 15

 10.23      Impact confi guration after test: penetrator lying undeformed in 

front of the target.  

�� �� �� �� �� ��

www.EngineeringBooksPDF.com



332 Understanding the tensile properties of concrete

© Woodhead Publishing Limited, 2013

 Models carefully replicating multi-axial stress-strain paths under various 
low and intermediate confi nements, such as K&C (Malvar 1997), DYCAPS 
(Itoh 200) or PRM (PRM – Pontiroli, Rouquand and Mazars; Pontiroli  2010 ), 
seem to be specifi cally strong in replicating dynamic structural loading, such 
as drop-weight testing of beams or impact at moderate velocities up to a 
few 100m/s. These models often seem less elaborate in terms of non-linear 
compression and compaction properties, especially with respect to valida-
tion against shock experiments on concrete. The predictive capabilities in 
dynamic structural loading indicate that the low pressure, multi-axial, plastic 
fl ow description and energy balance still dominates the moderate dynamic 
regime. However, the predictive capabilities might decrease at highest load-
ing rates, when release tensile states result from shock wave loading. 

 The second class of models, represented by JH (Holmquist  1993 ), RHT 
(Riedel  2004 ,  2009a ) and HGP (2010), seems to emphasize more equation- of-
state properties and high-pressure strength meridians. They deliberately disre-
gard multi-axial stress – strain paths and focus only on replicating the maximum 
load-carrying capacity across the pressure- and strain-rate range, together with 
adequate porous shock compression properties. Their success in simulating 
ballistics for high to hypervelocity penetration and contact detonations seems 
to suggest that the momentum conservation – along the failure meridians – 
and energy balance – governed by plasticity and shock compaction – are the 
major drivers. The details of the plastic fl ow path seem to play a minor role 
in this regime, otherwise these models would not exhibit their known predic-
tive qualities. Also, the lack of regularization for decreasing mesh dependence 
seems not to be as important as in slower dynamic events, where dissipation 
through cracking takes a larger portion of the deformation energy. 

 The microplane model (Ba ž ant  2000b ),(Caner  2000 ) seems to be one 
of the few models that have bridged the range of smaller scale, multi-axial 
analysis of material testing, including softening and regularization with 
non-linear compression properties up to shock loading. However, the ini-
tial simplicity of the model, residing in simple traction and friction stress –
 strain curves cinematically superimposed from multiple microplanes, seems 
to be compromised for application in the shock regime. The introduction of 
‘stress – strain boundaries’ and split in hydrodynamic and deviatoric response 
in this domain, typical for ‘hydrocodes’ and plasticity models, might show 
that the task of creating a very simple concrete model, ranging from static or 
low small-scale material samples up to full-scale three-dimensional building 
applications in one and the same model, is still an unfulfi lled dream.   

  10.4     Summary 

 The response of concrete structures between structural dynamics and stress 
wave loading depends strongly on the loading rate. With an increase of 
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loading rate there is an increase of resistance, change of failure mode and 
crack branching phenomena. At low and medium loading rates, to about 
1/s, the infl uence of strain rate dominates the tensile response of the mate-
rial. This represents the true rate-dependent material strength and can be 
attributed to phenomena taking place in the micro-structure of the material, 
i.e. viscosity and rate-dependent micro-cracking (inertia at the micro-scale). 
However, at higher loading rates dominates the infl uence of structural 
(macro-) inertia forces around the cracks. They cause progressive increase 
of apparent tensile strength, change of failure mode, and crack branching. 

 The true material strength can be modelled by the rate sensitive consti-
tutive law of the microplane model. However, the infl uence of structural 
inertia on the structural response should automatically result from dynamic 
analysis, i.e. they should be not a part of the constitutive law, as long as the 
mesh resolutions allow simulating individual (smeared) cracks and branch-
ing. The constitutive law should account properly for the interaction with 
stresses caused by inertia forces, i.e. the interaction over different directions 
to be accounted for. In the numerical examples of a CT- and an L-specimen 
in Section 10.2, a relatively simple modelling approach based on the stan-
dard fi nite elements, a macroscopic constitutive law (microplane), and a 
smeared crack approach is used. This approach seems to be capable of cor-
rectly predicting the rate-dependent resistance, loading-rate dependent fail-
ure mode, crack branching, and crack velocity. 

 Discrete types of models, which are principally similar to the microplane 
model, account for the interaction between different orientations inside the 
material, and are capable of predicting the phenomena related to inertia. 
However, in contrast to the microplane model, which can be used together 
with standard fi nite elements, discrete approaches are computationally 
much more demanding. 

 The majority of standard macroscopic models based on the theory of ten-
sorial invariants, such as plasticity- or damage-based models have obviously 
not been developed to account for the infl uence of local structural inertia 
between cracks and during crack branching. However, successful applica-
tion of the plasticity-based K&C and RHT model on a mesoscale have been 
demonstrated in Chapter 8 and in Riedel (2008), respectively. But it remains 
to be investigated on a broader scope whether plasticity models might also 
predict rate-dependent change of failure mode and crack branching. 

 Building designs are currently modelled for most highly dynamic load 
cases with macroscopic, invariant based continuum models. For the high-
est rates of tensile loading, in the order of some 10 2 /s, they need also to 
account for shock waves with compressive strain rates up to 10 6 /s, because 
they are the only source of such extremely dynamic tension states in prac-
tical applications. To this aim, they have to use explicit time integration and 
solve the mass and energy conservation equation, as well as the momentum 
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conservation used in structural dynamics. They also need to represent the 
equation-of-state properties of concrete with suffi cient accuracy, since they 
represent the dynamic stiffness (i.e. impedance) and thus defi ne the dynamic 
load amplitude and duration. 

 The representation of frictional fl ow of the failed material under dynamic 
confi nement is mandatory in order to capture the penetration resistance. 
It must be used together with, but clearly separated from, numerical ero-
sion of distorted cells after their load-carrying contribution as long as mesh-
based Lagrangean discretizations are used. 

 Currently, in most macroscopic plasticity models the infl uence of inertia 
forces on dynamic strength enhancement is still part of the constitutive law, 
instead of emerging automatically from dynamic analysis as stated above. 
Closing the gap between these two modelling domains now seems pos-
sible with the microplane model, but still needs to fi nd broader scientifi c 
consensus.  
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(a) (b) (c)

(d) (e) (f)

 Plate XXXI (Chapter 10)      Predicted failure modes: (a) quasi-static 

analysis (b)  Δ /d t  = 100 mm/s (c)  Δ /d t  = 500 mm/s (d)  Δ /d t  = 1000 mm/s 

(e)  Δ /d t  = 2500 mm/s (f)  Δ /d t  = 5000 mm/s; above 1 m/s failure 

at the loading points supressed numerically.  
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 Plate XXX (Chapter 10)      Crack velocities for different displacement 

rates: (a)  Δ /d t  = 1000 mm/s and (b)  Δ /d t  = 2500 mm/s.  
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 Plate XXXIII (Chapter 10)      Damage to four box girder fi elds and 

stiffeners (H  ×  W  ×  D = 27  ×  29  ×  20 m ³ ) of a nuclear power plant 

protection structure (70  ×  130  ×  42m ³ ) after aircraft impact; resolution 

with fi ve elements over the thickness; reprinted from Riedel  et al . ( 2011 ) 

with permission from IASMIRT.  

(a) (b)
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 Plate XXXII (Chapter 10)      Crack velocities and crack pattern for 

displacement rate  Δ /d t  = 1000 mm/s (a) four-node solid elements 

(tetra-mesh), relatively coarse mesh and (b) eight-node solid elements 

(hexa-mesh), fi ner mesh.  
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 Plate XXXV (Chapter 10)      Left: Deformation and damage extension of 

the projectile stopped close to the ballistic limit; Right: Erosion strains 

beyond 80% provide for this load case and resolution no additional 

infl uence on penetration depth (Riedel, 2004).  
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 Plate XXXIV (Chapter 10)      Left: mesostructural model with ITZ for 

homogenization simulations of the macroscopic shock propagation 

speed U s ; right: the shock velocity U s  converges with and without 

weakened ITZ toward the same values from acoustic (u p  = 1m/s) to very 

strong shock excitations with u p  = 3000 m/s (Riedel,  2004 ).  
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 Understanding the dynamic response of 
concrete to loading: practical examples   

    N.   GEBBEKEN   ,    University of the Bundeswehr M ü nchen, 
Germany     and     T.   KRAUTHAMMER   , 

   University of Florida, USA    

   DOI : 10.1533/9780857097538.2.338 

  Abstract:    This chapter focuses on the infl uence of the tensile behaviour 
of concrete on protective structures in practice. Based on the fundamentals 
given in previous chapters, the actions of impact, penetration and 
perforation are discussed, followed by the contact detonation. A specifi c 
section is devoted to blast design. If a building or a structural element has 
faced exceptional loads, its residual carrying capacity is of interest. The 
chapter ends with a description of a number of projects that have been 
set up. 

  Key words:    protective structures, tensile behaviour, strain rates, blast, 
impact. 

    11.1     Introduction 

 As noted in previous chapters, concrete is advantageous if its compressive 
strength can be effectively mobilized to balance the stresses in a cross-section. 
In the case of static loading of concrete, compressive stresses are mainly 
taken by the concrete, whereas tensile and shear stresses are taken by the 
reinforcement. For the sake of verifi cation, truss-like models are used (e.g. 
Eurocode 2). In the case of high dynamic loading, three-dimensional stress 
states occur and, in addition, the concrete member is too inert to develop 
truss-like models in macro-mechanics. Thus the behaviour of concrete under 
high dynamic actions is much more complicated. Even the material proper-
ties change  –  they become strain-rate dependent. This is more benefi cial for 
the tensile strength than for the compressive strength. Consequently, the 
analysis and simulation methods for high dynamic loading are different, 
and more complex, than those for static loading. In the following sections 
we consider impact, penetration, contact detonation and blast actions. (ref-
erence to Chapter 5, Introduction to dynamics). The tensile behaviour of 
the material under these high dynamic loadings is discussed in  Chapter 7 . 
In order to design and to verify real structural members or buildings, or to 
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assess existing structures, practice-oriented methods are desired. They can 
be found in Guidelines or Codes (e.g. Unifi ed Facilities Criteria (UFC) 
3–340–01, UFC 3–340–02, Comité Europeen du Béton (CEB 187), or they 
might be developed as engineering codes (PenSim, XploSim, Dynamic 
Structural Analysis Suite (DSAS)) that are approved by the authorities. 
Further guidelines are published by US General Services Administration 
(GSA), Federal Emergency Management Agency (FEMA), and others. In 
the following sections, the application of dynamic knowledge in practice is 
discussed. The physics behind the design of civil structures, such as embas-
sies, airports, or military facilities, is the same. The threats might be defi ned 
according to, for example, STANAG 2280 or GSA levels, or they might 
be defi ned individually. It is common practice that the especially educated 
safety engineer designs for these loads, and passes the relevant data (con-
crete class, member size, reinforcement ratio) to the structural engineer. 
In this process there is often an interface problem if the structural engi-
neer does not know how to design the structural detailing according to the 
requirements in high dynamics.  1,2    

  11.2     Impact, penetration and perforation 

 Impact, penetration and perforation phenomena might occur due to airplane 
impact, ship collision, missiles, rockets, bullets and fragments amongst others.  3   
The failure of structures mainly depends on the size and stiffness of the impac-
tor, its velocity, mass, material and the properties of the target, such as type of 
building, material and size of structural members. It can be seen that impact 
might affect the entire building or just a localized portion of it. This section 
focuses on small but fast projectiles in order to show the failure of concrete 
targets. In this case the structure is only affected at a small localized region 
( Fig. 11.1 ). Thus, the global behaviour of the structure can be neglected.    

 A rigid bullet is assumed as shown in  Fig. 11.1 . When this projectile 
impacts a structure it is slowed down, and it might penetrate the concrete 
member. Depending on the thickness of the structure, the projectile will 
stop inside or perforate the structural member. The perforation process is 
schematically shown in  Fig. 11.1 . The deceleration of the projectile while 
penetrating is nearly constant.  4   In the entrance phase of the projectile, the 
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 11.1      Perforation of a concrete plate, process and explanation.  
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concrete is damaged due to (confi ned) compression and shear. In the mate-
rial model, the hydrostatic (Compaction, EoS) and the deviatoric (fracture 
surface) portions are activated. The pressure in front of the projectile nose 
can become so high that phase transition occurs. At the rear side (exit side) 
the failure is initialized mainly by reaching the tensile strength. A secondary 
effect is the ejection of fragments, which can become impactors themselves. 

 The problem of projectile penetration has been studied intensively. There 
is still a lack of perforation tests. In the literature, several formulas for the 
depth of penetration are available.  5–7   These formulas will not be presented 
here. For further information, please refer to the literature. In addition to 
the penetration depth of a concrete structure, the sizes of the crater and of 
the spalling zone are also of interest. While the failure of the penetration 
channel is mainly affected by the compressive strength and the failure of 
the micro-pores (compaction), the crater and the spalling region are mainly 
affected by the mean tensile stress, which is limited by the tensile strength of 
the concrete. It is necessary to mention that the usual reinforcement ratios 
do not affect the penetration or perforation behaviour, unless a projectile 
which is small compared to the reinforcement bar diameter impacts the bar. 
From a protection viewpoint, the worst situation is when the projectile only 
penetrates the concrete material. In  Section 11.6  a material where the rein-
forcement is of signifi cant importance is presented. 

 At the University of the Bundeswehr the software tool PenSim 
(Penetration Simulation) has been developed, whose objective is twofold: 
1. the fast determination of the expected penetration depth, the size of the 
crater and of the spalling region, and the probable perforation; and 2. the 
fast dimensioning of a concrete member according to the requirements. The 
basic requirement is the application for protective structures (perpendic-
ular impact, pure concrete, local failure). In addition, the tool might also 
be used for vulnerability assessment of concrete structures. PenSim needs 
several input parameters from both the projectile and the concrete mem-
ber, as can be seen in  Fig. 11.2 . The results of PenSim are given as depth of 
penetration, size of crater and spalling region, possible perforation, residual 
velocity and ballistic limit ( Fig. 11.2 ).    

 Whereas for the penetration and perforation analyses PenSim uses 
well-known formulas to determine the sizes of the crater and of the spalling 
region, numerical simulations have been carried out based on the material 
models of Hartmann, Pietzsch and Gebbeken.  8   

  Plate XXXVI  (see colour section between pages 208 and 209) shows 
results from these numerical investigations, based on the impact of a rigid 
projectile on a concrete surface at a velocity of 600 m/s. On the left side of 
 Plate XXXVI  the depth of the concrete slab is too small to stop the projec-
tile inside the member. On the right side the penetration is stopped. Thus 
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  11.2      Graphical user interface of PenSim.  

the protection requirements are fulfi lled. The numerical simulations have 
been conducted to validate the used formulas, to develop equations for the 
size of the crater (depth and radius) and the size of the spalling (depth and 
radius) as functions of several parameters. The numerically determined sizes 
of the crater and of the spalling region were compared with experiments in 
order to validate the numerical simulations. Finally, the validated equations 
were implemented in PenSim. 

 As mentioned before, the region of spalling is infl uenced by the main 
tensile stress exceeding the tensile strength. In general, the static tensile 
strength of concrete is approximately 10% of the compressive strength. 
Both strength limits depend on the strain rate. Whereas the compressive 
strength under high strain rates can be twice as much as the static compres-
sive strength, the tensile strength under high strain rates can be six times 
the static tensile strength. In neglecting this phenomenon, the size of the 
spalling region is overestimated. From a protection perspective, this is on 
the safe side, but from an economical point of view it might not be the best 
solution. What can be done to reduce fragmentation, especially of the spal-
ling side? Infl uencing the tensile strength by changing cement, aggregate 
and grading curve, and adding additives is very limited. But fi bres might be 
added. Practical fi bre content in terms of volume is limited to 2%. Doing 
so and applying a homogenization rule in macro-mechanics, the tensile 
strength of fi bre-reinforced concrete is roughly 20% higher than that of the 
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pure reference concrete.  2   Due to the fact that published perforation tests 
are lacking, and that the authors had no resources to carry out such tests, 
PenSim is prepared to implement fi bre-reinforced concrete, although this 
has not yet been done. 

 Depending on the requirements of protection, budget and architectural 
specifi cations, the safety engineer has a variety of options for design: mem-
ber thickness, concrete specifi cation, fi bre reinforcement, high-strength 
‘wallpaper’, etc. This general statement holds also for other scenarios.  

  11.3     Contact detonation 

 Contact detonations have something in common with projectile penetra-
tions. Cratering, spalling and perforation are observed ( Fig. 11.3 ). Contact 
detonations are defi ned as the detonation of an explosive that is in contact 

 

(a)

(b)

 

 11.3      Concrete slab (a) contact detonation failure and (b) cross-section of 

slab after detonation.  9    
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with the structure or very nearby. Two types of explosions can be distin-
guished. On the one hand defl agrations, where the speed of the burning 
front is slower than the speed of sound. These are, for example, gas explo-
sions. On the other hand detonations, where the burning front in the explo-
sive material is faster than the speed of sound. Contact detonations are the 
focus hereafter.    

 The failure behaviour of concrete under far-fi eld detonations (air-blast 
loading, distance to the charge more than fi ve times the diameter of the 
charge) is different from contact detonation, and is shown in the following 
section. The behaviour of concrete in the near-fi eld combines the effects of 
contact detonation and blast loading. 

  Figure 11.3   8   shows some results of a contact detonation experiment with a 
concrete slab. In Fig. 11.3b, the slab is cut after the experiment. In Fig. 11.3a, 
the damage can be seen, experimentally and numerically. A series of about 
100 experiments was carried out at the Federal Testing Center WTD52, 
varying the charge mass and concrete-slab depth. In the experiments, the 
explosive was placed on top of the concrete slab. The lengths of the slab 
were such that the refl ections of the waves at the side surfaces of the plate 
did not infl uence the transmission and refl ection of the fi rst wave through 
the thickness. After ignition of the explosive, the detonation front in the 
explosive reached the concrete surface, inducing a pressure wave into the 
concrete. When this pressure wave reached the free rear surface of the slab 
it was refl ected, becoming a tensile wave due to the impedance differences. 
The pressure wave introduced a more or less hydrostatic compression, with 
pressures that might be up to 300 times the one-dimensional compressive 
strength of the concrete. When the pressure reached the Hugoniot elastic 
limit the concrete started to crush, resulting in a crater beneath the explo-
sive. Once the mean tensile stress in the refl ected tensile wave exceeded 
the dynamic tensile strength the concrete failed. As already shown in 
 Section 11.2  the static tensile strength of concrete is approximately only 
10% of the static compressive strength. Considering strain-rate effects, 
the dynamic tensile strength can be up to 50% of the static compressive 
strength. Therefore, the damage region due to tensile failure is larger than 
the crater region. This tensile failure is called spalling. 

 Depending on the size of the charge and the depth of the plate, the depth 
of the crater and the depth of the spalling region can reach the depth of the 
plate. If this happens, the plate is perforated. 

 Physical tests are usually expensive and time consuming. Therefore, 
numerical simulations are used to complement the tests. Hydrocodes are 
applied in this research. Especially developed material formulations are 
required in order to identify the failure behaviour of concrete under con-
tact detonation. The formulations can be achieved based on micromechan-
ics, macro-mechanics or even by modelling discrete cracks with different 
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geometrical formulations  1,8–10   (K + C model LS-DYNA). The models use 
different concepts and material laws to describe the damage to the concrete. 
The numerical results depend on the numerical model, on the material law 
chosen, but also on the grid size. The user must know what the damage 
parameter physically describes; otherwise damage might be misinterpreted 
(for more detailed information on numerical models see  Chapters 9  and 10). 
On the other hand, it is not uniquely defi ned what damage is in the physical 
experiment. As can be seen in  Fig. 11.3  some crater material and some spall-
ing material have gone. There are cracks visible, and also fragments that are 
held by the steel reinforcement or that are still interconnected to the con-
crete but without bond. Given that concrete normally cracks, it is important 
to defi ne whether a crack is associated with damage or not. In the present 
case of contact detonations, the studies reveal that a numerical damage of 
D > 0.4 gives best results. Consequently D < 0.4 has been assumed to cause 
no damage.  Figure 11.3a  shows a photograph of the cut cross-section of the 
damaged slab overlaid with an image of the numerical simulation. 

 Hydrocode simulations take quite some time, which is not acceptable in 
practice. Therefore, there was a demand for a quick determination of dam-
age due to contact detonations, but also that the dimensioning of concrete 
structures should be possible. 

 Therefore, at the University of the Bundeswehr in Munich, the engineer-
ing tool XploSim (Explosion Simulation) has been developed ( Fig. 11.4 ). 
The methodical approach was to use known empirical equations, own test 
results and an uncounted number of numerical simulations. Based on these 

 11.4      Graphical user interface of XploSim.  
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studies, new empirical equations with physically based parameters have 
been developed.    

 XploSim requires the following input parameters:

   Distance of charge to the surface/contact detonation  • 
  Amount of explosive/type of explosive  • 
  Geometry of the charge, ignition point location  • 
  Material (concrete, reinforced concrete, steel fi bre concrete, steel • 
fi bre-reinforced concrete)  
  Strength, density of concrete  • 
  Thickness of the plate  • 
  Reinforcement (diameter, distance)  • 
  Sand cover.    • 

 The inputting of these parameters is via a guided process using the XploSim 
graphical user interface ( Fig. 11.4 ). The results are given as an illustration 
containing the fi gures for the size of the crater and the size of the spalling 
zone. In addition, the mass of the fragments and their exit speed are given. 

 The development of the XploSim equations has been done in the follow-
ing way.  11   First, the material model for concrete RGGP (Ruppert-Gebbeken-
Greulich-Pietzsch) was developed. Parallel to the tests, several numerical 
parameter studies were done. For each run the results were analysed with 
respect to the output parameters: crater radius and crater depth ( Plate 
XXXVII  (see colour section between pages 208 and 209)), spalling radius 
and spalling depth ( Plate XXXVIII ) and the size of the perforation ( Plate 
XXXIX ). Correlations and dependencies were detected in order to derive 
the equations that could be implemented into the XploSim computer code. 

 In addition to the determination of the damage, it is also possible to cal-
culate the required protection parameters for a given load size, and vice 
versa. 

 The engineering tools PenSim and XploSim are based on theoretically 
developed equations, empirically developed formulas, numerous numerical 
studies and numerous validation tests. Consequently they are very precise 
in the defi ned area of application. Depending on the scattering range of 
material and structural data, the results of the engineering tools must be 
seen in the natural scattering range.  

  11.4     Blast 

 In the following section we will concentrate on far fi eld explosion that gen-
erates a blast front. 
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  11.4.1     Introduction 

 If the explosive is not close to the structure, an air-blast wave hits the struc-
ture entirely. Air-blast waves are pressure waves resulting from detonation 
or defl agration. The magnitude of the pressure of an air-blast wave that 
arrives at a certain point depends on the distance to the structure and on 
the size of the charge. An idealized form of a pressure – time function at a 
certain distance from the explosive is shown in  Fig. 11.5 .    

 The main characteristics of a free-fi eld air-blast wave are as follows:

   The shock wave of the air blast arrives at the point under consideration • 
at  arrival time  t a .  
  The pressure attains its maximum ( • peak overpressure  p max ) very quickly 
(extremely short rise time of nanoseconds). The pressure then starts to 
decrease until it reaches the  reference pressure  p 0  (in most cases the 
atmospheric pressure).  
  The  • duration of the positive phase  t d  is the time taken to reach the ref-
erence pressure. After this point the pressure drops below the reference 
pressure to the  minimal pressure  p min . The  duration of the negative phase  
is denoted as t n .  
  The overpressure impulse (positive impulse) is the integral of the over-• 
pressure curve over the positive phase t d .    

 The idealized (free air blast) form of the pressure wave in  Fig. 11.5  can be 
signifi cantly altered by the morphology of the medium encountered during 
its propagation. For instance, the incident peak pressure can be magnifi ed 
from 2 up to 14 times if the wave is refl ected at a rigid obstacle. If the angle 
of incidence of the blast wave is not known, the minimum magnifi cation 
factor (coeffi cient of refl ection) is 3. The refl ection effects depend on the 

p

I
pmax

p0

pmin

ta td tn

t

 11.5      Blast wave, pressure – time relation.  
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geometry, material, size and angle of incidence. The situation is much more 
complicated if there are several refl ection boundaries, as happens in urban 
environments or in indoor explosions.  12   

 Concrete structures react differently when subjected to blast loads or 
contact detonations. The pressures in the concrete due to blast are much 
lower than those due to contact detonations and, in addition, the blast acts 
on the entire structure. For a structural member, two failure mechanisms 
can be distinguished: while a strong and short blast wave (big  –  distributed 
 –  charge nearby) results in dynamic shear failure near the support, a weaker 
but longer blast wave (charge far away) results in a more bending failure. 
In both cases, the tensile stress and the shear stress are the reason for the 
failure in the material, and not the hydrostatic pressure. The dynamic shear 
phenomenon is totally different from the static shear. While in the static 
case the reinforcement cage mainly carries the shear load, in the dynamic 
case a cross-section sharply shears off (UFC 3–340).  13   

 In the case of blast loadings, entire structures are affected. Depending 
on the blast characteristics different numerical methods can be chosen. In 
every case it has to be verifi ed whether classical structural dynamic methods 
can be applied. For structural members, it is reasonable to use single degree 
of freedom (SDOF) methods and/or P–I diagrams.  

  11.4.2     Design of concrete slabs against blast 

 It is assumed that the blast wave hits the entire slab as a planar wave. The 
blast wave is represented by the refl ected overpressure – time relation, here 
denoted as blast load. In an ideal situation, the blast load can be calculated 
by the well-known Kinney formula.  12   It is more realistic to calculate the blast 
load by using hydrocodes, in order to take the actual situation into account 
(multiple refl ections, no planar wave, etc.). Once the slab is stiff enough, a 
load-structure interaction need not to be considered. Two different failure 
modes might occur: fl exural failure and dynamic shear failure. If the evenly 
distributed blast load is very intensive and short in duration, the plate might 
be too inert to develop fl exural yield lines, but simply shears off sharply at 
the supports. It is also possible that a combined failure mode occurs. There 
are different methods available to study the behaviour and to carry out the 
verifi cation. The use of a hydrocode is not recommended for practical use. 
The CPU time might take several days or weeks, even if parallel comput-
ing is used. Therefore, SDOF models can be used to develop characteris-
tic failure curves for uniquely defi ned structural elements, as discussed by 
Krauthammer.  14   These curves are plotted in a pressure – impulse diagram. This 
procedure is favourable for standard elements that are used very frequently. 
Doing so, the verifi cation can be done for all possible pressure – impulse rela-
tions, or in other words, for all possible blast load situations ( Fig. 11.6 ).    
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 For the design and assessment of entire concrete structures subjected to 
blast loads, the authors prefer applying the blast load to structural element 
models of individual components with practical SDOF approaches, as will be 
shown later herein, before using more advanced fi nite element codes for more 
comprehensive analyses ( Plate XXXX  (see colour section between pages 208 
and 209)). SDOF approaches can also be applied theoretically to entire build-
ings. Doing so, the development of the resistance functions becomes so com-
plicated that it cannot be recommended. For entire buildings the blast load 
is applied to the structure and modelled numerically using an explicit fi nite 
element code that has the capability for verifi cation according to standards.   

  11.5     Residual load-bearing capacity of damaged 
structural elements 

 Extreme loadings, as described in the previous sections, might lead to dam-
aged structural elements or even to the collapse of buildings. Consequently, 
it is necessary to determine or to assess the residual carrying capacity of 
these damaged structural elements or structures. The assessment is required 
by authorities or owners for the sake of rescue, remaining use and recon-
struction measures. 

  Figure 11.7  gives two examples: (a) a damaged concrete bridge due to 
weapon effects and (b) a collapsed building due to deterioration and heavy 
snow load.    

Impulsive loading

Dynamic
loading

Quasi-static
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Impulse
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 11.6      A typical pressure – impulse diagram, characteristic failure curve.  14,15   ,   16    
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 In both cases, a very special knowledge of the residual load-bearing capac-
ity of materials and structures is required. Additionally, it is recommended 
that an experienced engineer always takes the lead. 

 The following example of a damaged reinforced-concrete plate shows the 
importance of a well-founded knowledge in engineering to assess the resid-
ual load-bearing capacity. 

 In cooperation with the Federal Testing Center WTD52 reinforced-concrete 
plates were subjected to near-fi eld and contact detonations. The plates had 
sizes of 2 m  ×  2 m  ×  different depths ( Fig. 11.8 ). The depth of the plate 
shown in  Fig. 11.8  is 0.3 m. The damaged plates were experimentally tested 
to determine their residual load-bearing capacity.    

     11.7      Damaged structures, residual capacity. (a) What type of vehicles 

can cross? (b) Rescue assistance, can rescue forces enter?  

(a)

(b)
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  Figure 11.8a  shows a damaged reinforced-concrete plate in the test rig. 
The plate was simply supported (free rotation) along the two opposite 
edges (double T-beams). Between these supported edges, the plate was cen-
trally loaded by a line load (upper double T-beam). In  Fig. 11.8b , the plate 
is shown after the load-bearing test. The spalling at the bottom side results 
from the detonation impact. The large line cracks are fl exural cracks due to 
the bending failure of the plate. 

 A visual analysis of the plate after detonation led to the following results 
with respect to the residual carrying capacity. The spalling area was the larg-
est visible damage. The diameter of the crater on the upper side was 0.85 m, 
and smaller than the diameter of the spalling area. No damage (cracks) was 
visible outside the crater and spalling area. The reinforcement in the spal-
ling area could be assumed to be intact. Therefore, it was calculated that 

 

(a)

(b)

 

 11.8      Testing of a damaged reinforced-concrete plate. (a) Reinforced-

concrete plate in test rig and (b) reinforced-concrete plate after a load 

carrying capacity test.  
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2–0.85 m = 1.15 m of the plate in the compression zone could fully develop 
the maximum resisting bending moment. So the residual carrying capacity 
was calculated by the yield line theory to 57% of the carrying capacity of 
the undamaged plate. 

  Figure 11.9  shows experimentally determined load – defl ection curves. The 
black solid curve represents the behaviour of the undamaged plate (reference 
plate). The ultimate load was approximately 700 kN. The expected ultimate 
load of the damaged plate was approximately 400 kN (57%). Surprisingly, 
the measured ultimate load of the damaged plate was only 58 kN (8%). In 
further tests the results were similar. What are the causes of this low residual 
carrying capacity? There are cracks in the plate induced by the detonation 
that are not visible from the outside. These cracks led to a reduced concrete 
strength, and in addition, the bond between the concrete and the reinforce-
ment might be disturbed. Engineers have to keep these effects in mind when 
assessing the carrying capacity of damaged structural elements which can 
easily be overestimated. This is a matter of safety and risk.    

 In a further step the problem was analysed by using different numerical 
tools. These analyses were based on three major steps:

   1.     Calculation of the contact detonation by using a hydrocode  
  2.     Remapping of the calculated material damage to a FEM model  
  3.     Calculation of the residual load-bearing capacity    

 In the fi rst step, the contact detonation and the plate’s response behav-
iour are simulated by using a hydrocode. As one result, amongst others, 
the material damage to the concrete was determined. In the second step, 
the damage is mapped from the hydrocode model to a FEM model. This is 
necessary because hydrocodes are developed for the calculation of wave 

800
Undamaged plate

≈ 57% residual load-bearing capacity based on calculations
including visible damage (spalling)

Damaged plate (≈ 8% residual load-bearing capacity)

600

400

Lo
ad

 (
kN

)

200

0 20 40

Deflection (mm)

60 80 100
0

Undamaged plate

Damaged plate

 11.9      Concrete slab, experimental load – defl ection curves and 

comparison with an estimated residual load-bearing capacity.  
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propagation phenomena and not for the sake of structural verifi cation. 
FEM codes, especially those that are able to verify on the basis of standards, 
are applicable for the calculation of the static residual load-bearing capac-
ity. When the damage values are mapped from the hydrocode model to the 
FEM model, the infl uence of the damage on the material parameters, such 
as strength and stiffness, has to be considered. In the third step, the residual 
load-bearing capacity can be calculated by the FEM model considering the 
calculated material damage. 

 From a practical point of view, this procedure is very time consuming 
because the hydrocode model has to be generated by very small elements 
in order to represent the wave propagation precisely. This leads to a huge 
number of elements, and consequently, based on the CFL (Courant-Friedri
chs-Lewy)-criterion, it results in small time steps. Working with hydrocodes 
requires very special knowledge and experience of the engineer, due to the 
complexities of the numerical schemes and the non-linear behaviour of the 
materials. The numerically determined residual load-bearing capacities are 
also much higher than those experimentally determined. So it can be con-
cluded that the question of what damage is (in the real world and in numer-
ical modelling) cannot be answered yet. 

 The analytical and numerical calculation of the residual load-bearing 
capacity of damaged structural elements is an on-going research project of the 
authors. In a fi rst step, the aim of this research is to investigate the infl uence of 
the damage on the bond between concrete and reinforcement and to develop 
models for the bond behaviour after fi rst damage occurs ( Fig. 11.10 ).    

 The contact or close-in detonations have been conducted at the WTD52 
( Fig. 11.10a ). The pull-out tests are carried out at the University of the 
Bundeswehr in Munich, Institute of Structural Engineering.  

  11.6     Behaviour of reinforced-concrete beams under 
localized static and impact loads 

 This section is aimed at illustrating the contributions of concrete in tension 
to the behaviour of RC beams subjected to both static and impact loads. To 
achieve this objective, the behaviour of Beam 1-h that was previously stud-
ied by Feldman and Siess  16,17   as shown in  Fig.11.11  is investigated.    

  1’ = 12”, and 1” = 25.4 mm  
 The material properties on the test data were: concrete uniaxial com-

pressive strength f’c = 6150 psi (42.4 MPa), steel tensile yield stress fy = 
47.17 ksi (325.2 MPa), steel compressive yield stress 47.61 ksi (328.26 MPa) 
and the shear reinforcement yield stress 46.9 ksi (323.4 MPa). Both the 
static and dynamic tests of this beam were simulated with the computer 
code DSAS version 3.2.  18   The static tests of all the beams in that series 
were conducted by applying a concentrated force to the central stub at a 
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rate of between 7 and 9 kip/min (31.1 and 40 kN/min). The impact load on 
Beam 1-h is shown in  Fig. 11.12  and the post-test conditions of the beams 
are shown in  Fig. 11.13 .         

 The comparison between the central displacements for the static test is 
shown in  Fig. 11.14  and for the impact test in  Fig. 11.15 . It is noted that the 
simulation seems to capture quite accurately the recorded test data.       

 Following the validation process, as described above, a parametric study 
was conducted in which the same impact case was considered. However, in 
the parametric study the dynamic concrete compressive strength was kept 
constant at two levels (DIF (dynamic increase factor) of 1.375 or 2.0), while 
the dynamic concrete tensile strength was varied. The results for the central 

 

(a)

(b)

 
 11.10      (a) Concrete cube after close-in detonation and (b) pull-out test 

after detonation, resulting in bond-slip-behaviour.  
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defl ection versus time are shown in  Figs 11.16  and  11.17 . A corresponding 
P – I curve for the same beam is shown in  Fig. 11.18 .          

 These results demonstrate the effects of concrete tensile strength on the 
structural behaviour of impact-loaded reinforced-concrete beams. As was 
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 11.11      Details of Beam 1-h.  
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 11.13      Beam 1-h after tests: (a) static and (b) impact.  17    
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noted in  Fig. 11.15 , the strain rate of about 20 enabled a good comparison 
between test data and simulation. If one keeps that compressive strength 
and varies only the tensile strength of the concrete ( Fig. 11.16 ), the peak cen-
tral defl ection increases signifi cantly with lower values of concrete tensile 
strength. The same general trend is noted if one assumes a higher concrete 
compressive strength and varies the tensile strength ( Fig. 11.17 ). Finally, one 
notices an interesting effect of the P – I diagrams for a compressive strength 
with DIF of 1.375 ( Fig. 11.18 ) in which the quasi-static asymptote is vir-
tually unaffected, while the impulsive asymptote is noticeably affected for 
higher concrete tensile capacities. Clearly, one must pay careful attention to 
the tensile strength of concrete when treating structural systems subjected 
to severe short-duration dynamic loads. It is well known that in the static 
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domain the concrete below the neutral axis might be ignored because the 
concrete tensile strength is about 10% of its compressive strength. However, 
as the strain rate increases, while the concrete compressive strength might 
approach twice its static strength, the tensile strength might approach about 
six to eight times static strength. That means that a typical 30 MPa compres-
sive strength concrete (with a 3 MPa tensile strength) might behave as a 60 
MPa compressive strength concrete (with an 18–24 MPa tensile strength). It 
is noted that, at higher strain rates, the tensile strength could be as much as 
30–40% of the compressive strength, and that this relative change in mate-
rial behaviour can signifi cantly affect structural behaviour. After having 
discussed typical phenomena, real projects that have been executed will be 
provided.  

  11.7     Project examples: improving blast resistance 

 Research and development in engineering is directed towards practical 
application. Usually actual projects are much more complicated than text 
book examples. In the following we provide executed projects. 

  11.7.1     Introduction 

 The reader can understand that the projects chosen cannot be described in 
such a way that they are identifi able. Also, giving physical data, geometrical 
sizes, charge weights or concrete quality is avoided. The examples show the 
practical importance of the concrete material for protective structures.  

  11.7.2      Mitigation of explosive effects using 
sandwich walls 

 The following project had two objectives: fi rstly, to assess an existing build-
ing and, secondly, if necessary, design it to be blast resistant. For an exist-
ing building the threat level had risen and this had led to the assessment 
that the structure was not strong enough. Therefore, a new design had to 
be developed without changing the original architectural layout. Sandwich 
walls can be very effi cient in mitigating explosion effects. In the present sit-
uation, a close-in explosion and resulting blast had to be considered.  Plate 
XXXXIa  (see colour section between pages 208 and 209) shows the basic 
load-transfer concept. It shows a three-layer wall, comprising a fi rst concrete 
layer, an interlayer and a second concrete wall. The concrete is a typical ordi-
nary concrete type according to Eurocode 2. The interlayer can be of air, 
foam, dry sand or anything that results in high impedance. As can be seen 
in  Plate XXXXI  the blast wave hits the fi rst concrete wall coming from the 
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left. This results in a compressive shock wave travelling through the material. 
At the interface between the fi rst concrete wall and the interlayer, a part of 
the shock wave is transmitted into the interlayer, depending on the imped-
ance, and a part is refl ected as a tensile wave. The ratio of the transmitted 
and the refl ected shock wave depends on the impedance ratio. Impedance is 
defi ned as the product of density and wave velocity. Concrete has a density of 
roughly 2500 kg/m 3  and a longitudinal wave velocity of approximately 3700 
m/s, which yields an impedance of 9.25 MPa s/m. This is much larger than the 
impedance of air (density 1.225 kg/m 3 , wave velocity 340 m/s, impedance 416.5 
Pa s/m), and the impedance ratio is approximately 1:22 209 (air : concrete). 
From this it is seen that air is an ideal interlayer, theoretically. However, due 
to practical reasons on the construction site (construction technique and 
process), low density foams or other materials with small impedances were 
used instead of an air interlayer. Furthermore, a foam interlayer also serves 
as an impact cover for the second concrete wall if the fi rst one is damaged, as 
described in the following paragraphs. 

 A damage plot of a protective sandwich wall is illustrated in  Plate 
XXXXIb . The effect of the impedance at the interface between the fi rst 
concrete wall and the foam interlayer can be identifi ed. A small part of the 
blast energy is transmitted through the foam interlayer into the second con-
crete wall. However, the strain state in the second concrete wall is much 
smaller than in the fi rst. We observe signifi cant damage indicated by the red 
colour in  Plate XXXXIb , i.e. energy dissipation in the fi rst concrete wall. 
The refl ected tensile wave at the rear face of the fi rst concrete wall results in 
tensile stresses in the concrete material, which can be much larger than the 
dynamic ultimate tensile strength of concrete. This leads to scabbing failure 
on the rear face of the fi rst concrete wall. But the foam interlayer was cho-
sen such that it prevents the concrete fragments from impacting the second 
concrete wall. Consequently the requirement that the rear wall should stay 
intact could be fulfi lled. 

 This example shows again that the tensile behaviour of concrete is a sig-
nifi cant design parameter. 

 In the next example, the task was to harden an existing building. The 
existing concrete walls had to be protected against a contact detonation. 
The fi re control authorities had formulated very strict requirements, due 
to the available space for the hardening measures. In addition, the protec-
tion requirement for the existing wall was the acceptance of certain dam-
age. Therefore, a high-strength, high-ductility concrete was developed and 
analysed ( Plate XXXXII  (see colour section between pages 208 and 209)). 

 The high-strength high-ductility concrete will be described in the follow-
ing section. The result is shown on the right of  Plate XXXXII . The protec-
tive concrete wall serves as a victim wall. The interlayer mainly provides 
distance and the existing wall is damaged acceptably.  
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  11.7.3     Blast walls 

 We are often asked to design blast walls. They give the subjective feeling 
of being better protected. In fact give protection from contact detonation, 
fl ying fragments, fl at trajectory fi re, blast in a close range behind the wall, 
and they act as ‘blinds’. If they have to be designed in an urban environ-
mental situation where, in addition, requirements from monument conser-
vation authorities exist, it becomes a real challenge. Even the design of the 
concrete foundation can become a complicated task if trees have to be pre-
served, or if supply and waste lines cross the foundation. 

  Figure 11.19a  shows a cross-sectional view of the situation.  Figure 11.19b  
is a photograph of the wall that has been built. The solution was chosen 
after several options were studied. The foundations are made of ordinary 
reinforced concrete carrying the clamped steel posts. The high-strength, 
high-ductility concrete panels protect from blast, contact detonation and 
impact. Because of their ductility, they can develop a good fl exural behav-
iour and consequently activate membrane actions.    

 The high-strength, high-ductility concrete is a product of DUCON, a 
German company. Its specifi c features are: three-dimensional fi ne reinforce-
ment grid, and self-compacting high-strength concrete ( Fig. 11.20 ).    

 The compression strength goes up to 200 MPa and the tensile strength reaches 
75 MPa, which is roughly 40% of the compression strength. Therefore, such 
materials can be favourably used where high tensile resistance is required.  

  11.7.4     Combined effects 

  Figure 11.21a  gives an overview of a huge state building, which is in fact 
a multi-purpose building for governmental and private use. The security 
authorities had defi ned the threats. It was the task of the authors to pro-
vide advice based on numerical studies. Initial general studies provided the 
overall blast situation, including exterior and interior explosions. Based 
on these studies, doors, windows, openings and fa ç ades were investigated 
individually. In addition, numerous detonations on the load-bearing struc-
ture were investigated numerically. For this aim, relevant portions were 
cut out of the structure in order to model representative sub-structures. 
An underground car park subjected to a car bomb (grey circle) is shown in 
 Fig. 11.21b . The upper concrete plate and the concrete walls are not shown 
in the image. In further steps each signifi cantly affected structural element 
was analysed individually ( see Plate XXXXIII  in colour section between 
pages 208 and 209). In every single project it needs to be discussed whether 
ordinary concrete should be used or especially designed concrete. From 
the authors’ experiences, it can be said that when using high-strength, 
high-ductility concrete the structural engineer can save roughly half of the 
geometrical size of ordinary concrete.    
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 11.19      Blast wall (a) cross-section and (b) blast wall ready (photograph 

by DUCON).  

 At the end of the study, the results were discussed with the structural engi-
neer who is normally different from the safety engineer. The consequences 
for the load-bearing structure were assessed in order to avoid partial or 
entire collapse. These results were communicated to the architect and to the 
owner, for fi nal decision.   
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(a)
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 11.21      State building, multiple purpose use, multiple threats. 

(a) architectural model and (b) sub-structure modelled numerically.  

 11.20      DUCON (courtesy of DUCON), sand + self-compacting concrete + 

MircoMat.  
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  11.8     Conclusions 

 Concrete is a very typical construction material when dealing with extraor-
dinary short-duration dynamic loads (e.g., impact, explosion). Ordinary 
concrete is cheap and has a relatively high compressive strength range. In 
those regions of the reinforced-concrete structural members where tension 
and shear predominate, steel bars and/or fi bre reinforcement are required 
to compensate for the concrete lower tensile strength. Impact and contact 
detonations require relatively large cross-sectional sizes of single layer. 
Therefore, multiple layer cross-sections are recommended. The dispro-
portionate increase in the tensile and compressive strengths under higher 
loading rates shows the importance of the concrete tensile strength under 
such loading conditions. Previously, special concretes have been developed 
that have better compressive-to-tensile strength ratios. If designed properly, 
they are very ductile and fl exible. From the perspective of the authors there 
is a high future potential for various types of ultra-high performance con-
cretes (e.g., ultra high performance concrete (UHPC), ultra high strength 
concrete (UHSC), ultra ultra high strength concrete (UUHSC) and ultra 
high strength fi bre reinforced concrete (UHSFC)). However, the treatment 
of such innovative materials is beyond the scope of this chapter.  
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 Plate XXXVII (Chapter 11)      Contact detonation, determination of the 

crater radius and the crater depth (2D simulation, axial symmetry).  
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 Plate XXXVIII (Chapters 10 and 11)      Contact detonation, determination 

of the spalling radius and the spalling depth (2D simulation, axial 

symmetry).  
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 Plate XXXX (Chapter 11)      Blast load acting on concrete structures, fi nite 

element simulation, (a) bending moment failure low charge, 

(b) bending moment failure high charge, (c) charge as in 

(b) but higher reinforcement that causes a direct (dynamic) 

shear failure.  13    
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 Plate XXXIX (Chapter 11)      Contact detonation, determination of the 

perforation radius (2D simulation, axial symmetry).  
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 Plate XXXXI (Chapter 11)      Principle of wave propagation in a 3-layer 

concrete sandwich wall after a close-in detonation.  

 Plate XXXXII (Chapters 10 and 11)      3-layer concrete sandwich wall 

subjected to contact detonation, left: design with high-strength 

high-ductility protection wall, right: numerical simulation, result given 

in effective strain.  
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